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Definition 1. A standard n-simplex is a set of the form

A" — {(th"' ytn) c R, Zti:LOStz’ < 1}

i=0
For example:
en=0:A=1€eR
e n=1: A! =the segment joining (1,0) and (0,1)
e n =2: A? =the triangle with vertices (1,0,0), (0,1,0), and (0,0, 1).

Definition 2. In general, an n-simplex is the convex span of R"t! of n + 1
points in the general position (i.e. the n+1 points do not lie in a hyperplane).
Equivalently, if the n+1 points are vy, -+ - , v,, we want vg—vy,Vg—Va, -+ + , Vg—"Up
to be linearly independent.

Notation: If A™ — [vg,v1, - ,v,] IS a map given by (to,t1, - ,tn) —
n
> tiv;, then [vg,v1,- - ,0;, -+ ,v,] is called the i-th face of [vg,--- ,v,] and
i=0
is given by letting t; = 0.

Definition 3. A singular n-simplex is a continuous map o : A™ — X.

We call C), (X)) := the free abelian group generated by the singular n-simplex
on X to be the “group of n-chains on X”. That is,

m
Cn(X) = {Z n;o; : 0; 18 a singular n-simplex, n; € Z}

i=1
Boundary maps are maps of the form 9, : Cp,(X) — C,—1(X) given by

n

(c: A" = X) — Opo = Z(—l)ia\[voﬁ...}ﬁi,... on]
i=0

and extended using linearity.

Lemma 1. If 0,, and 0,41 are boundary maps, then O o Opy1 = 0 for all n.
Equivalently, ImOy,+1 C ker 0,, for all n.

If we take this lemma to be true, we then have a chain complex of free
abelian groups

s Ot (X)) 2 0 (X)) 2 O (X))
with the property that 9,, 0 0,41 = 0 for all n.

Definition 4. Consider the chain complex given above. Let Z,, = ker 9, be the
n-cycles for all n and By, = Im0, 11 be the n-boundaries. We then call the n-th
homology group

H,(X) :=ker 0, /ImOyp+1 = Z,/Bn.



~

Proposition 1. If X # () is a path-connected topological space, then Hy(X)
Z.

Proof. Consider the chain complex given by
s OlX) D O(x) 2 0.

We have that Hy(X) := ker 9p/Imd = Cy(X)/Imd;. Now consider € : Cp(X) —
Z to be the augmentation map given by > m;o; — Y .n;. Then € is clearly
surjective and hence Cy(X)/kere 2 Z. Let us check that ker e = Imd;.

If 0 : A' — X is continuous, then €(81(0)) = €(0|jvg,0,] = l[we)) = 1—1=0. So
kere C Imd;. Now if (3" n;0;) = 0, this implies Y n; = 0. Let 7; : Al — X be
continuous such that 7;((1,0)) = 09 and 71((0,1)) = ;. Then

(91 (Z nﬂi> = an(al - O'O) = ani - Znido = anal
So kere C Imd, as well. Hence Hy(X) = Co(X)/Imdy = Co(X)/kere 2 7Z. O

Proposition 2. Let (X, )aca be path-connected complexes of X. Then H, (X) =

P H.(X,) = P Z.

acA a€A

As an example, if X = {z(} is a point, then

~ | Z iftn=0
Hy (X) = { 0 otherwise.

Proof. We note that C,,(X) = Z is generated by the constant singular n-simplex
on @ A" — X and the boundary maps are given by 9, : Cp(X) — C,—1(X)

where
if n is even

i On—
on > On(on) = Y (—1)'oy 1 = { 0 ' if n is odd.

The chain complex is then given by

o225 725%5 .. 572%7250.

{Z/ONZ, n=0

So Hoga(X) =7)7 =20 and Hepen(X) = 0 i

O

We will now consider what is called the Reduced or Modified Chain Map. Con-
sider the chain map given by

S C(X) = 1 (X) = - = C1(X) 2 Cp(X) S Z — 0.

For n > 1, 0, 0 9,41 = 0 just as before. We also have e o 9 = 0. We may then
define the homology groups based on this new chain map.

Definition 5. For the chain map given above, we have the reduced homology groups
given by

s o0 [ HuX)  ifn>0
Hp(X) = { kere/Imdy if n=0.

Note that e induces € : Ho(X) — Z where keré = Hy(X) implies that
Hy(X) = Ho(X) @ Z.



