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1 Introduction

Given f : X — Y is a continuous map, we have an induced homomorphism f3 : C,,(X) — C,(Y) for all n:

Vo: A" — X, fu(o):=foo,

M

Vzni(ﬂ‘ S Cn(X), f#(Zni(Ti) = Znif#((fi) € Cn(Y) (2)

Our questions:

1. (Naturality) Is this a chain map on the chain complexes? If it is true, then it will induce an homomorphism

over homologies.

2. (Invariance) Let g be another continuous map that is homotopic to f, does it have the same induced homomor-

phism over homologies?

2 Naturality

First, we state the concept of chain map in the following lemma:

Lemma 1. If f : X — Y is continuous, then fy is a chain map, i.e., the following diagram is commutative:

D Cua(X) =2 Cu(X) —— -

| |

C e Caaa(Y) =2 CulY) —— -+

Proof. By direct computation, let [vg, - - - ,v,] be a (n + 1)-simplex and ¢ : [vg, - - -

and we have

F(0(0) = (=1 gy 0)
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,Un] = X be a continuous map,
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Let B, (X) be n-boundary of chain complex C.(X) and Z, (X) be the n-cycle. We have the following corollaries.



Corollary 1. If f : X — Y is continuous, then fy(By(X)) C By(Y) and f4(Z, (X)) C Zn(Y).

Proof. For any b € B, (X), there exists some ¢ € C,+1(X) such that d(c) = b. Then by Lemma.1, fx(b) = fyod(c) =
9(f#(c)) € By(Y). Therefore, f4(By(X)) C By(Y).

For any z € Z,(X), we know 0z = 0. Then by Lemma.1, 0(f¢(z)) = f4(0z) = 0. Then fy(z) € Z,(Y). Therefore,
f(Zn(X)) C Zu(Y). O

Define an induced map f, : Hy,(X) — H,(Y) such that f.[o] = [fs(c)] € Hn(Y) for any [o] € Hu(X).

Corollary 2. If f : X — Y is continuous, then f, : Hy(X) — Hy(Y) is a homomorphism and the following diagram is
commutative:

D Hy1(X) —2 Hp(X) —— -

b

C—— Hy(Y) —25 Hu(Y) —— -+

As for this induced map, we have the following properties:

Theorem 1. Given continuous maps f : X — Y and g:Y — Z, we have

L (g0 f)x =80 fu
2. (Idx)* == IdHy,(X)

3 Invariance

According to Theorem 1, we can conclude the invariance of homologies under homeomorphism

Theorem 2. Homology groups are invariant under homeomorphism

Proof. If X and Y are homeomorphic, then there exists continuous maps f : X — Y and g : Y — X such that
go f =Idxand f og = Idy. Then by Theorem 1, we can conclude f,, . are bijective. Hence, f, : H (X) — H.(Y)
is isomorphism. O

Question: What happens under homotopy instead of homeomorphism?
Remark: In this case, since we can construct homology from chain complexes, we can forget the topological space
when comparing homologies.

Theorem 3. Homology groups are invariant under homotopy.

Assume continuous maps f,g : X — Y and F : X x I — Y such that F(x,0) = f(x) and F(x,1) = g(x) for
any x € X. Then we define a map P : C,_1(X) — C,(Y) (Prism Operator) such that the following diagram is
commutative.

D Cp1 (X) 2 Cu(X) —2 Cp1(X) —— -

F o

o G ()~ C(Y) =2 €y (Y) —— -

To prove this theorem, we need the following lemma:



Lemma?2. g4 — fy =Pod+0doP

Proof of theorem 3. Take any a = [0] € H,(X), then do = 0. Then [g4 — f4](0) = P(dc) + o(P(0)) = 9(P(r)) is
boundary in C,(Y). Therefore, g.a = g+[0] = [g4(0)] = [f#(0)] = f«[o] = fia. Hence g, = f.. O

Now we define the operator P explicitly and prove Lemma 2. Consider any continuous map o : A" — X, let
A" x I be a cylinder, [vg, v1, - - -, v,] be its lower surface A" x {0} and [wy, w1, - - - wy] be its upper surface A" x {1}.
Then A" x I can be divided into n + 1 parts and each partis a (n 4 1)-simplex, i.e.,

n
An X I = U[U()/vlr"' s 0i, Wi, - /wn]-
i=0

For example, when 1 = 2, A2 x [ is divided into 3 parts (see the following figure).

Then we define P : C,,(X) — C,(Y) such that

n

Yo: A" — X,P(c) = Y_(-1)(Fo (o, Id))\[v v oo o] € Cn(Y):
=0

VZ”/‘T/ € Cu(X Zw] =) _nP(0))
]

Id
Here, F o (0, 1d) is the composite function A" x I O s —Eyy and F : X x I — Y is the homotopy

between f and g.

Proof of Lemma 2. We only need to check [g4 — f#](c) = P(d0) + 0P (o) for any o : A" — X. Then we find

AP = T (U)(Eo@ID)] 0 o]

0<j<i<n

+ Y (=) (Fo (o, 1d))]

[vg,01, - 0;,wW;, D, Wy
0<l<]<n /01, iWi, -, Wj

In the summation of the first line, when i = j = 0, the term becomes F o (¢, Id) |5y 0, ---1w,] = §#(0); Wheni =j >0,
it becomes F o (0, Id)|(y;... o, 1 w;,-w,]- 1N the summation of the second line, when i = j = n, the term becomes
—Fo (0,1d)|(gy0,,..0,) = —f#(0); Wheni = j < n, it becomes —F o (0, Id) [y, ...v, w; ,--w,]- NOte that
n n—1
Z Fo ((T, Id)|[UO“'/Ui—llwil”‘wn] + 2 —Fo ((T/ Id)|[‘00,"'Ui,wl'+1,"'wn] =0.
i=1 i=0

Therefore,

I(P(0)) =gu(0) — fu(0)

+ Y (=D)H(Fo(o, Id))hv0 SRS
0<j<i<n
+ ) (=) (Fo (0, 1d))] (00,0110, 0]

0<i<j<n



On the other hand, we find

n
80 =Y (1Yol 5y
=0
and thus
POo)= Y. (-1 (Fo(o, Id)>|[vo,vl,---,ﬁl,-~~vi,wi,---,wn]
0<j<i<n /
+ Y (~D)"(Fo(o, Id)>|[vo,v1,~-vz-,w1w--,wj,---wn]
0<i<j<n

Therefore, d(P(c)) + P(dc) = g4(0) — f4(0).

Remark: Direct calculation when n = 2
Let o : [vg,v1,v2] — X, then
P(J) =Fo ((7/ Id)|[vo,w0,w1,wz] —Fo ((T/ Id)|[v0,vl,wl,w2] +Fo ((7/ Id) |[vo,vl,vz,w2]

a(P(U)) =Fo (‘T/ Id)l[wo,wl,wz] —Fo (‘71 Id)'[vl,wl,wz} +Fo (‘Tr Id)|[vl,vz,w2]

=g

—Fo (U/ Id)‘[vo,wl,wz] +Fo (0’, Id)|[vo,w1,wz] —Fo ((7/ Id)|[7}0,7)2,‘£02]

=0

+Fo ((T/ Id)|[v0,wo,w2] —Fo (U/ Id)|[vo,vl,w1] +Fo (U’, Id)|[vo,vl,w2

=0

—Fo (U/ Id)|[vg,wo,w1] +Fo ((7/ Id) ’[vo,vl,wl] —Fo (Ur Id)'[vo,vl,vz

= f
and
90 = 0l joy,05) = lfw,00) +lfwg,01)

P(oo) = (F o (o, Id)‘[m,wywz] —Felo, Id)“vl'vz'ZUZ])
- (Fo (o, 1d) [ {0g,05,0,)

—Fo ((7/ Id) |[U(],'£UO,'LU2])
+ (Fo (0, 1d)| — [vo, wo, w1] — F o (v, Id)]|

U(),U],wﬂ )

Therefore, d(P(c)) + P(dc) = g4(0) — f#(0) holds for the case n = 2.
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