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Abstract

In the Mandelbrot set, the bulbs attached directly to the main cardioid are called the p/g-
bulbs. The reason for this is that the largest component of the interior of these bulbs consists
of c-values for which the quadratic function Q.(z) = 2% + ¢ admits an attracting cycle with
rotation number p/q. In this paper, we give a geometric method to read off p/q from the
geometry of the antenna attached to the bulb.

1. INTRODUCTION

Our goal in this paper is to describe a geomet-
ric method of “reading off” dynamical information
about the orbits of Q.(z) = 2% + ¢ from geometric
information about the parameter plane for this fam-
ily, the well-known Mandelbrot set. Recall that the
Mandelbrot set M is given by the set of complex
c-values for which the orbit of 0 under the quadratic
function Q.(z) = 2% + ¢ does not tend to infinity.
It is known that many of the components of the in-
terior of M consist of e-values for which the orbit
of 0 is attracted to an attracting cycle. In partic-
ular, this is true of the bulbs directly attached to
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the main cardioid in M. In fact, for ¢ inside one
of these bulbs, Q. features an attracting cycle with
rotation number p/q (See Fig. 1).

One of the fascinating and folkloric features of
the Mandelbrot set is that one can often read off
p/q directly from the geometry of the correspond-
ing bulb. For the p/q, bulb admits an antenna
that consists of a junction point from which ex-
actly g spokes emanate. One of these spokes is at-
tached directly to the bulb. This spoke is called
the principal spoke. For many of these bulbs, the
“shortest” spoke attached to the junction point is
located exactly p/g turns around the junction point
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Fig. 1 The Mandelbrot set. Note the many bulbs attached
to the main cardioid. These are the p/q bulbs.

e sl
Fig. 2 The 2/5 bulb.

from the principal spoke in the counter-clockwise di-
rection. Also, the “longest” spoke is located exactly
p/q turns from the principal spoke in the clockwise
direction. While this fact is not always true, never-
theless an “expert” in complex dynamics can usu-
ally judge where the shortest and longest spokes
should lie and thereby read off p/q.

For example, in Fig. 2 we display the 2/5 bulb.
Note the 5 spokes attached to the junction point
and that the shortest spoke is located roughly
2/5 of a turn from the principal spoke in the

“
Fig. 3 The 3/7 bulb.

counter-clockwise direction while the longest is
located 2/5 of a turn in the opposite direction.
Of course, the natural question is what is meant
by the “shortest” and “longest” spoke. As in
Devaney (1999),17 we will use harmonic measure on
the boundary of M to determine the size of these
spokes. This measure is determined by the length
of the interval of external rays that land on each
spoke. Our goal then is to present an algorithm for
computing exactly the length of this interval. With
this algorithm, we will see that the p/g spoke is
indeed the shortest. One can in fact use dynami-
cal information about the Julia sets drawn from the
p/q bulb to accomplish this. However, we will use
a different, more combinatorial approach, which is
more elementary.

As another example, in Fig. 3 we display the 3/7
bulb. Here we see that the shortest spoke is located
3/7 of a turn from the principal spoke. The longest
spoke is more difficult to determine. This illus-
trates why this “visual” method is not completely
accurate,

2. THE MANDELBROT SET

In this section, we recall some of the remarkable
results of Douady and Hubbard (1983).2 The Man-
delbrot set is given by

M= {ce C|Qu0) A oo}



(see Fig. 1). The following facts are well known.
The largest cardioid-shaped region in MM consists
of ¢-values for which Q. admits an attracting fixed
point. Along the boundary of this cardioid, Q.
admits a neutral fixed point whose multiplier is
exp(27if(c)). As ¢ moves around the boundary
of the cardioid in the counter-clockwise direction,
starting at the cusp, the value of #(c) increases
monotonically from O to 1. In particular, there is a
unique peint ¢,/, on the boundary of the cardioid
at which 6(c) = p/q¢ for each rational in (0,1). The
point ¢, , is called the root point of the p/q bulb. At
the root point, there is a simply connected region in
the interior of M which is attached at this point to
the cardioid. This component of the interior of M is
called the p/q bulb in M and is denoted by B(p/q).
If we remove the root point, then A breaks into
two pieces; the component of M — Cp/q containing
the p/g bulb is called the p/q limb.

The main theorem of Douady and Hubbard? as-
serts that there is a unique uniformizing map ® that
takes the exterior of the unit circle in the extended
complex plane isomorphically onto the exterior of
M, taking oo to oo and mapping the positive real
axis > 1 onto the line ¢ > 1/4. The image un-
der @ of the straight ray r exp(27i8) for fixed ¢ and
r > 1 is called the ezternal ray with external an-
gle 8. Note that we measure these external angles
mod 1.

The theorem of Douady and Hubbard above
states further that each external ray with rational
external angle actually lands at a unique point on
the boundary of M. By this, we mean that

lim1 O (rexp(2mif™))

exists when 6* is rational. In particular, the #-ray
lies along the real axis and reaches M at the cusp
point of the main cardioid at ¢ = 1/4. Moreover,
there are exactly two rays that land at the root
point ¢, , of the p/q bulb. We denote the angles of
these two rays by s_ = s_(p/q) and s, = s, (p/q)
where we assume that s_ < s.. We call s_
(respectively s;) the lower (respectively upper)
external angle at ¢, .

Finally, the theorem also asserts that any exter-
nal ray that lands at the root point of a bulb of
period ¢ is a rational that has prime period ¢ under
the (angle) doubling map given by D(z) = 2z mod
1. For example, the rays that land at B(1/3) have
angles 1/7 and 2/7, and each of these has period 3
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Similarly, the rays landing at the root point of
B(2/5) are 9/31 and 10/31, each of which have pe-
riod 5 under D.

One can compute the rays s_ and s, using infor-
mation about the dynamics of @), as ¢ passes from
the main cardioid into the p/g bulb through c,/,.
For ¢ in the main cardioid, @, has an attracting
fixed point. As ¢ enters the p/q bulb, this fixed
point becomes neutral as a repelling g-cycle merges
with it. Once inside the p/q bulb, the fixed point
becomes repelling while the cycle becomes attract-
ing. At the fixed point, exactly ¢ dynamical exter-
nal rays land, two of which are s_ and s. In fact,
these rays land at this fixed point for each ¢ inside
the p/q limb. From this information, the values of
s_ and s, can then be computed using the dynam-
ics of Q.. See LaVaurs (1986) and Atela (1991)
for details.®* Rather than describe this algorithm
in detail, we will discuss a different algorithm for
computing these angles in the next section.

3. COMPUTING EXTERNAL
ANGLES

In this section, we recall some results from Ref. 1
which provide an algorithm for computing upper
and lower external angles at c,,,. We will give a
formula for the binary representation of these an-
gles. Since these angles have period ¢ under angle
doubling, their binary representations will be a re-
peating sequence of 0's and 1's with length g. That

is, s_ will be a sequence of the form
S = 8182+ 8¢

where s; = 0 or 1. In the sequel, we will of-
ten denote an infinite repeating sequence simply by
81...84 when the meaning is clear.

To determine the s;, we let R,/ denote the
counter-clockwise rotation map of the circle by p/q
turns. That is, R,/ (8) = 6 + p/qg mod 1. Note
that

() R, (p/2) =p/a.
(i) RY (p/g) =0.
(iif) R&(p/q) =1-p/g=—-p/q.
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Given p/q, we define two partitions of the circle
as follows. The lower partition is given by

Iy =(0,1-p/qjand I} = (1 -p/q,1]
and the upper partition by
If =[0,1-p/q) and If = [1 - p/g,1).

Note that these two partitions differ only at their
mutual endpoints 0 and 1—p/q. Now given € in the
circle, we define the lower itinerary of 8, £(6) to be
the sequence s183 -+, where
sy =0if RI;(8) e Iy .

Otherwise, we set s; = 1. So £(f) records the po-
sition of the orbit of 6 under R,/, relative to the
lower partition of the circle. We define the upper
itinerary u(0) similarly by using the upper parti-
tion. Note that the upper and lower itinerary of 8
are both repeating sequences of 0’s and 1's of length
q. The upper and lower itineraries of p/q play an
important role below. From the above observations,
we have

E(pla) = 81 8901
and
u(p/q) = s1...84—210.

In particular, £(p/q) and u(p/q) differ in their fun-
damental blocks only in the last two digits.

The main result in Ref. 1 is that the upper and
lower itineraries of p/q give the binary expansions
of the upper and lower external angles of the p/q
bulb.

Theorem 3.1. Let p/q € (0,1).
s*(p/q) and £(p/q) = s—(p/q).

Then u(p/q) =

For example, in the case p/g = 1/4, then
£(1/4) = 0001 and wu(l/4) = 0010, so that
s7(1/4) = 1/15 (= 0001 in binary) and s*(1/4) =
2/15 = (0010 in binary).

We now turn our attention to the rays landing
on the antenna of the p/q bulb. The junction point
in the antenna is a Misiurewicz point, meaning that
the orbit of the critical point at this c-value is even-
tually periodic.

Proposition 3.2, There is a parameter value w =
wyq in the antenna attached to the p/q bulb that
has the following properties:

(i) The orbit of w under 22 +w lands on a repelling
fized point after ezactly q iterations.

(i) Two of the rays landing at w are s_5y and
3+E.

Proof. We apply the tuning procedure of Douady
(1986).> There is an orientation preserving homeo-
morphism that takes the entire Mandelbrot set into
(but not onto) the p/¢ limb. The homeomorphism
takes c-values in M that are the landing points of
the external ray sysps3---, to c-values in the p/g
limb that are landing points of the ray t;tats:--,
where each t; is a block of 0’s and 1's of length ¢
and t; =s_ifs; =0and {; = s if 55 =1.
Consider ¢ = —2. This is a Misiurewicz point in
M since the orbit of 0 is fixed under Q_4 after two
iterations. The external ray landing at ¢ = -2 is
the 1/2 ray, since ¢ = —2 lies on the negative real
axis. This ray has two binary representations: (01)
and (10). Thus ¢ = —2 is mapped to a point in
the p/q limb which is the landing point of the rays
553 and s, 35_. The image of ¢ = —2 is the point
w. Since w is the landing point of an external ray
that becomes periodic after ¢ binary digits, it fol-
lows from Ref. 5 that w becomes periodic after g
iterations of @,,. Since the repeating part of these
angles involves s_ and sy, the rays in the dynam-
ical plane that land on the repelling fixed point, it
follows that w must in fact land on the repelling
fixed point alluded to above. O

By the above result, we now have four rays land-
ing on the p/¢ bulb. In order, they are

S <8 854 <8,5_ <3,

Note that the length of the arc of rays landing be-
tween 5— and s_37 is at most 1/2%¢72 since these
two rays agree in the first 2¢ — 2 binary digits. Sim-
ilarly, the length of the arc of rays landing between
57 and s, 5 is also at most 1/2%9~2, On the other
hand, the length of the arc of rays landing between
5= and 37 is exactly 1/(29 —1).! Thus, many more
rays land between the two rays landing at w than at
other points on the p/q limb. This fact is illustrated
for the 2/5 bulb in Fig. 4.

Since there are g external rays landing at the re-
pelling fixed point on which w lands, it follows that
there an additional ¢ — 2 external rays landing at w.
We will show in the next section that each of these
rays lies between the rays s_s; and s;5-. This in-
dicates that the point w is indeed the junction point
so evident in the above figures.



Fig. 4 External rays landing on the 2/5 bulb.

4. FAREY NUMBERS

Given any p/q in (0,1) in lowest terms, recall that

there are a pair of rationals a/8 and 7/6 that serve

as the Farey parents of p/q. This means that p/q

is the rational between the Farey parents that has

the smallest denominator. It is known® that
p_a+y

g B+6

and that p8 — ga =1 and pd — ¢y = —1. One can
inductively obtain the sequence of Farey parents.
Begin with 0/1 and 1/1. These are the Farey par-
ents of 1/2 via the above “addition.” Then 0/1 and
1/2 yield 1/3, while 1/2 and 1/1 yield 2/3. Contin-
uing in this fashion produces the Farey tree, a list
of all Farey parents and their progeny.

Proposition 4.1. Suppose p/q has Farey parents

a/B,~/8. Then

g1
R}, (p/q) = Y
Proof. Using the fact that p8 — qa = 1, we have
g —off = —
and so
: ; P a n+1
ol o [B) = L = =) = ;
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Since Ri{,ﬁ(a/ﬁ) = a/3, we obtain

a f+1 o 1 1 p+1
BE . Run. R ok M IR SR
P"q (¢/4) 67 8 "B 1 4B q

Proposition 4.2. Given p/q in lowest terms, we

have ;
(B ]
q q

Proof. Note first that the distance between
fractions (p + 1)/g and p/q remains constant un-
der iteration of R4, since for any integer n > 0

n (Pt+1 n (P
P/q ( q ) — Ry (a)
pt1 e
=n+l)—-=(n+4+1l)=-=-.
(n+1) - (n+1) 574
In particular, it follows that the R, orbit of
(p + 1)/q is always just ahead of the orbit of
p/g in the counter-clockwise direction. Suppose
L(p+1)/q) = titg---t, and u(p/q) = s152+ - sq.
We wish to show that s; = ¢ forall k =1,...,q.
Thus we have two cases:

(i) If s = 0, then

0< RE M (p/q) =

Consequently, 0 < (kp + 1)/q < 1-p/g so that
R;f{,ql (p+1)/g) € Iy and 1 = 0.
(ii} If s = 1, then

P P

B

q q g
so that R:/‘ql((p +1)/g)ely andtp=1. O

_<]___
q

Let o denote the shift map of the set of sequences
of 0’s and 1’s. That is,

o(815283+++) = (8283 ).

By Proposition 4.1, we have o®(¢(p/q)) = £((p +
1)/¢) and by Proposition 4.2 ¢((p+1)/q) = u(p/q).
Thus we have o (£(p/q)) = u(p/q). Furthermore,

{p/q) = o(¢(p/q))
= o’ (o®(¢(p/q)))
= o°(u(p/q)) -
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Therefore, we have shown

Proposition 4.3. Suppose p/q has Farey parents

a/B <~/6. Then
o®(s-(p/q)) = s4+(p/q) and °(s1.(p/q))

=s_(p/q).

5. ORDER OF RAYS

In this section, we determine the external angles of
the g rays that land at the junction point wy, of
the antenna in the p/q limb. Two of these angles
are given by s_%1 and s;5_. Since the fundamental
blocks of s_ and s, are adjacent in the ordering of
binary blocks of length g, it follows that the angles
of the rays that land at w,;, must begin with either
s_ or sy. This string is called the first part of the
angle. The second part is the repeating string cor-
responding to shifting the digits in s, since these
angles correspond to the periodic rays landing at
the repelling fixed point.

Moreover, since sy and s_ only differ in the last
two digits, it follows immediately that o™(s_) <
o™(s4) for all n with the exception of n mod ¢ =
—1. This exception comes from the fact that

S 5q-210) =081 -+ - 5421

0‘_1(81 e Sq_zol) =18y 3,;,-20.
Lemma 5.1. Given p/q, its Farey parents a/3 <
~/8, and the ray sy = sy (p/q), we have
JP’G(S+) =o(s4)
oP=N8 (s, ) =o(s_).
Proof. Since we are shifting the g digits in s in
blocks of 3 digits, then we should consider the com-
position of iterations mod g. Using the Farey frac-
tion property p8 — qa = 1, we have p8 mod g =

(1 + ga) mod q which implies the first equation.
Moreover,

(p—1)8 modg=1- modgq
=1+ (¢g—F8) mod g

=144.

By Proposition 4.3, we have ¢%(s;) = s_. Hence,
olr=DB(s,) = a(s-). O

The next proposition provides us with an increas-
ing ordering for the second part of the angles. No-
tice that (¢ — p)8 mod ¢ = —1. We claim that
0{9-P)3(s,) = 0~1(s, ) represents an exterior angle
that is smaller than s;. This can be seen com-
paring the two sequences digit by digit. Let s4 =
8189 Sq_gl{]. Then 0'—1(8_4_) = 08182~ Sq_gl,
and

(i) If s; = 1, clearly 0~ 1(s4) < s4+. If not, compare
the next two digits.

(ii) If s = 1, we'’re done (since s; = 0). If not, keep
comparing subsequent digits.

This process ends, for if we reach the last two digits
of both itineraries, this would imply that s,_, =0
has to be compared to 1. From this, it follows that

s_oW@PB(s,) < s_37.

This means that the external ray s_o(9=?)8(s,)
does not land at the junction point w.

Proposition 5.2. Given p/q, 3 and sy, we have
the following ordering under the shift map:

54 <0P(sy) <o(sy) <o < oleP1B(s,)
g(q_P}.‘S(3+) 2 o'{q_p+l)ﬂ3(s+) < G(q_2}'6(3+)
<8l

Proof. We wish to compare o%%(s. ) with g(*~1)8

(s4). To do this, rewrite these two itineraries in
terms of o(s4) and o(s_) as

B (s4) = = PRB(GPB (s, )) = =P (5 (s, )
and similarly
g(k—l).ﬁ(3+) = g—{p—k}ﬁ(g(p—l)ﬁ(5+)j.
=~ PF((s_)).

Consider the right-hand-side of the equations
above. As we are applying the shift map —(p — k)
3+ 1 times to s, and s_, the inequality

o*=D8(sy) < 0*(s4)

holds unless k3 mod ¢ = —1. We claim that this
happens precisely when k = ¢ — p for 8 > 1. First,



we will show that k3 mod ¢ generates all the equiv-
alence classes mod ¢q. This is true if and only if
Btq But ¢ = d+ 3 so this condition reduces
to show Bt §. This follows easily since the Farey
property 8y —ad = 1 indicates that 3 and § are rel-
atively prime. Thus, the first ordering is achieved

for k=1,...,¢q —p— 1 while, for the second order-
ing, k=¢—p+1,...,9— 1, avoiding only the case
k=qg—p.

When 8 = 1, then we simply have to avoid
the case when k¥ mod ¢ = —1, i.e. when &k = —1
or k = ¢ + 1, but neither of these cases occur
above. O

Using this result, we are now able to state:

Theorem 5.3. Let w,;, be the junction point of
the bulb B(p/q). Then there exist ¢ preperiodic rays
contained in the interval [s_35y, 5,37 that land on

wp/q- These rays are give in increasing order by:

$_57,8-0°(s4),...,8_0la-P=1B(s,)

S+0'(q_?3)-3(8+), ey 3+§__.

6. LENGTH OF SPOKES

In this section, we identify the shortest and longest
spokes of the antenna at w,/. Recall that this
means that the gap between the two external rays
landing at w and cutting off this spoke is smallest

and largest, respectively.

Proposition 6.1. Among the g rays landing at w,
the rays which have g-periodic second part given by
ocP~1B(s.) and oPP(s,) are closest together.

Proof. We first show that both rays have the same
first part. Recall that the change in the first part
of the angle from s_ to s; occurs when we shift s
exactly (¢ — p)B times. Thus, if p < ¢ — p, then the
first part for both rays is s_. When p > q¢ — p, the
worst possible case occurs when p — 1 = ¢ — p, but
then again the first part is s, for both rays.

Now, when p = q¢ — p then p/g = 1/2 and the
Farey parents are 0/1 and 1/1. This is a very spe-
cial case where the list of rays is given simply by
T i T

Finally, we only need to prove that the difference
oPP(s;) — oP~1B(s,) is the smallest among con-
secutive rays. By Lemma 5.1, we know oP3(s,) =

Geometry of the Antennas in the Mandelbrot Set 45

8g+-84-210s; and a(i“—l)ﬁ(s+) = 8-+ 8q-201s;.
Thus, the difference between the blocks of length
g is

S
-2  9¢-1  9g-1°

0"’5(5+) - O-(P—I)ﬁ(3+) =5

The difference of the repeating part of the sequences
is given by

1 1
O'Pﬁ(s+) - a(?—l)ﬁ(g_i_) = (2‘1—_2 i 0292 = )

Thus, the entire difference is

gic,rpﬁ(s_'_) - sig(P_1)5(3+)
1 1
= Em-i--ém"--.-)

1 1
- W+239—*1+“.

= 4 1 e 2 1

k=1
1 = 1
T oe-19¢—1 9¢-1
. EE i
T2l g

since both rays have the same first parts (thus no
contribution is made) and both series start with in-
dices shifted g places.

Now, assume there exists an integer m such that

o™ (s4) = 0D (s,) < oPB(s4) — 0P (s, ).

In this case, 0™5(s, ) and o(™1B(s, ) must dif-
fer in the last two digits, i.e. they are s, and s_, re-
spectively. However, the rays with these two second
parts do not share the same first parts and conse-
quently they are further apart. This completes the
proof. 0
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Remark. Note that this result verifies the obser-
vation in the introduction that the smallest spoke is
located p/q turns in the counter-clockwise direction
from the principal spoke in the antenna.

We now identify the longest spoke. From the or-
dering given by Theorem 5.3, the largest gap be-
tween rays must be located when the first part
changes, i.e. between the rays s_o(@P~D8(s.) and
5,00 PB(s,). To compute the length between
these rays, first recall that

4 PB(s,) = a7 (sy).
On the other hand,
oa-P1B (5. ) = gl PB (=B (5,))
=o071P(sy)
= o71B(oB(s_)
by Proposition 4.3. Thus,
olaP=D8(5. y = g~ 1(s_).
As above, we have
1-2¢1
20

Thus, the largest distance between consecutive rays
is given by

o2 PB(g ) — gla-P-1B(5, ) =

3+g(q—P)ﬁ(s+) = 3_0(?‘?‘1)5(3+)

=540 1(sy) — s_o71(s_)

k
29 k=22q k=12 g+1
1 1=Bel q.21
= — +
9 " 91 -1 29
_1 1
T 9081

The last computation exhibits an interesting fea-
ture of the largest spoke: since the measure of the
bulb is 1/(27 — 1), the subset of rays that land on
the largest spoke has exactly half the measure of the
total set. Similarly, the subset of rays landing at the
shortest spoke is 1/2971th of the total measure.

Similar calculations allow us to compute the
length of any spoke in the antenna. The proof of
the following is therefore left to the reader.

Proposition 6.2. Given any two consecutive rays
with the same first parts and second parts o*P(s.)

and o*=18(s.), their difference is given by

T e 1 1
520%P(s4) — 5200 P(a,) = oy

where I’ = ké — 1 mod gq.

Remark. When & = p in Proposition 6.2, the
length of the shortest spoke or, equivalently, the dis-
tance between the rays s1o®~18 and s;oP” agrees
with our previous computation as I'(p) = (pd — 1)
mod ¢ = (gy—1)—1 mod ¢ =—-2 mod g =¢q—2.
In the case of the largest spoke, we have k = g — p.
Even though our above assumption regarding equal
first parts does not hold in this case, the formula
does, since '

F(g-p)=(¢—p)d—1 modg
= —pé—1 mod ¢
=1-ga—1 modg
=1-1=0.
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