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¥ 1. INTRODUCTION

Qur goal in this paper is to describe the topology of and dynamics on
certain Julia sets of functions drawn from the family of rational maps of the
complex plane given by

n A
hﬂ.yva”N n_..wum

where n,d € Z*. When A = 0, these maps reduce to z — 2™ and the
dynamical behavior in this case is well understood: the Julia set of F) is just
the unit circle and all other orbits tend either to co or to the superattracting
fixed point at 0.

When A # 0, several things happen. First of all, the map F) now has
degree n + d rather than n. Secondly, the origin is a pole rather than a fixed
point. And, finally, there are n + d new critical points in addition to the
original critical points at 0 and co. As we discuss below, the orbits of all of
these new critical points behave symmetrically, so we essentially have only
one additional “free” critical orbit for each of these maps. As is well known
in complex dynamics, the behavior of this critical orbit determines much of
the structure of the Julia sets of these maps.

One of our main goals in this paper is to describe what happens to the
Julia set when the parameter )\ is nonzero but small. In this case, the map
F), is called a singular perturbation of z". The reason for the interest in
such a perturbation arises from Newton’s method. Suppose we are applying
Newton’s method to find the roots of a family of polynomials P, which has
a multiple root at, say, the parameter A = 0. For example, consider the
especially simple case of Py(z) = z* + A\. When A = 0 this polynomial has a
multiple root at 0 and the Newton iteration function is simply Ny(z) = z/2.
However, when A # 0, the Newton iteration function becomes

22—
Nx(z) = S
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(1) If A € Oj, then the Julia set of Fy is a Sierpinski curve, so that if
A € O; and p € O, the Julia sets of Fy and F, are homeomorphic;
(2) But if k # j, the maps F) and F,, are not topologically conjugate on
their respective Julia sets.
The case where n = 1 is fundamentally different from the other cases since

the function
A

F ym.wu =z+ .Nla.
has a parabolic fixed point at oo. Furthermore, any map of this form is
linearly conjugate to the case where A = 1. So, instead of considering this
case, we adjust the family slightly to deal instead with the family

Fy(z) = A T + wwv

when n = 1. For this family oo is an attracting fixed point when |A| > 1 and
is repelling when |[A| < 1. So when |A\| < 1, oo is in the Julia set, and we
may have that the critical orbits map onto co. In this case, the Julia set is
the entire Riemann sphere. Much else occurs near A = 0, for, as we show in
Section 5, we have:

Theorem. Let F)(z) = A(z+ 1/z). Then, in any neighborhood of A = 0 in
the parameter plane:

(1) There are infinitely many parameter values A for which the Julia set
of Fy is the entire Riemann sphere;

(2) There are also infinitely many parameter values for which the critical
orbit is superattracting.

Unlike the situation that is described in the previous two theorems for
A near 0, in the case where we have a McMullen domain, the dynamical
behavior of F) is the same for any A sufficiently close to 0. However, away
from this region, F) exhibits a rich array of different dynamical behavior. For
example, in Section 6 we show that there are many different ways that the
Julia sets may be Sierpinski curves. In the previous Sierpinski curve examples,
the complement of J(Fy) was simply B, together with all of its preimages.
However, there are parameter values in these families for which the Julia
set is a Sierpinski curve whose complementary domains consist of a variety of
different attracting basins (not just B)) together with their preimages. Again,
while these Julia sets are all homeomorphic to one another, the dynamics on
different pairs of these sets is often quite different.

There is another famous Sierpinski “object” in fractal geometry, namely,
the Sierpinski gasket or triangle. Objects similar in construction to this shape
also occur in these families. In Section 7 we construct infinitely many “Sier-
pinski gasket-like” Julia sets for F). Unlike the Sierpinski curves, each pair
of these Julia sets are topologically as well as dynamically distinct.
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This paper is respectfully dedicated to the memory of Professor Noel mé.ww_..
Professor Baker’s numerous contributions to the field of complex dynamics
have been an inspiration to all of us.

2. PRELIMINARIES

We consider the maps

n A
mu»ﬁNur.hN +M-m

where n,d € Z*. The Julia set of Fy, J(F)), is defined to be the set of points
at which the family of iterates of F) fails to be a normal family in the sense
of Montel. Equivalently, the Julia set is the tlosure of the set of repelling
periodic points for F, or, alternatively, the set of points on which F) behaves
chaotically. The complement of the Julia set is called the Fatou set.

There are n + d finite and nonzero critical points for F} and all are of the
form w¥ey where cy is one of the critical points and w"*t¢ = 1. Similarly, the
critical values are arranged symmetrically with respect to z — wz, ﬁ:_up.ﬁr
there need not be n + d of them. For example, if n = d, the n + &.Q._Enm__
points are given by Al/2n while there are only two critical values given by
+2v/A. There are n + d prepoles at the points (=) ndd), .

Note that Fy(wz) = w"Fj(z). Hence the orbits of points of the form w?z all
behave “symmetrically” under iteration of F. For example, if F3(2) — 00,
then Fi(w*z) also tends to oo for each k. If F3(2) tends to an attracting
cycle, then so does Fj(w*z). Note, however, that the cycles _.540—4& may be
different depending on k and, indeed, they may even have different periods.
Nonetheless, all points lying on this set of attracting cycles are of S.;m form
wizg for some z5 € C. In particular, all n -+ d critical points rma.m o_._u;m. that
behave symmetrically, so this is why there is only one free critical orbit for
ﬁyﬁm now restrict attention to the case n > 2; the case n = 1 will be dealt
with in Section 5. The point at co is a superattracting fixed point for F and
it is well known that F) is conjugate to z +— 2" in a neighborhood of oo, so
we have an immediate basin of attraction B, at co. Since F) has a pole of
order d at 0, there is an open neighborhood of 0 that is mapped d to 1 onto
a neighborhood of oo in Bj. If B, does not contain this cmﬁrcgraom, ntm.a
there is a disjoint open set about 0 that is mapped d to 1 onto B. ,H_w.:m set is
called the trap door and we denote it by T). MES %mma degree of F is n +d,

ints in the preimage of B, lie either in By or in 7.
mﬁ_%mm“ﬂm Nrm m%ﬂ“mﬁ% mw (wz) = w"F(2), it is straightforward to check that
all of By, Ty, and J(F)) are symmetric under z — wz. We say arm..a these
sets possess n + d-fold symmetry. In particular, since the critical Uo:;m are
arranged symmetrically about the origin, it follows _D._ua. m.m one of the critical
points lies in By, (resp.,13), then all of the critical points lie in By (resp., Th)-
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118 ROBERT L. DEVANEY ET AL

is disjoint from 97Ty and 0B,. See Figure 3. Let A denote the union of the
three annuli A;,, Agut, and H..L.

FIGURE 3. The sets Ain, Aoy, Ty, By and T} .

Since all of the critical points lie in T}, the annuli A;, and A, are mapped
as coverings onto C — (B, UT)). Hence there exist preimages of 7} ! in each
of these subannuli. Note that there will be two annular components of o e
one in A, and one in A,y. See Figure 4. Continuing in this fashion, we see
that T, ™ consists of 2"~! subannuli. In [8], quasiconformal surgery was used
to show that the boundaries of By, T), and all of the preimages of T} are
simple closed curves surrounding the origin. Hence the Julia set is given by
a nested intersection of closed annuli and the result follows exactly as in the
case described by McMullen in [14].

We remark that, by the covering properties of Fy on A;, and A,y, we must
have

d n
where mod A denotes the modulus of A. Hence, as in the McMullen result,
we must have 1/d+1/n < 1 in order for v to lie in the trao door. Therefore,
if 1/d+1/n > 1, then v cannot lie in the trap door, so part 2 of the Escape
Trichotomy Theorem cannot occur if d = n = 2 or if either n or d is equal to
1. In Figure 1b we display a Julia set for which the critical values all lie in
T,.

iond A S mod A4 mod il = mw + mu wiod A

3.3. Critical Values in a Preimage of T). We now describe the final case
where the critical values have orbits that eventually escape through the trap
door, but the critical values do not themselves lie in the trap door. In this
case the Julia set is a Sierpinski curve. We first observe that the Julia set

T—t

SINGULAR PERTURBATIONS OF 2" 119

FI1GURE 4. Inverse images of T).

of F) is compact, connected, locally connected, and nowhere dense. Indeed,
since we are assuming that the critical orbit eventually enters the basin of
00, we have that the Julia set is given by C — UF;?(B,). That is, J(F3) is C
with countably many disjoint, simply connected, open sets removed. Hence
J(F) is compact and connected. Since J(Fy) # C, J(F\) cannot contain any
open sets, so J(F)) is also nowhere dense. Finally, since the critical orbits
all tend to oo and hence do not lie in or accumulate on J(F)), it follows that
F, is hyperbolic on J(F)) and standard arguments show that J(F}) is locally
connected (see [16]). In particular, since B, is a simply connected component
of the Fatou set, it follows that the boundary of B, is locally connected.
Hence J(F}y) fulfills the first four of the conditions to be a Sierpinski curve.
To finish showing that J(F)) is a Sierpinski curve we need to show that
the boundaries of By as well as all of the preimages of B, are simple closed
curves and that these boundary curves are pairwise disjoint. To see this, we
first claim that C — B, is a connected open set. This should be contrasted
with the situation for quadratic polynomial Julia sets where C — B} often
consists of infinitely many disjoint open sets (consider the Julia sets known
as the basilica or Douady’s rabbit, for example). Assume that C — B, has
more than one component. Let Wj be the component of C— B) that contains
the origin. Note that 7y < W,. Since Fy(8Ty) = 9By D dW,, it follows
that there are points in Wy whose images also lie in W and consequently
Fyx(Wp) D Wy. Now if one of the prepoles lies in a component of C — B that
is disjoint from Wj, then by symmetry all of the prepoles have this property.
But this then gives us too many preimages of points in Wp, and so all of the
prepoles must in fact lie in W;. It then follows that all of the preimages of

any point in Wy lie in Wy,
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A= |H\Hm A= —0.01

A=-1/4 A = —0.001

FIGURE 7. Sierpinski curve Julia sets for various negative val-
ues of A when n =d = 2. All of these sets are homeomorphic,
but the dynamics on each is different.

decreases monotonically to 0. Hence, given N, for A sufficiently small, ﬁm?&
also lies in R* for 2 < 5 < N and moreover this finite sequence is decreasing.
Now suppose # < a < 0. We have Fj(z) < Fo(z) for all z € RY. Also,

F}(cg) < F2(c,) < 1/4. Hence F}(cp) < Fi(ca) for all § for which Fj(cp)
R*. The result then follows by continuity of F with respect to \.

(=

o
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Note that Ay = —1/16. Using the previous Propgpsition, we may find open
intervals J; about A; for j =2,3,... having the vwo_um;% that, if A € I;, then
m_m?yv € T), and so Fi*!(c,) € By. Therefore, vHAQV ~# GlaRH.—+0h, and
the Escape Trichotomy then shows that J(F)) is a Sierpinski curve. o

Now let C(c,) denote the component of the Fatou set.of Fj no:ﬁmwuwsm
¢x- The map F) is two-to-one on each of the four sets Q.T\.L containing
these critical points, and we have FJ(C(c,)) = T) for some j. Now suppose
that Fy|J(F)) is conjugate to F,|J(Fy,) for some a € Ul for some k V_ 1.
This conjugacy must take the boundaries of B) m.E& T) to the corresponding
boundaries of B, and T,. Similarly the vo::mm:.mm of the four regions Q.?L
must be mapped to one of the corresponding regions by the ,noud:mch%w since
these are the only complementary domains ﬁummﬂmm my and T}) on which ﬁ»,
is two-to-one. If, however, A € I; and a € I with j # ‘_n.m_.nrm:. these maps
cannot be conjugate, since a conjugacy maps each of the j*! preimages of T
to one of the 5 preimages of T,,. Such a conjugacy would also have to map
boundaries of domains on which Fy and F, were two-to-one to each other.
Since j # k, this is impossible. We therefore have:

Theorem. Let A € I; and o« € I with j # k. Then F, is not conjugate to
F., on their corresponding Julia sets.

In Figure 7 we display several dynamically distinct Sierpinski curve Julia
umﬂﬂ_ﬁw.mmﬁwhom,wﬂw%%wv_@ the parameter plane for the case n = d = 2 as well
as a magnification around A = 0. In contrast to Em image in Figure @._ all
of the internal grey regions in this image are Sierpinski holes. There is no
McMullen domain when n =d = 2.

FIGURE 8. The parameter plane and a magnification when n =
d=2
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126 ROBERT L. DEVANEY ET AL

(2) A countably infinite set of A-values lying in (-1, 1) for which the erit-
ical point is part of a superattracting cycle.

Proof: To prove the first assertion, we will define a function G, : R — R via
Ga(A) = F3'(1) where A € R. For \; = .5, G1(\;) = 0. Also, G1(0) = 1/2.
Further, note that Gy,()) is continuous except at blowup points of order less
than m. We now see that G, maps (0, \;) to (—o0,1/2). Thus, by continuity
of Gz in this interval, there exists a A; € (0, \;) such that Ga(A2) = 0. If more
than one A value exists, we will chose the smallest to be A,. This ensures that
G3 will be continuous on (0, A;). Iterating this process we obtain the desired
sequence.

Now suppose that this sequence does not accumulate on the origin. In
other words, there exists some interval (0, ) such that G,(\) > 0 for all n
and A € (0, )). Since the graph of F lies strictly below the diagonal on (0, 1)
and F7 is monotonically increasing there, the interval (0,1) is mapped inside
itself. Thus, by the contraction mapping principle there exists a fixed point
in (0,1), which is a contradiction.

To prove the second part of the assertion, let A, and )\, be blowup points
of order n and m. Assume n < m. For fixed m there are a finite number of
discontinuities of Gy, in the interval (), A,). Furthermore, these discontinu-
ities represent blowup points of order less than m. Therefore, we will restrict
ourselves to a subinterval on which G,, is continuous and note that the re-
sult holding here is sufficient to establish the result in the general setting.
Thus, without loss of generality, assume that G, is continuous on (Am, An).
Therefore, Grn(An) = 00 and G,(A,) = 0. By continuity of G,, there exists

Ap € (Am, An) such that G, (A,) = 1.
O

We will now briefly turn our attention to the case where d > 1. In this
case the critical points are ¢ = d#¥i. Asin the d = 1 case the critical points
do not depend on the parameter value. Also there exist lines, analogous
to the imaginary axis for the case d = 1 and passing through the origin in
parameter space for which Fy*! is invariant over R. The parameter planes for
several of these functions are plotted in Figure 10. For this class of rational
functions, the results of Rees [21] guarantee a set of positive Lebesgue measure
in parameter space for which the Julia set is the whole Riemann sphere.
However, it is unknown whether this behavior accumulates on the origin and
hence whether a corollary to the Theorem is true for d > 1.

6. BURIED SIERPINSKI CURVES

In this section, we discuss an infinite collection of dynamically distinct
Sierpinski curve Julia sets for the family F, where the Fatou components are
quite different than those described in previous sections. Instead of being
preimages of a single superattracting basin at co, we give examples where the

SINGULAR PERTURBATIONS OF 2" 12y

FIGURE 10. The A plane for the functions Fy(z) = A(z+1/2?)
and Fy(z) = Mz + 1/2%)

complementary domains consist of a collection of different attracting basins
together with the basin at oo and all of the preimages of these basins. As
before, we sketch a proof that the dynamics on these Julia sets are all distinct
from one another as well as from those mentioned above, but again, all of these
Julia sets are homeomorphic.

For simplicity, we restrict attention in this section to the special family
Fx(z) = 2+ Mz with A € R™. In Figure 11, we display the Juliz set of
Fy when A = —0.327. For this map, there are attracting basins of period 3
and period 6 together with the basin at co. We also display the case where
A = —0.5066 for which there are three different attracting basins of period 4
together with the basin at oco. The basins of the finite cycles are displayed in
black.

There is a positive real fixed point for Fy which we denote by p()). Also,
¢(X) = (A/2)"3 is a critical point and

v(\) = mﬂmrm:
is a critical value. Note that, for A € R, both ¢(A) and v()) are real.

Let A* = —16/27. Straightforward calculations show that p(A\*) = 4/3 and
p(A*) is repelling. Further, the real critical point c(A\*) = —2/3 is pre-fixed,
ie., Fx-(c(A*)) = 4/3 = p(X*). For A-values slightly larger than )\*, the real
critical value lies to the left of p(\) and hence subsequent points on the orbit
of the critical value begin to decrease. Graphical iteration shows that there
is a sequence of A-values tending to A\* for which the critical orbit decreases
along the positive axis and then, at the next iteration, lands back at ¢()). See
Figure 12. Thus, for these A-values, we have a superattracting cycle. More
precisely, we have:
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the Sierpinski holes as well. We conjecture that the Mandelbrot sets corre-
sponding to the A, in this section are also buried, this time in the sense that
these sets do not touch any of the Sierpinski holes, nor the outer boundary.

7. SIERPINSKI GASKET-LIKE JULIA SETS

One of the outstanding theorems in the study of the families of polynomials
z + 2%+ is the Landing Theorem, due to A. Douady and J. H. Hubbard [11],
which states that every external ray in the parameter plane whose external
angle is rational lands at a unique point in the boundary of the connectedness
locus. Recently, C. Petersen and G. Ryd [20] have shown that this result may
be extended to many other one-parameter families of maps with a single free
critical orbit, including the family F\, when n > 2. In this section we will
concentrate on A-values that correspond to external rays whose external an-
gles are of the special form p/n? with p, j € Z. The Landing Theorem implies
that such a A-value is a parameter for which the critical orbits eventually
land on a fixed point in the boundary of By. We call the corresponding maps
Misiurewicz-Sierpinski maps, or MS maps, for short.

In Figures 14 and 15 we display several examples of Julia sets corresponding
to Misiurewicz parameters for z +— 2% + A\/z and z + 22 + A/2? respectively.
Clearly, these sets are no longer homeomorphic to the Sierpinski curve, as in-
finitely many complementary boundaries meet other complementary bound-
aries at one or more points. In particular, the Julia set in the left-hand side of
Figure 14 is homeomorphic to the well-known Sierpinski gasket (or triangle).
Although the second Julia set in Figure 14 looks similar to the Sierpinski
gasket, these two Julia sets are not homeomorphic, as we explain below.

FiGure 14. Julia sets from the family z s 22+ A/z with
A = —0.59257 and —0.03804 + i0.42622.
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FIGURE 15. Julia sets from the family z — 2z + \/2? with
A= —0.36428 and A = —0.01965 + 10.2754.

The Julia sets in Figure 15 can be thought of as generalizations of a Sier-
pinski gasket set with four distinguished vertices. We will see that these Julia
sets are again not homeomorphic to each other. A generalized Sierpinski gas-
ket set with four distinguished vertices is constructed as follows. Consider the
closed unit disk in the plane from which we remove an open rectangular region
whose vertices lie in the boundary of the disk. We assume that the removed
rectangle is symmetric under rotation of the disk by angle w/2. We are left
with four symmetric closed sets which we denote by Iy, I, I, and I5. From
each of the I; we next remove an open “generalized” rectangle whose vertices
lie on the boundary of I;. We stipulate that exactly two of these vertices
lie on the boundary of the previously removed rectangle and that the newly
removed sets are all symmetrically arranged. This leaves sixteen sets whose
only intersection points are vertices of the removed rectangles. We continue
in this fashion by removing at each stage open generalized rectangles with ex-
actly two vertices lying in the boundary of the previously removed rectangle.
In the limit this produces a set which we call a generalized Sierpinski gasket
or a Sierpinski gasket-like set.

For simplicity, in this section we consider only the special case where n =
d = 2, although all of the results go over with minor modifications to the

more general family of maps with n > 2, d > 1. See [9].

Theorem. Let F)\(z) = 2%+ /2% be an MS map. Then the Julia set J(F)) is
a generalized Sierpinski gasket-like set with four distinguished vertices. More-
over, if we assume that X and p are chosen so that F\ and F,, are MS maps
from the same family, then their Julia sets are homeomorphic if and only if
A=T.
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134 ROBERT L. DEVANEY ET AL

entry, then the algorithm shows that the corner configurations of 73 and 77
differ along the respective boundaries of the basin at infinity. Hence there
is no homeomorphism between these Julia sets. We illustrate this algorithm
with the two examples given in Figure 15.

Using the partition given by the sectors I; we define the itinerary of a
point z € J(F)) as the infinite sequence S(z) = (sos152...) € {0,1,2,3}"
defined in the natural way by its orbit in the regions I;. Hence the itinerary
of the accessible fixed point py is 0 = (000...), while the itinerary of —p, is
20 = (2000...), and so forth.

By assumption the itinerary of any critical point of a MS map ends with
an infinite string of 0’s. Due to the four-fold symmetry and the existence of
a unique free critical orbit, we will only concentrate on the itinerary of the
critical point ¢y that lies in the first quadrant.

The two examples displayed in Figure 15, in which A ~ —0.36428 and
p &~ —0.01965+0.2754 1, correspond to the landing points of external rays with
arguments 1/2 and 1/4 respectively. The extension of the Landing Theorem
for the rational families implies that the external rays of the same argument
must land in the dynamical plane at the second iterate of the critical point.
Thus, the itinerary of F2(cy) is (20) and the itinerary of F:(c,) is (120). It
follows that the itinerary of ¢y is (1120) while the itinerary of ¢, is (11120).

Since these itineraries differ at the third entry, we only need to look at the
configuration of the corners of the second preimage of the trap door.

We start with the case A ~ —0.36428. The ray 1/8 lands at the critical
point ¢; = cx. By symmetry, the ray 7/8 lands at co. Thus, the preimages
of ¢; and ¢p in I are landing points of the rays 1/16 and 15/16 respectively.
Note that these points are two corners of the component of 73 that lies in fo.
The remaining two corners of this component lie in the arc of 7 contained in
I, and are mapped onto the critical points c; and c3.

By four-fold symmetry, we can compute the external rays landing on the
corners of each component of 71 in each remaining sector I; by adding a
proper multiple of 7/2. In particular, two corners of the component of 74 in
I, correspond to landing points of the rational rays 5/16 and 3/16.

Now we compute the configurations of the components of 7¢. For our
purposes it suffices to find the configuration of the corners of B C 7¢ lying
along the arc 4 C (B bounded by the rays 1/16 and 1/8. Under F3, v is
mapped onto an arc bounded by rays 1/8 and 1/4. Since the ray 3/16 lands
at a corner of the component of 7} in Iy, this implies that the ray 3/32 lands
at a corner of the component B in 72 along 7. A similar analysis can be done

to compute the locations of the remaining three corners of B. See Figure 16. .

For the case u ~ —0.01965 +i0.2754, let ¢; = ¢, be the critical point lying
in the first quadrant which is the landing point of the ray 1/16. By symmetry,
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the ray 13/16 lands at cg. Hence the first preimages of ¢; and ¢ in I are
Janding points of the rays 1/32 and 29/32 respectively. We may compute the
external rays of the remaining corners in .ﬂ by addition of a multiple of 7/2
as before. In particular the external rays landing at corner points of ) in Iy
are 9/32 and 5/32.

Let y denote the arc of 3, bounded by the landing points of the rays 1/16
and 1/32. Then 7 is mapped onto the arc bounded by the rays 1/8 and 1/16.
In this case, the image of v fails to contain a corner point of ﬂn in I as
1/16 < 5/32. This implies that there is no corners of the component B in 7;
along 7. See Figure 16.

The previous proposition implies that a homeomorphism between J(F))
and J(F,) must preserve the configurations shown in Figure 16, which is
impossible. Therefore these Julia sets cannot be homeomorphic.

1316

FIGURE 16. A schematic representation of the Julia set J(F))
and J(F,), respectively, up to second preimage of the trap door.
For clarity, only the relevant rational rays and certain preimages
of the trap door in sectors Iy and I; have been displayed.
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