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Notations and conventions

e N, Z, R and C are respectively the set of nonnegative integers, integers, reals and
complex numbers.

e For a multi-index a = (ay,...,a,) € N* and a = (ay,...,a,) € R", we set |a| =
_ a [e7] a _ ovttan .
Yoy, al = [[aj, a® = [[a;” and 0% = DT where (z1,...,x,) is the standard

coordinates on R".
e Neighborhoods are always open.

e Suppose functions f, g defined on some open D C C™ and let p € D. The expression
“f = O(g) around p” means |f| < C|g| for some constant C' > 0 on some neighborhood
of p. The expression “f = o(g) around p” means f(z)/g(z) — 0 as z — p.

o For z = (21,...,2m) € C™ we set |z]z := /D |7|? and |z]| = max|z;|.

e dist(A, B), for A, B C C™, denotes the Euclidean distance between A and B, namely
inf{la —bly:a € A,b € B}.

e The domain, kernel (null space) and range of a linear map A are denoted by Dom 4,
Kery and Rany.

o ||fllx = sup,ex |f(z)] is the uniform norm of function f : X — C continuous on
compact topological space X.

e D(U)=CX(U), U C R™ open, is the space of smooth compactly supported functions
on U.

o CF(U), k €{0,1,...,00}, U C R" open, is the set of functions f : U — C which has
continuous derivative up to total order k.

e CK(U), k€ {0,1,...,00}, U C R" open, is the set of functions f : U — C which admit
an extension to a C* function on a neighborhood of U. Alternatively, by a classical
theorem of Borel [Lee, page 27|, it is exactly the set of C*¥(U) functions f such that
each partial derivative f, o = (ay,...,a,) € N*, 3" a; < k, admits a continuous
extension to U.

o W25(U), s € {0,1,...,00}, U C R" open, is the Sobolev space of Lebesgue square-
integrable functions f on U such that all of their distributional derivatives of total
order < s are represented by L? functions.



Chapter 1

What is this course about?

The main theme of this course on Several Complex Variables (SCV) is the study of holo-
morphic and harmonic functions on open subsets of C™, m > 1. A recurring situation is
the close interaction between the function theory and the geometry of open sets specially
their boundary. Examples of this interaction from single variable complex analysis are the
definability of the logarithm of nowhere-zero holomorphic functions on simply connected
domains [Ahl, page 142], or the solvability of the Dirichlet problem on domains whose
complement is such that no connected component reduces to a point [Ahl, page 251].
Important topics in the function theory of SCV are: Solvability of certain partial dif-
ferential equations, approximations of holomorphic functions, extensions of holomorphic
functions, boundary values/zero sets/growth rates of holomorphic/harmonic functions,
interpolations of points by holomorphic functions satisfying certain growth conditions,
etc. More specifically, a large part of SCV is devoted to extend the following high points
of single variable complex analysis to higher dimensions:

e The theorems of Runge and Mergelyan on the uniform approximations of holomorphic
functions by rational or polynomial functions [Rud-RCA, chapter 13, 20].

e Riemann’s theorem about holomorphic extensions on isolated singularities [Ahl, page
124].

e The theorems of Mittag-Leffler [Rud-RCA, 13.10] and Weierstrass [Rud-RCA, 15.11]
on the representations of meromorphic functions by infinite sums and products, and
some of their immediate consequences: The interpolation problem [Rud-RCA, 15.13],
the division problem [Rud-RCA, 15.15] and Poincaré’s problem [Rud-RCA, 15.12] that
meromorphic functions are ratios of holomorphic functions.

e Riemann mapping theorem on the classification of simply connected opens of the com-
plex plane up to biholomorphism [Ahl, page 230].

e The theorem of Fatou on the almost everywhere existence of radial limits of bounded
holomorphic functions on the unit disk [Rud-RCA, 11.32][Cara, volume II, page 43].

e Inner-outer factorization of Hardy functions on the unit disk [Rud-RCA, 17.17][Dur,
2.8].



e Beurling’s theorem on the characterization of shift-invariant subspaces of the Hardy
space of the unit disc [Rud-RCA, 17.21].

We continue our discussion of the interaction between function theory and the geom-
etry of domains. To elaborate more on the term “geometry”: A certain biholomorphic-
invariant notion of convexity for open subsets of C™, called pseudoconvexity, will play
an important role throughout the course. This notion is weaker than the usual notion
of convexity, and any open in C is pseudoconvex; that is why it does not show up in
undergraduate complex analysis. The core of the course is around analysis not geometry;
however as much as time permits we try to briefly sketch the connections between SCV
and important topics in geometry such as Hermitian symmetric spaces, biholomorphic-
invariant metrics, Kahler geometry, CR geometry, etc.

In this introductory chapter, we try to give a taste of SCV through two surprising
discoveries of early twentieth century mathematics that gives SCV some of its distin-
guished flavor compared to the single variable complex analysis. To do that we need
some notations and definitions given in the next section.

1.1 Holomorphic functions

The complex space C™ consists of all m-tuples of complex numbers. It is coordinated by
complex variables z; = z; ++/—1y;, j = 1,...,m, and their conjugates z; = z; — v/~ 1y;,
where z;, y; are usual real coordinates of R?™. Infinitesimal variations of real and complex
variables are related by:

de = dxj + \/—1dyj, dEj = dxj -V —1d3/j- (1-1)

Dually we have differential operators:

g 1 0 1
— === —Vv-1— — V—-1l— 1.2
azj (395] ayj) ’ 6§j (8% ) (12)
These all mean that the infinitesimal variation of a smooth function f defined on some
open subset of C" is given by:

< Of of . —0f of .
df—zj:azjdx]+zj:ayjdy]— j azjdzj—kgj:agjdzj. (1.3)

(If you are not comfortable with the terms “infinitesimal variations” and their dual “dif-
ferential operators”, accept (1.1), (1.2) and the first equality in (1.3) as definitions, and
then verify the second equality in (1.3). Using complex variables instead of real ones
saves life and makes formulas much more illuminating.) The first and second summands
in the last expression in (1.3) are respectively denoted by df and df. So d as an operator
acting on functions splits as d = 9 4+ 9. The operator 0 is called the d-bar (or del bar)
operator. It is absolutely the most important differential operator in SCV. A large part
of this course is devoted to study it, specially Chapter 4.

Exercise: Show that d°log |z|* = df /21 where d° := % (0 —0) and z = rexp(v/—19).
(Hint. Locally, log|z]* = logz + logz.)



A domain in C™ is a connected open subset. Domains are usually denoted by D or €.
A complex-valued function f : D — C defined on open D C C™ is called holomorphic
(or complex analytic) (notations: f € O(D) or f € Holo(D)) if any of the following
equivalent conditions holds:

1. f is holomorphic with respect to each of its arguments separately while others
are kept fixed, namely for each z € D and each 7 = 1,...,m, the complex limit
limy_,o(f(z + Xej) — f(2))/\ exists, where e; is the point of C™ with 1 on the j-th
entry and zero elsewhere.

2. f is locally representable by convergent power series, namely for each point p in D
there exists a power series ) _\m @a(2z —p)® centered around p which is absolutely
convergent on some nonempty (open) neighborhood of ¢ and that the value of the
series on that neighborhood coincides with f(z). Here we are using multi-index
notation: a = (aq,...,a,) € N N = {0,1,2,...}, 2z = (21,...,2m) € C™,
p= (1, ,pm) € C" (2 = p)* = [licjcm(z; — p;j)*. Note that the order of
summation does not matter because we have required absolute convergence.*

3. f is continuously first-order differentiable (notation: f € C*(D)) and satisfies the
Cauchy-Riemann equation df = 0, namely 9f/9z; = 0 for all j. If f = u +
v/—1v, where u, v are real-valued, then the Cauchy-Riemann equation is du/0z; =
Ov/0y; and Ou/dy; = —0v/Ox;. Equivalently, f is Lebesgue integrable on every
compact subset of D (notation: f € Li (D)) and satisfies f/9z; = 0 in the
distributional sense namely |[ p fOp/0Z; = 0 for every C* function ¢ compactly
supported in D.

The equivalence of these definitions is proved in Chapter 3, Remarks 40 and 57.

A complex-valued function f defined on an arbitrary subset A of C™ is called holo-
morphic if there is a holomorphic function on some open containing A which extends f.
A C"-valued function defined on an open of C™ is holomorphic if all of its components
are so.

Exercise: Show that the compositions of holomorphic maps are holomorphic, more
precisely, if f(z) is a holomorphic map defined on open D C C™ with values in open
D’ C C" and g(w) a holomorphic map from D’ to C* then g(w) = g(f(z)) is holomorphic
on D. (Hint. Use the third definition. The chain rule in complex coordinates for C*
functions is

9: = gufs + 9ufe 92 = gufz+ guf
Insisting on using the second definition leads to a mess [KP, 2.2.8,1.4.2].)

!There is a result sometimes called Abel’s Lemma (Lemma 39) which guarantees that if a power series
is convergent in some nonempty neighborhood of its center with some summation order (namely a linear
order on N™) then there is a smaller nonempty neighborhood where the series is absolutely convergent.
Therefore in the definition above the absolute convergence can be replaced by convergence with respect
to some (hence all) linear ordering of N™.



1.2 Some distinctions between the analysis of one
and several complex variables

1.2.1 Hartogs extension phenomenon

For every domain D in the complex plane one can find a holomorphic function which can
not be extended holomorphically to any larger domain. To see this first find a sequence
of points in D which accumulates at every point of the boundary of D and nowhere else?,
and then by Weierstrass’ infinite product theorem from single variable complex analysis
(Theorem 20 or [Rud-RCA, 15.11]) construct a holomorphic function on D that vanishes
at these points and nowhere else. This is the function we are looking for. Q.E.D. (See
also the last exercise of this section.) In great contrast to this:

Theorem (Hartogs extension theorem; G'\ K version). Assume open G C C™, m > 1,
and compact K C G such that G\ K is connected. (For example K can be a single point
of G.) Then every holomorphic function on G\ K can be extended holomorphically to G.

We will be able to prove this in Chapter 3 (Theorem 24), but at the moment let us
show it for the special case m =2, G = {|z1| < 1, |22| < 1}, K = {|z1| < 1/2,|2| < 1/2}.
The situation can be visualized in a coordinate system with axis |z1| and |z|, the so-
called absolute space. Let f be holomorphic on G\ K. First proof using Cauchy
integral formula. The expression

1 f(21,(2)dC,
271'\/—_1 [¢2|=2/3 C2 — 22

defines a smooth function holomorphic on G’ := {|z1| < 1, |22| < 2/3}, which agrees with
fon{1/2 < |z| < 1,|2| < 2/3}, so by the rigidity of holomorphic functions® agrees with
f alsoon G'N(G\ K). Therefore the function defined by f on G\ K and by the integral
formula above on G’ holomorphically extends f to G. Second proof using Laurent series.
For each fixed z; with |21 < 1, f(21, 22) is holomorphic with respect to z; at least on the
annulus 1/2 < |23] < 1, so has the Laurent series representation:

_ 1 f(217C2)dC2
2mV/—1 Jityj=ays G

When 1/2 < |z| < 1 we have the extra information that f(z1,z22) is holomorphic with
respect to zy on the disk |25] < 1, so for such z; negative powers do not show up in the
Laurent series, namely a,(z;) =0 for n < 0 and 1/2 < |z;| < 1. On the other hand, the
integral formula shows that a,(z;) is holomorphic on whole |z;| < 1, so by the rigidity of
holomorphic functions it should be identically zero for n < 0 and |2;| < 1. Therefore our
Laurent series is in fact a Taylor series. Q.E.D.

[e.9]

flr22) = Y an(z1)25,  an(z1)

n=—oo

2For example, enumerate all points in D with rational coordinates by a sequence gj, and for each j
choose a point p; of distance less than 1/j to the boundary which belongs to the largest open ball around
gj which is contained in D.

3If two holomorphic functions agree on a nonempty open then they agree on the whole connected
component of their common domain of definition containing that open. This can be easily proved by the
power series representation of holomorphic functions.
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1/2 P |Zl|

Figure 1: Proof of the Hartogs extension theorem.

Argument above also works when K is a single point. Applying this version to holo-
morphic functions and their inverses shows that in great contrast to single variable com-
plex analysis: The zeros and removable singularities of holomorphic functions of more
than one complex variables are never isolated.

With the same methods one can prove:

Theorem 1 (Hartogs extension theorem; H version). Every holomorphic function on
H,={2e€C™:(1/2 < |xn| <17 <1,Vj >1) or (Jz1] <1,|2] <1/2,¥j > 1)}
extends holomorphically to {z € C™ : |z;| < 1,Vj}.

Exercise: (1) Prove Theorem 1 by both a Cauchy integral formula and a Laurent
series. For a proof just using Taylor series refer [Ohs, page 36]. (2) Does the theorem
remain valid if H,, is replaced by the following?

{zeC™:(1/2 < |z| <1,|%| <1,¥j >1) or (|21 <1,1/2 < || <2/3,Vj > 1)}

Exercise: Let D C C be open. This exercise construct in several steps a holomorphic
function on D which can not be extended holomorphically across any boundary point. (1)
Choose a sequence of points p; which is dense in dD, and mutually disjoint line segments
7; normal to the boundary at p;; (2) Setting f; := 1/(z —p;) choose nonzero constants c;
small enough such that |¢;f;(z)| < 277 for any z € C which belongs to the compact set
{dist(z,0D) > 277}UU,; % (3) Show that f := 3~ ¢; f; converges uniformly on compact
subsets of D, so represents a holomorphic function on D. (4) Show that |3, cx fi(2)]
is bounded on +;, so |f(z)| blows up as z approaches p; along 7;; (5) Deduce that f can
not be extended holomorphically across any boundary point of D.

1.2.2 Balls and polydiscs are not biholomorphically equivalent

Here is the second fundamental distinction between the analysis of single and several
complex variables. Recall Riemann’s mapping theorem in single variable complex anal-

9



jzil

Figure 2: Hartogs domain H [Kaup, page 35].

ysis [Ahl, page 230]: FEvery simply connected domain in C which is not the whole C is
biholomorphic to the unit disk. In great contrast to this theorem:

Theorem 2. In C™, m > 1, the unit ball {|z1]* + -+ + |2m|? < 1} and polydisk {|z1| <
1,...,|zm| < 1} are not biholomorphic*.

Proof. By contradiction, assume a biholomorphism F' : B — P from the unit ball to
the unit polydisk. By post-composition with Mobius transformations of one complex
variable we can assume that F' preserves the origin, F'(0) = 0. Fix a unimodular complex
number A (unimodular means |A\| = 1), and consider the conjugation map G : B — B
given by G(z) = F~Y(AF()\z)). G is a holomorphic map, G(0) = 0, and by the chain
rule G'(0) = id. Here prime means the complex Jacobian, namely for G = (G,), G’ is
the m x m matrix with entries 0G;/0z;. We assert that G = id. (This is called H.
Cartan’s uniqueness theorem.) If not, the power series representation of G takes the
form G(z) = z + Az* + |higher order terms], where k > 1, 2* denotes the column vector
with entries all monomials z{" - -- 2/ of degree n; + --- + n,, = k, and A is a nonzero
matrix of complex numbers. Then the composition G" : B — B of G with itself n-
times has Taylor expansion G™(z) = z + nAz* + [higher order terms]. By integration
over unimodular complex variable y we get [ p*G™(pnz) = nAzF. Making n large gives
a contradiction because the left hand side is bounded for every z. This contradiction
shows that G = id, or equivalently F'(A\z) = AF(z). Both sides of this latter identity
are holomorphic with respect to A, so it holds for all |[A\| < 1. Differentiating with
respect to A and setting A = 0 shows that F'is linear. Therefore F' induces an invertible
linear map on C™ which maps B bijectively onto P, hence sends the boundary of B
bijectively onto the boundary of P. However the boundary of P contains a real line
segment {(1,¢,0,---,0) : t € [—1,1]} but there is no such thing in the boundary of B.
This is a contradiction. Here is another contradiction. For any collection of unimodular

4A bijective map which all the components of it and its inverse are holomorphic.

10



complex numbers \;, 7 = 1,...,m, since all e; and Zj Aje; are on the boundary of P,
so all the points w; := F~'(e;) and ) Ajw; are on the boundary of B, namely of norm
1. Integrating 1 = |3 )\jwj|§ = > AjA\g (wj, wy) with respect to (A;) gives 1 = m. [ |

Other proofs are given in [Ran, page 24|[Kaup, page 10][Nar, page 70]. Finding
enough geometric invariants to classify domains up to biholomorphism is a deep unsolved
problem in SCV that we discuss in Section 10.3.

1.2.3 Other distinctions

Here we list some other distinctive character of SCV compared to analysis of one complex
or several real variables:

1. When m > 1 there exist biholomorphic mappings from C™ onto a proper subset of it.
Such mappings are known as Fatou-Bieberbach mappings [Boas, section 3.1].

2. An injective holomorphic map D — C™ defined on an open D C C™, m > 1, is
biholomorphism onto its image, namely has holomorphic inverse [Ran, page 29]. This
is not true for real variables: x — 2% is a smooth map from R to R whose inverse is
not smooth.

3. Any function which is holomorphic in each variable separately is automatically con-
tinuous. This is called Hartogs separate analyticity theorem [Hor, 2.2.8]. However

2?/(2® +y?), ay#0
0, xzy =0

is real analytic (defined in page 59) in each variable separately but discontinuous at
the origin.

4. A holomorphic function on a polydisc has power series representation around the center
point valid on the whole polydisc. However 1/(1 + x?) is real analytic on whole R but
its power series around the origin has radius of convergence 1.

We discuss some of these phenomena later.

1.3 A remark about our method

We end this chapter with a remark about the method we are going to use in order
to get hands on deep “global” results of SCV, most notably Hartogs extension theorem,
holomorphic extensions, Cousin problems, Levi’s problem, Cartan theorems A and B, etc.
The main issue is to develop a technique for gluing local data in order to construct global
objects. Through time several different techniques has been developed, for example:

1. Sheaf theory combined with Weierstrass’ division theorem, abstract commutative alge-
bra, Cauchy-Weil integrals, extensive plurisubharmonic function theory, complicated

11



inductive arguments, and numerous clever ideas of Oka (most notably the embed-
ding into higher dimensions in order to simplify the geometry) [Oka][Nog, Kaup, GR].
These are developed by Oka, Cartan, etc. Here a holomorphic function is a function
locally representable by convergent power series (the second definition in page 7).

. Partial differential equations (PDE) [Hor, Ohs, CS|. This is suggested by Riemann,
developed by Kohn, Hérmander, Catlin, etc. Here a holomorphic function is a smooth
function satisfying Cauchy-Riemann equations (the third definition in page 7).

. Integral representations [Ran, HL, LM]. These are developed by Henkin, Grauert,
Range, etc. Here a holomorphic function f is a function reproduced by a convolution
integral f(z) = [ f(¢)K(z,¢) where K(z,() is a fairly explicit kernel holomorphic
with respect to z. There are several different constructions of these kernels.

We will choose the PDE approach. If time permits we briefly sketch the other two.

12



Chapter 2

Holomorphic functions of one
complex variable

References: [Hor, chapter 1].

We start by reviewing the first properties of holomorphic functions of one complex vari-
able that can be deduced from Cauchy-Pompeiu integral formula. Later in this chapter
we solve the d-bar problem and Cousin problems in one complex variable. The key
to their solution is an approximation theorem for holomorphic functions discovered by
Runge. These topics are developed in such a way that guides the generalization to higher
dimensions.

Before we start it is helpful to remind from undergraduate analysis the conditions
under which differentiation commutes with integration and taking limit:

Theorem. (1) If (X,pu) is a measurable space and f : X X (a,b) — C is a function
such that f(x,t) is integrable for every t and |0f/0t(z,t)| < g(x) for some integrable
function g and every x,t then [, f(z,t)du(zx) is differentiable and & [, f(z,t)du(z) =

X %(m,t)d,u(x). (2) If f; : (a,b) — C is a sequence of differentiable functions such

that df;/dt converges uniformly and f; converges for at least one point ty € (a,b) then f;

converges uniformly to a differentiable function and % lim f; = lim %.

Proof. Both are immediate from the mean value theorem for differentiation and Lebesgue
dominated convergence theorem; refer [Fol, 2.27][Apo, 9.13, 10.39]. [ |

2.1 First properties of holomorphic functions

To develop the basic properties of holomorphic functions our starting point is the following
integral formula.

Theorem 3 (Cauchy-Pompeiu and Cauchy integral formulas). Let D C C be a bounded
open with C* boundary. (1) For every f € CY(D) and z € D we have'

f(z) = 27r\1/__1 (/aDg(_OchJr/DaJZ%i@dde).

L As usual the line integral f op 1s taken in the counterclockwise direction, namely D is always on the

13



(2) For every f € C(D)NO(D) and z € D we have

L
2my/—1 Jop ¢ — 2
Proof. (1) Fix z € D. Applying Stokes’ theorem [, w = [} dw to the complex-valued

differential 1-form w(¢) = f(¢)(¢ — 2z)7'd¢ and the (oriented) surface M = {¢ € D :
|¢ — z| > €} for € > 0 smaller than the distance of z to the boundary of D, we have:

/ ) 4 _/ 1) g = M@Adg, (2.1)
oD & — % cal=e 6 — 2

M C—=z

f(2) dg.

because dw = 0f/C(C)(¢ — 2)~*dC A dC. (If you are not familiar with Stokes’ theorem
[Rud-PMA, 10.33][Lee, 16.11], applying Green’s theorem ¢, Mdx + Ndy = [(ON/0z —
OM /0y)dxdy to M = f({)(( —2)"' and N = /=1f(¢)(¢ — 2)7! also gives (2.1).) Now
send € to 0. Since ¢ — ({ —z)~! is integrable on any bounded domain around its singular
point ( = z, by the Lebesgue dominated convergence theorem the limit of the area integral
as € — 0 exists. This limit value is the meaning of the area integral in the statement of
the theorem. The second line integral after using parametrization ¢ = z + e exp(v/—16),
6 € [0,2n], equals [ v/—1f(¢)df, hence approaches 2mv/—1f(z) as € — 0.

(2) If f € C*(D) N O(D) the result is immediate from (1). The general case follows
after a limiting process. |

Theorem 4. Homomorphic functions are smooth. Complex derivatives of holomorphic
functions are holomorphic.

Proof. Apply the Cauchy integral formula. The integrand f({)(¢ —z)~! and all its partial
derivatives with respect to Rez, Imz and Z are integrable, because the region of integration
is compact with z being uniformly away from it, f(¢{) is continuous, and all partial

derivatives of (¢ — z)~! are integrable. Therefore one can exchange integration with the
differential operators 0/0Rez, 0/0Imz and J/0z. [ |

Theorem 5 (Bergman’s estimate). Let f be a holomorphic function on open D C C.
For any compact K C D, open K C D' C D, and nonnegative integer k there exists
constant C = C(K, D', k) > 0 such that

10 f/02"| . < ClIfllLr o).

Proof. Apply Cauchy-Pompeiu formula to fi» on D’ where v is a smooth bump func-
tion [Fol, 8.18][Nes, 2.5][Lee, 2.25] compactly supported on D’ and equals 1 on some
neighborhood of K. [ ]

Theorem 6 (Weierstrass). If a sequence of holomorphic functions on open D C C con-
verges uniformly on compact sets of D then the limit function s itself holomorphic. Fur-
thermore, for any positive integer k the sequence of k-th order complex derivatives con-
verges uniformly on compacts to the k-th order complex derivative of the limit function.

left side of the movement of d¢. The second term [ p is an area integral by setting d( AdC = —2v/—=Tdu(¢)
where 1 is the Lebesgue measure on the plane C =2 R?; however this integral is improper because of the
singularity at ( = z, and is understood in the Cauchy’s principal value sense namely the limit of the
same integrand over D \ {|¢ — z| < €} as € — +0.
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Proof. Let f; be that sequence, with limit function f. Bergman’s estimate applied to
f; — fr shows that 0f;/0z converges uniformly on compacts. Since df;/0%z = 0 it follows
that df;/0x as well as df;/dy converge uniformly on compacts. Therefore f € C' and
d0f/0zZ =1lim0f;/0z = 0. [ |

Theorem 7 (Montel’s compactness theorem). A sequence of holomorphic functions on
open D C C which is locally equibounded contains a subsequence that converges uniformly
on compact subsets D.

Proof. Let f; be that sequence. According to the Arzela-Ascoli theorem [Fol, 4.44] we
need to check equicontinuity: For every z € D and ¢ > 0 there exists > 0 such that
if |z —w| < ¢ then |f;j(z) — fj(w)| < € for all j. Take ¢ small enough such that the
closed disk L of radius ¢ centered at z is contained in D. For every w € L we have
fi(z) = fi(w) = [Z0f;/0¢d(, where we are taking the compact straight line segment
from w to z. By the Bergman’s estimate and locally equiboundedness hypothesis we
have ||0f;/0(C||L < C for some finite number C. So |f;(2) — fu(w)| < C|z — w|, and we
are done by shrinking § to €¢/C' if needed. |

Theorem 8 (Power series representations, Cauchy’s estimate). Let f be a holomorphic
function on the disk {|z| < R}. Then:

n f™(0) 1 f(Q)
Zanz , Gy =

o= n>0 T 21/ =1 Jigj=r ¢"*!

dg,

for any |z| < R and 0 < r < R. The convergence is absolute and uniform on compacts.
We also have the estimate

lan| < 77" sup | f(2)],

|z|=r

for any 0 <r < R.

Proof. Fix the point z with |z] < R, and choose |z| < r < R. In the Cauchy integral
formula for f(z) on {|(| < r}, use geometric series representation ((—z)~ ' =3 z"¢"!
valid for |z| < |(]. Since the convergence in geometric series is absolute and uniform on
compacts one can interchange summation with integration and the resulting series also
converges absolutely and uniformly on compacts [Apo, 9.9][Rud-PMA, 7.16]. [ |

Theorem 9 (Identity theorem). Let f and g be two holomorphic functions on connected
open D C C. Then f equals g everywhere on D if any of the following conditions holds:
(1) f along with all its higher complex derivatives match the corresponding values of g at
some point of D; (2) f and g agree on some nonempty open subset of D. (3) f and g
agree on a set of points which accumulates at some point of D.

Proof. (1) Consider h := f — g. The set S of points in D where all 9*h/02*, k > 0,
vanish is nonempty (by hypothesis), closed (by continuity) and open (by power series
representation). Therefore S = D because D is connected.

(2) Immediate from (1).

(3) By contradiction assume that h := f — g have zeros which accumulate at p € D,
but is not identically zero. The first Taylor coefficient ag of h = > a;(z — p)? is zero
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but since h it is not identically zero there is a smallest one ¢, which is nonzero. Then
h(z) = z8H(z) where H is a holomorphic function with H(0) = ¢, # 0. By continuity H
is nonzero on some neighborhood of a. This is a contradiction. |

Case (3) above fails in several complex variables as the simple example f(z1, 25) = 2129
shows. In fact, a simple application of the Hartogs extension theorem mentioned in
Chapter 1 shows that zeros of holomorphic functions of more than one complex variable
are never isolated.

Theorem 10 (Open mapping theorem). Nonconstant holomorphic functions on con-
nected opens of the complex plane map open subsets to open ones.

Proof. [Ahl, page 132] gives an elegant proof based on the argument principle. Here is
a more elementary proof taken from [Nar, page 6]. Assuming a nonconstant function f
holomorphic on some open disk U around the origin and that f(0) = 0, it suffices to
show that some neighborhood of 0 is taken by f. By the identity theorem there exists
¢ > 0 such that f never vanishes on 0 < |z| < e. Let 6 > 0 denote the distance of
{f(2) : |z| = €} from the origin. For any complex number w not contained in f(U), since
g(2) := (f(2) —w)~! is holomorphic on U, it follows that

1 1
— = g(0)] < sup |g(z)] £ T
|w] [lw] =

|z|=€ 5’ ’
hence |w| > §/2. Contrapositively {|w| < §/2} C f(U). Another proof. By the identity
theorem the zeros of nonconstant holomorphic functions of one complex variable are
discrete, so f(z) = 2™F(z) for some nonnegative integer m and holomorphic functions
F with F(0) # 0. By continuity F' is nowhere zero on some sufficiently small disk
around origin, so finding a holomorphic m-th root of F(z) we get f(z) = G(z)™ where
G(z) is holomorphic, G(0) = 0 and G’(0) # 0. The inverse function theorem [Apo,
13.16][Rud-PMA, 9.24] implies that G(z) is a local diffeomorphism, so some neighborhood
D’ of the origin is taken by G. F(D') is then a neighborhood of the origin. |

Theorem 11 (Maximum modulus principle). (1) The modulus of a nonconstant holo-
morphic function on a connected open of the complex plane has no local mazimum. (2)
If f is a holomorphic on bounded open D C C and continuous up to boundary then the
global mazimum of the modulus of f in D is attained at the boundary.

Proof. Open mapping theorem immediately gives (1), and (2) is immediate from (1).
Here is an independent proof for (1). Let the modulus of a nonconstant holomorphic
function f on domain D C C attain a local maximum at p € D, so there exists € > 0
such that |f(2)| < |f(p)| for |z — p| < e. Putting the trivial case f(p) = 0 aside, by the
Cauchy integral formula we have

e A

The real part of the integrand is > 0, and = 0 happens exactly when the integrand is
zero. This forces the continuous integrand to be identically zero. Another argument.
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There should be a point ¢ with r := |¢ — p| < € such that |f(¢)| < |f(p)|, because
otherwise |f| becomes constant on |z — p| < € and then the Cauchy-Riemann equation
forces f to be constant on |z — p| < € and hence constant on whole D by the identity
theorem. By continuity there is a nonempty open subset of 0 < 6 < 27 such that

F(p + rexp(v/=10))] < |£(p)], s0
/0 " f(p + rexp(vT10)] d8)/27 < (7).

This contradicts the estimation |f(p)| < fOQW |f(p+7rexp(v/—10))|df /27 coming from the
Cauchy integral formula. [ |

Exercise: (1) Show that if the modulus of a nonconstant holomorphic function on a
connected open of the complex plane has a local minimum at a point then the function
vanishes at that point. (2) Show that if a function is holomorphic on a bounded open
subset of the plane, continuous up to boundary and constant on the boundary then the
function is identically constant.

2.2 Runge’s approximation theorem with applications

Theorem 12 (Runge’s approximation theorem). For every open D C C and compact
K C D the followings are equivalent:

(1; topological condition) K adds no hole to D, in the sense that D \ K has no
component compactly supported in D.

(2; functional analysis condition) O(D) is dense in O(K), in the sense that every
holomorphic function on K can be uniformly approximated on K by holomorphic functions
on D.

(3; function theory condition) K is holomorphically convex in D, in the sense that
for any z € D\ K there exists some holomorphic function f on D such that |f(z)| >

supg | f1.
In case any of these equivalent conditions hold, (D, K) is called a Runge pair.

Example: (1) {|z| < 1} has no hole itself (it is simply connected), so adds no hole
to whatever open which contains it. (2) {|z| = 1} adds a hole to {|z| < 2}, but not to
{0 < |z| < 2}.

Remark 13. (1) This is the version of Runge’s approximation theorem that we will need
for the rest of this chapter. The more famous version says: For any compact K C C and
any P C C which contains at least one point in each bounded component of C\ K, every
holomorphic function on K can be uniformly approximated on K by rational functions
with poles in P. This latter version can be proved with exactly the same techniques
[Rud-RCA, 13.6]. An elementary proof is given in [Sar, page 115]. (2) By Theorem 8
holomorphic functions on C can be uniformly approximated on compacts by polynomials.
Therefore for the special case D = C one deduces from Theorem 12 that: For K C C
compact, C\ K is connected if and only if every holomorphic function on K can be

uniformly approximated on K by polynomials. This is another useful version of Runge’s
theorem [Rud-RCA, 13.7, 13.8]. [ |
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Proof of Theorem 12. (2 or 3=1) Assume (1) fails. Then D \ K has a component O
which is compactly supported in D. Note that 00 C K. By the maximum principle

Ifllo <flx, VfeOD), (2.2)

which contradicts (3) for any z € O. Now let (2) hold. Fix ¢ € O. Applying (2) to
f(z) == (z = ¢)7! € O(K) gives a sequence f, of holomorphic functions on D which
converge uniformly on K to f. Applying (2.2) to f, — fn shows that f, converges
uniformly on O to some limit function F. Note that F is holomorphic on O, continuous
on O, and equals f on O namely (z —()F(z) = 1 on O. This latter identity persists on
O by the maximum principle applied to z + (z — ¢)F(2) — 1. This gives a contradiction
when z = (.

(1=2) Fix an arbitrary f € O(K). Consider f as an element of the space C(K) of
continuous functions on K equipped with uniform norm. Since the dual of C'(K) is given
by (regular Borel) measures, according to Hahn-Banach theorem [Rud-RCA, 5.19][Bre,
1.8] we need to check that any measure p on K which is orthogonal to O(D) (namely
[ gdp =0 for all g € O(D)) is also orthogonal to f. Let ¢ be a smooth bump function
compactly supported on some neighborhood of K where f is holomorphic on, and 2/1 equals
1 on some neighborhood of K. By Cauchy-Pompeiu f(z) = (2my/—1)" YIf(C

2)7 Y ¢ A d¢ for every z € K, so applying Fubini’s theorem:

[ 1) = == [ 10ue(c A .

where ¢(¢) = [(¢ — z)"'du(z). It suffices to show that the function ¢ defined on C\ K
is identically zero. Fix an arbitrary point z € C \ K. Clearly ¢ is holomorphic. It also
vanishes on the unbounded component of C\ K because (¢ — z)~! is a uniform sum of
monomials z” € O(D) on || > 2sup,ecx |w|. Let O be an arbitrary bounded component
of C\ K. Because of our topological assumption O intersects C \ D, so let {; be a point
in the intersection. Then 9%¢/0C*(¢) = (—=1)*k! [(Co — 2) " *du(z) vanishes because
(Co — 2)7*~1 is holomorphic on D. By the identity theorem ¢ vanishes on whole O.

(1 and 2=3) Fix z € D\ K. Choose a closed disc L centered at z with L C D\ K. The
components of D\ (K UL) are the same as those of D\ K apart from the fact that L has
been removed from exactly one of them. Therefore K U L adds no hole to D. Applying
(2) to the function which is 0 in a neighborhood of K and is 1 in a neighborhood of L
gives f € O(D) such that || f||x < 27! and ||f — 1||r < 27'. This f satisfies (3). [ |

Here is a justification for the appellation “holomorphically convex”. Recall that the
convex hull of a compact K C R" is defined as the smallest closed convex set containing
it, or equivalently the intersection of all half-spaces containing K [Rud-FA, 3.4][Bre,
L.7][Hér-Conv, 2.1.11]. Therefore in function theory terms the convex hull of K equals
KL rey 1= {2 € R" ¢ f(x) < supg f,Vf € L(R™)}, where L(R™) denotes the space of
all R—multlhnear functions R” — R. Now note that the third condition in Theorem 12
exactly says K = Ko(py where Kopy = {2 € D : |f(2)| < supg | f],V.f € O(D)} is called
the holomorphically convex hull of K in D.

Exercise: Show that an open U C R" is convex if and only if for every compact K C U
the set KL ={zeU: f(x) <supg f,Vf € L(U)} is compactly supported in U.

18



The next theorem gathers the basic properties of holomorphically convex hulls in one
complex variable.

Theorem 14. For any open D C C and compact K C D we have:

(1) K@(D) 18 bounded, closed in D, contains K and contained in the convex hull of K.

(2) dist(K,C\ D) = dlSt(K@ ,C\ D). (Here dist stands for the Fuclidean distance.)
Furthermore, K@(D) 18 compact.

(3) (D,K@(D)) is a Runge pair.

(4) There exists an exhaustion of D by compacts K;, each (D, K;) a Runge pair.
(Ezhaustion means D = |J K;, K; contained in the interior of Kji1.)

(5) K@(D) 15 obtained from K by filling the holes K add to D, more precisely, K@(D)
is the union of K and the components of D \ K which are compactly supported in D.

Proof. (1) Testing the definition of K for the coordinate function z € O(D) shows that
K is contained in the smallest closed disk around origin which contains K, so is bounded.
K is closed in D because if a sequence p; of points of K converges to p € D, by the
continuity of holomorphic functions p € K. K C K is trivial. Testing the definition
of K for exp(az) € O(D), a € C, shows that K is contained in the intersection of all
half-spaces containing K, namely the usual convex hull of K.

(2) K C K gives >. For any ¢ € C\ D the function 2 + (2 — ¢)~" is holomorphic
on D, so by the very definition of K we have |z — ¢|~* < dist(¢, K)~! for any z € K.
This gives the other direction <. K is closed in C™ because if a sequence p; of points
of K converges to p € C™, by the equality we have just proved p € D, and then by the
continuity of holomorphic functions p € K.

(3) K = K is immediate from the definition of holomorphically convex hulls.

(4) Choose an exhaustion of D by compacts L; [Fol, 4.39][Lee, A.60]. Set K := L.
Assuming that K;,..., K, ; has been defined, choose some n; > j such that K, ; is
contained in the interior of L, and set K; := f/nj.

(5) For any component O of D\ K compactly supported in D the maximum principle
gives || fllg < |Ifllx for all f € O(D), so O C K. Therefore the union L of K with all
such components is contained in K. On the other hand, L is a compact adding no hole
to D, so by the Runge’s approximation theorem L = L and L contains K just because
L contains K. |

2.2.1 Application I: d-bar problem in one complex variable

A fundamental problem in complex analysis is the solvability of the d-bar problem du = f.
Here is our first attack on this problem.

Theorem 15 (d-bar problem in one complex variable). For every C*, k € {1,..., 00},
function f on open D C C there exists a C* function u on D such that Ou/0z = f

We start by proving a special case:
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Lemma 16 (d-bar problem in one complex variable; compactly supported data). For
every C*, k > 1, function f compactly supported in open D C C, the function u defined

by
R N (9
21/ —1 Je C— 2

is a O function on D (not necessarily compactly supported) which solves Ou/0z = f.

d¢ A d¢ (2.3)

Proof. We first treat the special case D = C. The integral defining v is improper and
understood in Cauchy’s principal value sense, so we should be extra careful applying the
d-bar operator to it. Specially, the integration does not commute with the d-bar operator
unless z is outside the support of f. In this exceptional case the integral is not improper
anymore and du/0dz = 0. The trick is to do a change of variables first:

/f(+zd(/\d§

u(z
(=) 27r\/
Now our integrand and all its derivatives are integrable (because the region of integration
is bounded, ¢ — f(C + z) is smooth, and (! is integrable), so differentiation commutes
with integration. Therefore u is smooth and we have:

ou af /0z( C+z)d§/\d§

07 27r\/_ / 27r\/_ /

This last expression equals f(z) by Cauchy-Pompeiu integral formula because f is com-
pactly supported. Now we treat the general case of D. Fix zy € D, and find a smooth
bump function ¢ compactly supported on D which equals 1 on some neighborhood of z.
The partition of unity 1 = ¢ + (1 — %) splits u into two terms:

HONORNE ) [ 1= Qe NG
c 2mV/—1(¢C —2)’ ? c  2mV/—1(¢—2)

The integrand of the first integral is compactly supported, so the special case D = C
we have just proved implies Ouy/0Z(z0) = ¥(20) f(20) = f(z0). On the other hand, z is
outside the support of the integrand of the second integral, so the explanations in the
first paragraph of this proof implies Juy/0Z(29) = 0. Therefore Ou/0Z(z0) = f(20). W

8f/8§ dC AdC

u=uy +u, u(z)=

If i is not compactly supported then the integral in formula (2.3) might not exist. In
the following we use Runge’s approximation to solve the d-bar problem in general.

Proof of Theorem 15. Find an exhaustion of D by compact subsets Ki, K, ... such
that each (D, K;) is a Runge pair (Theorem 14). Choose smooth bump function ; com-
pactly supported in D which equals 1 in some neighborhood of K, and form the partition
of unity ¢ := 1, @; = 1; — ;1 for j > 1. The partition of unity 1 =) ¢; splits our
initial arbitrary data f into compactly supported pieces f = )" ¢;f, so by Lemma 16 we
have solution u; € C*°(R?) for each piece of data: du;/0z = ¢;f. Formally, u := Y u;
solves the d-bar problem: Ju/0z = ) ¢;f = f, however the summation might not con-
verge. The idea is to use Runge’s approximation to modify summands u; by adding
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holomorphic functions in order to make the sum converge. Note that u; is holomorphic
on K;_; because ¢; vanishes in some neighborhood of K;_;. By Runge’s approximation
find v; holomorphic on D with ||u; —v;||k,_, < 277. We assert that u := >~ (u; —v;) solves
the d-bar problem. To prove this fix arbitrary compact K C D, and find positive integer
[ such that K is contained in K for all j > [. The summation from j = [ to j = oo
consists of terms which are holomorphic on K;_;, and the sum converges uniformly on
K;_1 (because of the uniform estimate ||u; —v;||k,_, < 277), so by Theorem 6 it converges
to a function which is holomorphic in the interior of K;_;. Therefore u € C*°(D), and
we have Ou/0Z =) ¢, f = f. [ |

Remark 17. Ehrenpreis and Malgrange proved a vast generalization of Lemma 16: For
every polynomial P € Clxq,...,x,]) \ {0} the equation P(0/0x1,...,0/0x,)u = f has a
smooth solution u on R™ if f is smooth and compactly supported in R™. There are many
proofs of this result in the literature [Fol-PDE, 1.54][Rud-FA, page 210-215|[Wag]. 1

Remark 18. For a finite and compactly supported complex Borel measure i in the com-
plex plane, the expression C[u = [.(z oz )~ du(¢) is called the Cauchy transform of

. [Bell] proves the fundamental results of slngle variable complex analysis (including the
Riemann mapping theorem) using Cauchy transform. Deep research-level investigations
about the Cauchy transform can be found in [Tol, Paj]. [ |

2.2.2 Application II: Cousin problems in one complex variable

Cousin problems are about meromorphic functions. We start by giving two definitions
for such functions. The first one which is more abstract has the advantage of that it also
works for several complex variables.

For each point z in the complex plane let O, be the set of holomorphic functions at z
(namely holomorphic on {z}), modulo the equivalence relation ~ given by f ~ g if and
only if f = g on some neighborhood of z. The equivalence class associated to function
f which is holomorphic at z is denoted by f,, and is called the germ of f at z. O, is
the pointwise (better term: “stalkwise” or “fiberwise”) model for holomorphic functions.
O, is an integral domain by the identity theorem, and its field of fraction is denoted
by M.. M. is the stalkwise model for meromorphic functions which we now define. A
meromorphic function on open D C C consists of any of the following equivalent set
of data:

1. A function ¢ : D — [J,.e M. with ¢(z) € M, for all z € D which is locally
the ratio of holomorphic functions, in the sense that for every z € D there exist
holomorphic functions f and g on some neighborhood of z such that ¢(¢) = f¢/g¢
on that neighborhood.

2. A function F' holomorphic on D minus a discrete set of points P called poles such
that 1/F after declaring to be zero at the poles is holomorphic on P.

The correspondence between ¢ and F' is as follows. Having F' set ¢(z) = F, for
z € D\ P, and ¢(z) = 1/(1/F), for = € P. Now suppose ¢ is given. For z € D let
©(z) be given by the ratio f,/g, of germs of holomorphic functions. Note that g is not
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identically zero, because division by zero is not allowed in the definition of the field of
fractions M. If f is identically zero set F'(z) := 0, otherwise by the identity theorem

write f(¢) = (¢ — 2)*f1(¢) and g(¢) = (¢ — 2)'¢1(¢) where f; and g; are holomorphic
functions at z with fi(z) # 0 # ¢g1(z), and set:

0, k>
F(z):= ¢ oo, k<.
[(2)/g1(2), k=1

The set of meromorphic functions on D is denoted by M(D).

Theorem 19 (Mittag-Leffler). Let D be an open subset of the complex plane.

(1; classical formulation) Let z; be a sequence of distinct points in D which does
not accumulate at any point of D. For each j let f; be a function meromorphic in a
neighborhood of z; with only pole at z;. Then there exists a meromorphic function f on
D with only poles at z; such that f — f; is holomorphic in a neighborhood of z;.

(2; another classical formulation) Let D = J;5, D; be an open covering. For each j
let f; a function meromorphic on D; such that each f; — fi is holomorphic on D; N Dj,.
Then there exists a meromorphic function f on D such that each f — f; is holomorphic
on D;.

(8; cohomological formulation) The first Cech cohomology H'({D;}, O) vanishes, in
the sense that for any open covering D = J,5, D; and any data (g;x € O(D; N Dy))jx>1
satisfying gk + g + g = 0 on D; N Dy N Dy there exists (h; € O(D;));>1 such that
gik = hi — hj on D; N Dy. In words: Every Cech 1-cocyle is a 1-coboundary.

Proof. 1t is straightforward to show that (1) and (2) are equivalent. (3) readily implies
(2), because setting g;x = f; — fi, we can find h; € O(D;) such that f; — fi = hi, — h;.
Then the function f defined on D by setting f := f; + h; on each D, is well-defined and
has the required property asked in (2). We give two proofs for (1) and one for (3) based
on Runge’s approximation theorem and the d-bar problem.

(1; first proof) Each f; has the unique representation } -, a;x(z — z;)* with integer
m; and complex numbers a;;. The idea is to use the Runge’s approximation theorem to
find holomorphic functions ¢; on D such that f := .. (f; — ¢;) satisfies the desired
properties. By Theorem 14.(4) find an exhaustion of D by compacts K; such that each
(D, K;) is a Runge pair. Since z; do not accumulate in D, after passing to a subsequence
of Kj, one can assume that K; does not contain any of zj,z;;1,.... Therefore f; is
holomorphic on K, so Runge’s approximation gives ¢; € O(D) such that || f; — ¢k, <
277. Then each tail }_ isk(fi — @j) of f converges uniformly on Kj to a function which
is holomorphic on the interior of Kj. Therefore f has the desired properties.

(1; second proof) Choose neighborhood Uj of z; contained in the domain of definition
of f; such that U; N Uy = 0 for all j, k. Let ¢; be a smooth bump function compactly
supported in U; which equals 1 on some neighborhood of z;. The idea is to find a
modification of ) ;f; which works as our desired function f. The expression ¢ :=
> 0(;f;)/0Z initially defined on |JU; \ {,}, after extension by zero to whole D, is a
smooth function. Note that g = 0 on some neighborhood of each z;. By Theorem 15 find
u satisfying Ou/0z = g. Then f := —u+ > 1, f; is our desired function.
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(3) Choose a smooth partition of unity ; subordinate to the covering D = (J D;
[Lee, 2.23], namely 1; is a smooth function on D supported in D;, each point of D has a
neighborhood which all but finitely many of ¢; vanish, 0 < ; <1, and > ¢; =1 on D.
If the conclusion of the theorem holds then multiplying g;r = g — g; by ¥; and adding
over j we get g, = hy+u where hy, = > 1b;g;, and u = Y 1b;g;. Set hy = 3 1;g;1,. Then
hy is smooth on Dy. Using g;x, + gr + 91; = 0 we have hy — hy = gii, so Ohy/0zZ = Ol /0%
on D; N Dy, hence setting H := 0hy,/0Z on D), we get a well-defined smooth function H
on D. Choosing any solution of du/0zZ = —H by Theorem 15 we are done by setting
gk = hy + u. |

This proof is nonconstructive because Hahn-Banach extension theorem (so the Zorn’s
lemma) is used in the proof of the underlying theorems 12, 15. An easy constructive
proof in the special case D = C is given in [Ahl, page 188].

Theorem 20 (Weierstrass’ infinite product theorem). Let D be an open subset of the
complex plane.

(1; Classical formulation) Let {z;};>1 be a sequence of distinct points in the open set
D C C which does not accumulate at any point of D. For each j let n; be an arbitrary
integer. (n; is to be thought of as the order zeros if it is positive and the order of poles if
it is negative.) Then there is a meromorphic function f on D such that f is holomorphic
and nonzero except at the points z;, and f(z)/(z — z;)™ is holomorphic and nonzero in a
netghborhood of z;.

(2; Another classical formulation) Let D = J,;5, D; be an open covering. For each
J let f; be a function meromorphic on D; such that each fi/ fi is holomorphic on D; N
Dy. Then there exists a nonzero meromorphzc function f on D such that each f/f] s
holomorphic on D;.

(8; Cohomological formulation) The first Cech cohomology Hl({Dj}, O) vanishes, in
the sense that for any open covering D = J,5, D; and any data® (g;r € O*(D;NDy))jx=1
satisfying girgrgie = 1 on D;NDND; there ezists (h; € O*(Dj));>1 such that g, = hy/h;
on D; N Dy,.

Proof. (1) Exhaust D by compacts K; such that each (D, K;) is a Runge pair. We are
done by constructing rational function f; having the desired poles and zeros (counting

multiplicities) in K; and holomorphic functions g; in D such that the following estimation
holds:

[Fraftes 1], <27 (2.4)

because then
Fom AL e
j>1
works as our desired function. Start by choosing any rational function f; having the
desired poles and zeros in K;. Assume that fi,..., f;,1,...,gj—1 have been constructed.
Choose a rational function Fj.; having the desired poles and zeros in K. Note that
Fiy fj_l is a nowhere zero holomorphic function on a neighborhood U; on K;. If U; is

20*(U) for an open U C C stands for the set of nowhere-zero holomorphic functions on U.
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simply connected then we are done by applying Runge’s approximation theorem to a well-
defined branch of log (Fj+1 fj_l). Without simply connectedness assumption we proceed
as follows. Assume Fjﬂfj’l = AJ[(# — pr)™ where A € C, p, € D\ K, py € Z. Since
K; adds no hole to D we can find for each k a point pj, € D\ K;1; such pj, and py belong
to the same component of D \ K. This makes log((z — px)/(z — p},)) well-defined [Ahl,
page 116]. Therefore correcting Fji1 by fi+1 := Fj11[[(z — pr) ™™ gives a well-defined
branch
log(fi+1f;") =log A+ mylog(( — pi)/ (2 = pi)),

and we are done by repeating the procedure for simply connectedness case. |

An immediate consequence of this theorem is: Meromorphic functions on an open
D C C are ratios of holomorphic functions on D. This statement is also true for the
so-called pseudoconvex opens D C C™ (or more generally Stein spaces) [Hor, 7.4.6],
but never holds for compact Riemann surfaces (because every compact Riemann surface
supports nonconstant meromorphic functions [Don-RS, page 114] but not nonconstant
holomorphic functions according to the maximum modulus principle).

Theorem 21 (Interpolation problem). For every open D C C, every sequence p; of
distinct points in D which does not accumulate at any point of D and every sequence c;
of complex numbers there exists a holomorphic function f on D such that f(p;) = ¢; for
all j.

Proof. By Weierstrass theorem find a holomorphic function g on D which has p; as zeros
of multiplicity one. By Mittag-Leffler theorem find a meromorphic function h on D whose
principle part at p; is ¢;/((z—p;)¢'(p;)). Then f := gh works as our desired function. W

Exercise: Prove the following generalization of the interpolation theorem: For every
open D C C, sequence p; of distinct points in D which does not accumulate at any
point of D, nonnegative integers m; and complex numbers cj,, k = 0,...,m;, there
exists a holomorphic function f on D such that f®(p;) = cj for all j = 1,2,... and
k=0,...,m;. (Hint. Imitate the proof of Theorem 21. g has p; as zero of multiplicity
m; + 1. This time use principal parts Z1§l§mj+1 aji(z — p;)~!, where a;; are determined
such that gh has the desired Taylor expansion » oy, ¢n/k! (2 — pi)* + o((z — pj)™)
around p;.)

Exercise: Let D be an open subset of the complex plane. Prove that every finitely
generated ideal of the algebra O(D) of holomorphic functions on D is principal in the sense
that for every positive integer n and g; € O(D), j = 1,...,n, there exists g, f;, G; € O(D)
such that g; = ¢G; and g = ) f;g;. (Hint. Without loss of generality assume that D
is connected, and no g; is identically zero. By Weierstrass theorem find ¢ € O(D) such
that for every z € D the order of z as a zero of g equals the minimum over j of the
order of z as a zero of g;. Then G; := g¢;/g can be seen as holomorphic functions on
D which have no common zero. By induction on n and using Weierstrass theorem and
the generalization of the interpolation theorem proved in the previous exercise show that
there exist f; € O(D) such that 1 = ) f;G;.) More in this direction can be found in
[BG, section 3.5] .
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Chapter 3

Holomorphic functions of several
complex variables

References: [Hor, chapter 2|[Ran, chapter 2].

We start by proving the first properties of holomorphic functions of several complex
variables that can be deduced from iterated use of single variable Cauchy integral formula.
Then we give two proofs for Hartogs G\ K extension theorem (page 8), first via the d-
bar problem for compactly supported data, and second by a certain higher dimensional
generalization of Cauchy integral formula discovered by Bochner and Martinelli. The rest
of the chapter is devoted to a thorough study of the first two most fundamental notions
of the function theory of SCV: domains of holomorphy and pseudoconvexity.

Our initial definition for holomorphic functions is the third one in page 7: C' functions
satisfying Cauchy-Riemann equations. The equivalence between this definition and others
is discussed in Remark 40. For a development of the subject starting from the power series
definition refer [Ohs, Nar|[Die, volume I, chapter 9.

3.1 First properties of holomorphic functions

Theorem 22 (First properties of holomorphic functions). (1; Cauchy integral formula
for polydiscs) Let P C C™ be the open polydisc {|C1 — ai| < r1,...,|Cn — am| < T},
r; >0,a; € C. Forany f e C(P)NO(P) and z = (%1, ..., 2m) € P we have

f(C17"'7<m>
..... Cm—am|=rm (G1 = 21) (G — 2m)

1
f(Z) - m /|<1_a1|=7“1

In other words we are iteratively taking counterclockwise complex line integrals over circles
{1 — a5 = 5}

(2) Homomorphic functions are smooth. Complex derivatives of holomorphic func-
tions are holomorphic.

(3; Bergman’s estimate) Let f be a holomorphic function on open D C C™. For any
compact K C D, open K C D' C D and multi-inder o = (v, ..., ) € N™ there ezists

dCy A - A dCon.
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constant C, = Co(K, D', ) such that
10°F /02| ¢ < Call Il o),
where 0%f /0z% = 0% [0z --- 0™ [0z0m f.

(4; Weierstrass) If a sequence of holomorphic functions on open D C C™ converges
uniformly on compact sets of D then the limit function is itself holomorphic. Furthermore,
for any multi-index o« € N™ the sequence of a-th order complex derivatives converges
uniformly on compacts to the a-th order complex derivative of the limit function.

(5; Montel’s compactness theorem) A sequence of holomorphic functions on open
D C C™ which is locally equibounded contains a subsequence that converges uniformly
on compact subsets D.

(6; Power series representation and Cauchy’s estimate) Every function f holomor-
phic on the open polydisk D = {|(1| < Ri,...,|Gn|] < Rm} has a unique power series
representation f(z) = Y cym Ga2™ which converges normally in the sense that that
> llaaz®||x converges for any compact K C D. Furthermore, the Taylor coefficients a,
satisfy

9 f /02(0) 1 f(Gs - Gm)
T Tl T /oD /<1|=m,...,<m|=rm BT Comr1 G A Nl

1
/ f <r1eﬁ91,...,7‘m6ﬁ9’"> e VTIEhdp, - b,
[0,27r]™

[1r;™
- (@2m)m
|ao] < vt sup £ (2)],
|z1]=r150 | 2m]=rm
for every 0 <ri < Ry,...,0<r, < R,,.

(7; Identity theorem) Let f and g be two holomorphic functions on domain D C C™.
Then f equals g everywhere on D if any of the following conditions holds: (i) f along
with all its higher complex derivatives match the corresponding values of g at some point
of D; (i) f and g agree on some nonempty open subset of D.

(8; Mazximum modulus principle) The modulus of a nonconstant holomorphic function
on a domain of C™ has no local maximum. If a function f is holomorphic on a domain
of C™ and is continuous up to boundary then the global mazimum of the modulus of f is
attained at the boundary.

(9; Open mapping theorem) Nonconstant holomorphic functions on domains of C™
map open subsets to open ones.

Proof. (1) Apply the single variable Cauchy integral formula m times to a slightly smaller
polydisc, and then take limit.

(2,4,5,7,8) The proof of the single variable case works.

(3) Cover K by finitely many open polydiscs contained in D', and then apply the
corresponding single variable result m times. Another argument. Fix z € K. For any
open polydisc Pg of multi-radii R centered at z and contained in D’, writing Cauchy
integral formula for f(z) on P, applying 0%/0z%, and doing the trivial estimation gives

1F9(2)] < (2n)™alR™ / | f|dby - - - db,n,

0o Pr
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where 0y Pr denotes the Cartesian product of the boundary circles of product factors of
Pr. On the other hand

||f||L1(D’) Z ||f||L1(PR) = / (/ |f|d01d0m) Tld’rl"‘rmd’rm
TEH[O,R]'} 80PT

= Ca,m/ ’f(a)(z)‘rarldrl c Ty, = C&,m,R‘f(a)(z)"
rel1[0,R;]

(6) Similar to the proof of the single variable case. This time use geometric series

[Tt => g e

1<j<m a€eN™

for |z;] <G| =r; < R;.

(9) Assuming a nonconstant function f holomorphic on some open ball U around the
origin and that f(0) = 0, it suffices to show that some neighborhood of 0 is taken by
f. By the identity theorem there exists p € U such that f(p) # 0. Consider the single
variable holomorphic function g(\) := f(Ap) defined on the closed unit disc |A| < 1. By
the single variable version of the open mapping theorem some neighborhood of ¢(0) = 0
is contained in g(|A\| < 1) C f(U). [ |

Exercise: If f is a holomorphic function on C™ such that |f(z)] < C|z|5 for some
positive real C', some positive integer k and every z € C™ then f is a polynomial of total
degree < k.

Exercise: Every function f holomorphic on the closed polyannulus D = {r; < || <
Ri,....t; < |Gn| < R}, 0 < r; < Rj, has a unique Laurent series representation
f(2) = > czm 0oz which converges normally on D. Furthermore

1 / f(Cl?aCm)
o = —F7—— o dGi A+ A dGp,
(271'\/ _1)m C11=p15-|Cm|=pm S1 RS C%erl

for any r; < p; < R;. Moreover, if r; = 0 for some j then a, = 0 for all multi-indices
a=(ai,...,ay) with a; < 0. (Hint. Iterate the single variable Laurent expansion.)

Exercise: Show that the normal limit of a sequence of nowhere-zero holomorphic
functions on a connected open subset C™ is either nowhere-zero or identically zero. (Hint.
First prove the one variable case by the argument principle.)

Exercise: (1) If f is a holomorphic function on the open unit polydisc (respectively
ball) of C™ such that f(0) = 0 and |f| < 1, then |f(2)| < |z|e (respectively |f(2)] < |z]2).
(Hint. For a fixed z in the open unit polydisc (respectively ball) apply the maximum
principle to the single variable function A — f(Az/|z|) defined on the open unit disc of
the complex plane.)

3.2 Two proofs for Hartogs extension theorem

In this section we give two proofs for Hartogs G\ K extension theorem (page 8). The first
is by a d-bar technique, the second by Bochner-Martinelli integral formula. We devote
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two subsections to develop the fundamental formalism of complex differential geometry
in C™ needed in order to make sense of the d-bar problem as well as to work effectively
with Bochner-Martinelli kernels.

3.2.1 Preliminaries: Differential forms in C”, d-bar problem

Differential forms are generalization of functions, designed by differential geometers to
be used for integration on (oriented smooth) manifolds. They have become important in
SCV (even for the analysis of opens of C™, setting aside complex manifolds) because a
specific problem formulated in terms of them (the so-called d-bar problem; it is defined
at the end of this section.) plays a unifying role in dealing with numerous important
problems of SCV, for example holomorphic extensions, interpolations, division, Cousin
problems, characterizing domains of holomorphy, etc. Chapter 4 is devoted to the d-bar
problem and its applications.

Here we give a quick introduction to differential forms. (Refer [BT][Lee][Rud-PMA,
chapter 10] for elaboration.) The familiar calculus expression fab f(z)dz is the integration
of the differential 1-form f(z)dx on the directed open line segment from a to b. The double
integral fcd fab f(z,y)dxdy is the integration of the differential 2-form f(z,y)dx A dy on
the oriented rectangle made by the Cartesian product of line segments one from a to b
and the other from ¢ to d. Next comes the generalization to higher dimensions.

Let U be an open subset of R”. The Grassmann (or exterior) algebra G, is the
free C-algebra generated by symbols dz;, i = 1,...,n, subject to relations dz; A dz; =
—dz; N\ dx; for every i,j € {1,...,n}, where the wedge symbol A denotes the product
operation in the algebra. Specially, dz; A dz; = 0 and dz;, A---Adz;, =0if k> n. As a
vector space over complex numbers G, is generated by symbols

1, dxy,..., dz,, dxy Ndxs, ..., dvy Ndx,, ..., dv, 1 Ndz,,..., dey N --- ANdx,,

with no relations among them, so is of dimension 2".! The element dz;, A --- A dx;, is
denoted by dzy, I = (i1,...,1x), and is called the Grassmann (or exterior) monomial
associated to the tuple I = (iy,...,ix). The length of I is |I| = k. If iy < -+ < iy
then [ is called a shuffle of {1,...,n}. We also set dry = 1 for the empty shuffle
I = ) of length zero. Example: Elements of G5 have unique representations of the form
a + Bdxy + ydxy + ddxy A dxy where o, 3,7,0 € C, and can be added and multiplied
together and with complex numbers naturally, for example Bdx; + vdxo + ddxy A dxs
wedged with f'dx; + v/dxy + 0'dzy A dxy gives (B — v )dxy A dxs. A complex-valued
smooth differential form w on U is an element of the tensor product algebra C°(U) :=
C>*(U) ®c G, namely a formal finite sum

w = g wrdxy,

If this seems hard to digest, first convince yourself that the familiar algebra Clxy, ..., x,] of polyno-
mials in n variables with complex coefficients is the free C-algebra generated by symbols z;, i = 1,...,n,
subject to relations z;z; = xjz;. As a vector space over C this algebra of polynomials is generated by
monomials (or words) chf e xzz with i1, ...,i, ranging on nonnegative integers. Specially, 29 --- 20 is

the empty word and can be denoted by () or 1.
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where the coefficients w; are complex-valued smooth function on U. If some w; vanishes
identically then the corresponding term w;dx; can be dropped from the sum. The ex-
pression 1dz;, where the coefficient is the constant function 1, is identified with dx;. The
expression fdxy, where f is a smooth function, is identified with f. Equality, addition
and scalar multiplies of forms are defined naturally. Note that if all w; vanish everywhere
then w is the zero element of the algebra. After gathering similar terms and dropping
zero ones, the summation Y wrdxr; can be assumed to be taken over shuffles only; to
emphasize that this is the case we put a prime after summation: w = Z/ wrda!. The
differential form S wydz! is said to be of degree k (or a k-form) if all  with nonzero
wy are of length k. The vector space of k-forms is denoted by Cp°(U). Note that forms
of degree 0 are nothing but smooth functions. The product operation in the algebra of
differential forms is called the wedge product; it is given by:

Zw;dw;/\Zan:l:J = Zwmjdml/\d:w.

Specially, the wedge of a smooth function f with a form w = > wrdz; is > fw;dr;, and
is denoted by fw instead of f A w. Example: On C* the form fdx; A dxy + gdxs A dxy
wedged with itself equals 2 fgdzi A dxy Adxs Adxy. The exterior derivative of the form
w =Y wrdzy is defined by

dw:Zde/\d:cI where dw; = Zgwl
Lj

Example: On C? we have d(z1dxy) = dx; A dry. The integral of a top form w =

fdxy N -+ ANdx, is defined by
/w:/fdxl---dxm
U U

where dx; - - - dz,, is the Lebesgue measure. Assuming a smooth map F : V — R", y — x,
defined on an open V C RY and with values in U, the pullback of the differential form
w = Y wr(x)dry on U along F is the differential form F*w on V obtained from w by
replacing each wy(z) by wr(z(y)), and each dz; (in dzr) by >, <, 0x;/0y;dy;. Specially,
the pullback of a smooth function f on U is the composite function fo F' on V. Example:
The pullback of the top form dzi A --- A dx,, on R" along a smooth map F: R" — R",
y +— x,is dy; A -+ - A dy, multiplied by the Jacobian determinant dx/0y. Here are some
basic facts:

1. The wedge product is associative and distributive over addition from both sides.
2. wAn=(=1)*n Aw for any k-form w and I-form 7.

3. d(wAn) =dwAn+ (=1)*w A dn for any k-form w and any form 7.

4. ddw = 0 for any form w. In notations: d* = 0.

5. F*dw = dF*w for any form w and smooth map F'.
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6. G'F*w = (F o G)*w for any form w and smooth maps F,G.
7. F*(wAn) = F*w A F*n for any forms w,n and smooth map F'.

8. For every bijective smooth map F': V — U with smooth inverse between U and an

open V C R" we have
/w = :i:/ Fruw, (3.1)
U 174

where + is chosen depending on whether F' is orientation preserving/reversing namely
the Jacobian determinant of F' is everywhere positive/negative.

Now let U = D be an open subset R?™ = C™. It can be coordinated by real
functions 1, ..., xa,, or holomorphic and anti-holomorphic ones z; = x; + \/—_1:cj+m,
Zj = ¥; — V/—1z;4m. Consider the Grassmann algebra Gy, the free C-algebra gener-
ated by symbols dz;, i = 1,...,2m, subject to relations dx; A dv; = —dz; A dz;. It has
basis dz; with I ranging over shuffles of {1,...,2m}. Setting dz; := dz; + v/ —1dz;4m,
dz; == dx; — \/—1dzm, one gets another basis

dziy A+ ANdzy, NdZj A - N dE,,

abbreviated as dz; A dz;, with I and J ranging over shuffles of {1,...,m}. (Exercise:
Verify this.) A complex-valued smooth differential form w on D is an element of the
tensor algebra C°(D) := C*°(D) ®¢ Gam, so can be uniquely represented by

Z wI,szI VAN df],

where wy ; are smooth functions on D. It is said to be of type (p, q) (or a (p, ¢)-form) if
the summation, after dropping zero terms, is over |I| = p and |J| = ¢q. The vector space
of (p, q)-forms is denoted by C% (U). Note that, putting trivialities aside, every form is a
unique sum of k-forms, k = 0,...,2m, and every k-form is a unique sum of (p, ¢)-forms,
p,q=0,...,m such that p+ q = k.

In Section 1.1 we introduced a natural splitting d = 0 + 0 of the exterior derivative
acting on functions. Here is the generalization to forms:

8wI’Jde + aW_I,J de N dZ[ A dEJ
&zk 8Zk

dZwLszl VAN dEJ = ZdCL)LJ VAN dZ] VAN dEJ = Z
1,J 1,J 1,0k

J/

-~
w

ow Oow
=3 ldy Nz NdZg+ Y —dE Adzp AdE
1.7k 0z, ok 9%

0z

ow Bw

J/

Here are some useful facts:
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1. For a smooth function f on D C C™ consider df, 0f and df as functions of t € C™ in
the following natural way:

0F)(1) = g—gtj, @5)(1) = ngt_ @f)(t) = OF) (1) — @F)(1).

Then Of is C-linear and Jf is C-antilinear in the sense that:
Of)(V=1t) = V=1(0f)(t), (Of)(V-1t) = —V=1(0f)(®).
Specially, f is holomorphic exactly when df is C-linear.

2. O(wAn) =0wAn+ (—1)P %w A dn for any (p,q)-form w and any form 7. The same

is true for 0 instead of 0.

3.2 =00+00=0 =0 (Proof. Since d = 0 + 0 acting on (p, ¢)-forms splits them
respectively into (p+1, ¢) and (p, ¢+1) forms it follows that 0 = d? = 82+(85+58)+52
acting on (p, ¢)-forms splits them respectively into (p+2,q), (p+1,q+1) and (p, ¢+2)-
forms, and we know that forms of different type can not be equal.)

4. A necessary condition on a form w to be expressed as w = On is that 7 is O-closed,
namely dn = 0.

5. 0 and O commute with the pullback along holomorphic maps. (This is because the
pullback of forms along holomorphic maps does not change the type.)

A (p,q)-form w is called holomorphic if ¢ = 0 and dw = 0. Equivalently, w =
> wrdzy with all functions w; holomorphic.

For any vector space F of functions (or distributions) we use F,, to denote the space
of forms of type (p,q) with coefficients in F. Usual choices for F are: C5 (smooth),
L122, , (Lebesgue square integrable), Lf, (locally square integrable), Wﬁ’; (Sobolev with
weak differentiability index s), etc.

The d-bar problem is about the solvability of the equations du = f on an open
D C C™ (more generally on complex manifolds) with respect to (p, ¢)-forms u when the
data f is a (p,q + 1)-form satisfying the necessary condition df = 0. Here are some
important questions:

1. Do we have smooth solutions u € C% (D) for smooth data f € C3% ,(D)7?

,q,loc

2. Do we have solutions smooth to the boundary u € C’;";(E) for data smooth to the
boundary f € C (D)7

3. Do we have norm-controlled solutions ||u|| < C||f||, more precisely, does the exists
a solution operator S : f + u which is bounded LP — LP?*

Exercise: (1) In R” the form dzy + - - - + dz,, wedged with itself n times equals 0 if
n > 2. (2) In C™ the form dz; Adzy + - - - + dz, A dZ,, wedged with itself m times
equals m!dzy Adzy A - Ndzy, N dZ,,.

2 Answer: Yes if D is “pseudoconvex” (Chapter 4).

3 Answer: Yes if D is bounded “strongly pseudoconvex” with smooth boundary (Section 5).

4 Answer: Yes if D is bounded “pseudoconvex” and p = 2 (Chapter 4), or if D is bounded “strongly
pseudoconvex” with smooth boundary and 1 < p < co (Section 5).
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3.2.2 d-bar problem with compactly supported data, The first
proof

Lemma 23 (d-bar problem; compactly supported data; functions). Let f be a smooth

(0,1)-form f compactly supported in C™ satisfying Of = 0. Then there exists a smooth

function v on C™ such that Ou = f. If m > 1 then u can be chosen to be of compact
support.

Proof. Let f =) f;dZ;. We assert that the following is a solution:

e 1 fl(C7227"'7zm> e
u(z) == 2T Jom % d¢ A d¢
1 fl(C+Zlaz27'-->Zm)

d¢ A de.

" 2mv/=1 Jem ¢

The second formula shows that u is smooth. du/0zZ; = f; by Lemma 16. For j # 1 we
have

Ou \_ 1 OF)0%,(C.zs s om) . =
3_51‘@ C2mv/—1 Jom ‘-2 d¢ A d¢
1 afj/a§1<<7227'”’Zm)dC/\dZ7

:271'\/—1 cm C—Zl

which equals f; again by Lemma 16. Now assume m > 1. Note that u(z) is holomorphic
for |z1| + --- 4 |2m| large because f is compactly supported and du = f. By its very
definition u(z) vanishes for large |2;| + - - - 4 |2y, so the identity theorem forces it to be
compactly supported. |

Even this easy version of the d-bar problem enables us to prove the Hartogs extension
theorem:

Theorem 24 (Hartogs extension theorem). (1) For every open G C C™, m > 1, and
every compact K C G such that G\ K is connected, every holomorphic function on G\ K
can be extended to a holomorphic function on G. (2) If G C C™, m > 1, is a bounded
open with connected boundary then every function holomorphic on the boundary can be
extended holomorphically to G.

Proof. (1) Again, in accordance with the general idea of d-bar techniques, we first solve
the problem smoothly and then do the required modifications by the d-bar problem. As-
suming f € O(G\ K), we choose a smooth bump function ¢ on C™ compactly supported
in D which equals 1 on K, consider f := (1—1¢)f € C*(G), and try to find a correction
function ¢ € C*°(G) such that f, := f; — ¢ extends f holomorphically to G. To make fo
holomorphic ¢ need to satisfy

0p = 0f = —fou. (3.2)
Pretending — f0i to live in C2°(C™), Lemma 23 gives ¢ € C°(C™) satisfying (3.2). The
function ¢ vanishes outside a bounded region and is holomorphic wherever v is constant,
so on some nonempty open of G\ K we have ¢ = 0 = and so fo = f. Since G \ K is
connected, by the identity theorem f, = f on whole G \ K.
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(2) The same argument works. In fact it easy to see that (1) and (2) imply each
other. m

The concise d-bar proof above first appeared in [Hor, 2.3.2], idea due to [Ehr]. Another
proof using Bochner-Martinelli integral formula is given in page 42. A proof based on the
classical “analytic discs method” is recently found [MP]. A generalization by Bochner
will be proved in Theorem 107.

Exercise: Let f be a function holomorphic on the bounded open D C C™, m > 1,
which is continuous up to the boundary. If f vanishes at some point of D show that it
must vanish at some point on the boundary. If |f| = 1 on the boundary show that f is
constant. (Hint. Apply Hartogs theorem to 1/f.)

Here is a generalization of Lemma 23, the so-called Dolbeault-Grothendieck lemma:

Lemma 25 (d-bar problem; compactly supported data on polydiscs). If P and P’ are
open polydiscs in C™ with P compactly supported in P', then for any smooth (p, g+1)-form
f on P’ satisfying Of = 0 there ezists a smooth (p,q)-form w on P such that Ou = f.

Proof. We argue inductively on 0-closed forms f having no dz;, [ > k. If k = 0 then
f =0 (because ¢+ 1 > 1), and u = 0 solves the d-bar problem. Write f = dzy A g+ h
where g = Z\/I|=p,|J|=q gr.sdzr A dz; and h are smooth forms on P’ having no dz;, | > k.
In the expansion of f = 0 the only summand with both dZ; and some dz;, | > k, is
0g1.5/0Z1dz; N\ dZ N dzp N dZy, so Ogy ;/0%Z; = 0 for [ > k. Lemma 16 implies that

g[,J('Zla s 7Zk717<17zk+17 s 7zm>

1
) = 27r\/—_1/D "

where D is a closed disc in the complex plane sandwiched between the k-th product
factors of P and P, defines a smooth function on P satisfying 0G; ;/0Z; = g;1.5. Also
0Gyp /0% = 0 for | > k because 0gr,;/0z = 0 for such [. Set G := S Grydzr N\ dzZ .
Then 9G = dz;, A g+ hy where hy has no dz;, | > k. Then f — OG = h — hy is a O-closed
form having no dz;, [ > k, so by the induction hypothesis f — G = du for some smooth
form v on P. Therefore, f = 0(G + u). |

G]J(Zl,.. dC/\dZ,

The ideas that we used to solve the d-bar problem on the plane from the special case
of compactly supported data, can be used to prove the following result. Details can be
found in [Gun, page 47][Ohs, page 29].

Proposition 26 (d-bar problem on polydiscs)_. If P is an open polydiscs in C™ then for
any smooth (p, q+ 1)-form f on P satisfying Of = 0 there exists a smooth (p,q)-form u
on P such that Ou = f.

Example 27. This example [Gun, volume I, page 51] gives an explicit smooth (0, 1)-form
on D = C?\ {(0,0)} which is d-closed but not a d-boundary. Set r := \/|z1]2 + |z2|2.
Then the identity 1/2120 = Z1/297% + Zo /2172 valid for 2125 # 0 shows that

. {:5 (Z1/(2272), 22 #0
0(z2/(z1%), =2 #0
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is a well-defined 0-closed form on D. Suppose by contradiction that f = Ou for some
smooth function u on D. Then v := zju — Z/r? is holomorphic on C? \ {z; = 0}. As
in the proof of the simple case of Hartogs extension theorem given in Chapter 1, setting
v(z1, 22) equal to
1 v(C1, 22) ¢
21/ =1 Jic =1 G — 21 !
on |z;] < 1 extends v holomorphically to C?>. However, v(z) blows up as z approaches
the origin along z; = 0. |

3.2.3 Preliminaries: Hodge star operator in C”, Integration by
parts, Complex Laplacian

For every two complex-valued differential forms w = Z/ wrdry and n = Z/ nydx; on open
U C R"™, the function defined by

o) =" wii,

is called their pointwise inner product, and its integral

(w777) ::/U Z wlﬁld”>

with respect to the Lebesgue measure is called their (global) inner product. Note that
the global inner product has all the properties of an inner product on complex vector
spaces unless it might be infinite. We define the pointwise/global norms:

1/2

w] = (w, W), o] = (w,w)"2.

If U = D is an open of C™ = R?™ then a straightforward calculation shows that

!

(wy = 2w, (w,n)=/<w,n>du,
D

[I|=p,|J|=¢

where we have used (p, ¢)-type representations w = Z, wr ydzr ANdzy and n = Z/ nr.sdzr N\
dz ;. The next theorem introduces a useful duality operator which expresses the inner
product of forms in terms of their wedge, and enables us to find compact illuminating
formulas for otherwise messy expressions.

Theorem 28 (Hodge star operator in R" and C™). For every open U C R"™ and integer
k €{0,...,n} there exists a unique map * : C;°(U) — C°,(U), called the Hodge star
operator, from the vector space of complex-valued smooth differential forms of degree k
on U to the space of forms of degree n — k such that

(w,n)z/w/\*ﬁ, Vw,n € CP(U),
U
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or equivalently

(w,m) =w A dV, VYw,neCrU),

where the conjugate of any form n = > nidxr € C°(U) is defined by 7 = > 7rdxy and
dV =dxy N\ --- Ndx,. This operator has the following extra properties:

(1) * is a C°°(U)-module homomorphism, and is given by xdx; = €¥,dxp for any two
shuffles I and I' which partition the shuffle N := (1,...,n). Here € is the sign of the
permutation.

(2; reality) *w = xw for every w € C°(U).

(3; duality) xx = (—1)*™=k) acting on forms of degree k.

(4) x1 =dV and %dV =1.°

(5) For open D C C™ with the standard identification C™ = R?™ wia 2j = Toj_1+
\/—_L'L‘Qj we have:

*: Co (D) — CF (D),

m—p,m—q

ok = (=1)P™ acting on Cp% (D),

J ( )=/ </\(r ] ) = 53
X AZ] = ——————F——m dzr N A zj | = *azy, :
m—{1] /1

for any two shuffles I and I' which partition the shuffle (1,...,m).

Proof. In order for a map x : C°(U) — €22, (U) to satisty (w,7) = [w A *n for every
forms w, n of degree k£ we must have

/ Z winrdp = / Z wrdzy Ayyday =/ Z wryrerpdp,
I I,J I

where v = Z] Jen—k Y sdxy; = *n and we have used the notations introduced in (1). Since

JeI’

this holds for every w it follows that vy, = €¥,n;. The same conclusion holds if * wants to
satisfy (w,7) = w A *n dV for every w,n. Having this explicit formula at hand verifying
(2,3,4,5) is straightforward. Specially, (3.3) is deduced by comparing two sides of the
identity

2m \/_
dzp Axdzy = (dzp, dzr) dV =211 N da; = 2! /\ dzj N dZ; =
J=1 j=1
=1 - B -
w(—l)”'(m DRz ndzp A | N dz A dz )
jer

In the following we assume familiarity with the notion of the Riemannian volume
form dV = y/det(g)dzy A --- A dx, of oriented Riemannian manifolds with boundary
(M™, g) (for us M = DUID where D C C™ is an open with smooth boundary), and the
volume form dS' it induces on M [Lee, chapter 15].

®Remember our definition of the integral of a top form in page 29; if we have defined [ fdziA- - -Adz, =
— [ fdxq - - - day, there, then we would have gotten 1 = —dV and *dV = —1 here. This shows that Hodge
star depends on the orientation chosen.
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Theorem 29 (The Riemannian volume form on the boundaries of opens of R™ and C™).
Let U C R™ be an open with C! defining function r. The canonical Riemannian volume
form induced on OU is given by

dS =1* <Z<—1)jll/jdl’1 VANRIEIVAN dl’j,1 A\ dl'j+1 N A dl’n)

j=1

e (kr
o \dr])”

where i : QU — U s the inclusion map, ©* is the pullback map of forms and v =
(1, ..., Up) 18 the outward unit normal vector field on OU. Furthermore, if U = D is an

Proof. (1) The first formula is exactly “dS equals v interior product the volume form of
U” proved in [Lee, 15.34]. The normalized gradient dr/|dr| is the Riemannian (musical)
dual of v namely dr/|dr| =) v;dz;. Since

(=1)tdag A A drj1 Ndzjiq N -+ N\ dx, = xdz;,

two formulas coincide.
(2) We use Theorem 28. Since Or = Y 0r/0z;dz; and (dz;, dzx) = 2J;; it follows that

1 1
o> = " 2|0r/0z]” = 5 > [0 0aj 1 |? + |Or ) Oxy|* = 5|d7~|2.

On the other hand

1 m—1
*87” = \/__1,"1 Z 62’] dZJ </\ dzk N de) = m@?" A\ w 3

k#j

where w =

2\% > ;dZ; A\ dzj. Therefore

*d?“ — *81” —i—*_a?“ — m (a'r - 51”) /\ wmil.

Combined with the trivial equation 0 = d0 = di*r = i*dr = i*Or +i*0r we have i*(xdr) =
2i*(x0r), and we are done by (1). [

For the next theorem we need to know how to integrate a form in C! | (U) over the
C! boundary of an open U C C™. The main issue here, the so-called orientation, is
to find a way to make a consistent (namely continuous) choice of the + ambiguity in
transformation law (3.1) for the integration of forms on manifolds. This is resolved if
we can choose an open covering of D by coordinates charts such that all the change of
coordinates maps (uyq,. .., Usm_1) — (V1,...,V2,_1) have positive Jacobian determinant.
This is possible: Fix a global defining function r for D, as defined in Section 3.5.1. By
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the inverse function theorem (r,uy, ..., us,_1) is a local coordinate system for R", so
dr Aduq A -+ - A dugm,—1 is a nowhere-zero C* function f, multiplied by the standard top
form dxy A -+ A dxoy, of R*™. If f, is positive choose (uy, ..., Uz, 1), otherwise choose
(ug, u1,ug, Uy, . . ., Um—1). More details can be found in [Lee, chapter 15][Ran, chapter 3].

Theorem 30 (Integration by parts). Assume open D C C™. B
(1) For every n € C, (D) there exists a unique v € Cy (D) such that (0w,n) =

1 . . ¥
(g},v) bfm“ every compactly supported form w € C} (D). This 7y is denoted by 0 n and
given by

A EE D DD DD DI/ OUVE Y

H|=p,|K|=q =1 |J|=q+1

The differential operator 8 Cee (D) = C2(D) is called the formal adjoint of 0.
(2) If D is bounded and with C* boundary then for every w € C! (D) and n €
C;jq +1(D) we have integration by parts formulas

Proof. (1) Using properties of the Hodge star operator and Stokes’ theorem
(Ow,n) = / Ow A 7] = / O(w A *7) — / ()PP A D x7 =
D D D

/d(w/\*ﬁ)—/wA**g*ﬁ:O—/w/\**@*n:—(w,*a*n).
D D

D
Since
5w = Z/Z a(géjKd_ ANdzy NdzZg = Z Z awIKdZI/\dZJ NdZg =
Z S e 6“”KdzIAch,
IK,J j

the equation (w,v) = (Jw,n) says

0
w0 [y =y S e [ Gty -

ILK,J j

2p+q+1 Z Z JK/WI Kamj V,

ILK,J j

where we have done integration by parts in the last step. Since this equation holds for
every compactly supported w we get the messy formula in (3.4).

(2) The first formula is proved exactly like (1) but this time [, d(w A #7) equals
/. opw A 7] instead of 0. The second formula is immediate from the first. ]
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Integration by part formulas for arbitrary first-order differential operators is given in
[Tay, volume I, page 178][FK, page 13].

Theorem 31 (Complex Laplacian on C™). The complez (or Kohn) Laplacian [J =
99" + 80 is related to the Hodge Laplacian [War, chapter 6][Jos-DG, chapter 8] A =
dd* + d*d via O = %A. Furthermore, U acts diagonally in the sense that

/ m 2
Ow = Z (DWLJ) dZ] A dg(], DLULJ = —22 0 Wr.J

w——
™ ‘= 02,;0%;

for every w = Z, wrgdzy Ndzy.

Proof. Fix w of type (p, q). In the course of the proof L, I, A, K are shuffles of {1,...,m}
of lengths ¢—1, ¢, q, ¢+ 1 respectively, and j, k are indices ranging on {1,...,m}. Having
this in mind without confusion we can suppress summation notations. Using (3.4) we

have | 52 52
- Wwr,A owra
TD 8238 e,?Le]Ldz] NdzZy+ —=— D70 ]I;ekjdzl Ndzy. (3.5)

The second sum equals 5.5 =L Aefﬁdz; A dzy. It splits into two sums depending whether
J

j =k or j # k; the first sum gives the desired expression in the statement of the theorem,
so we need to show that the second sum S cancels the first sum in (3.5). This is true
because: to have nonzero term in S, the shuffles A and J must be formed by adding k
and 7, respectively, to some common shuffle L, and we have

JA _ jA ]kL k]L A jL
€g = CrrCkirCks = —CkL€J -

So far we have shown that

8WIJ —
= —22 Z azjazdej/\dZ,‘J.

I,J j=1

A similar computation [Jos-DG, page 112] shows that

= —42 Za 8Z]dZI/\dZJ

I,J j=1

Theorem 32 (The Riemannian volume form of the sphere). Consider the differential
forms
a = (dd°|z|3)"

B =i (dc log |2[3 A (dd®log |z[§)m_1> :

where d°¢ = %(5 —0) and i : S’ — C™ is the inclusion map of the unit sphere.
Then:
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(1) o is a constant times the Riemannian volume form of C™, and f|z a=1.

[2<1
(2) 3 is a constant times the Riemannian volume form of S, and me,l 8=1.
(3) X
= ——— " (0|22 A (00|22 mfl).
8= Gmrmm (0 A (90128)

Proof. Note that dd® = %05. (1) Since dd°|z|* = é—?Zdzj A dz; and dz; A dz; =
—2\/ —1d1’2j_1 N dl’gj it follows that
v=1" !
o= m!dzl/\dzl/\---/\dzm/\dzm:ﬂ /\ dx;.
(2m)™ am !
1<j<2m

We are done by noticing that 7™ /m! is the volume of the unit ball of C™ [Fol, 2.55].

(2,3) To compute the Riemannian volume form dS of S*"~! we use Theorem 29. A
defining function of the unit ball is 7 = |2|* — 1, so dr = 23,y x;dx;, |dr| = 2|z|?,
i*|dr| = 2, hence dS = i*(*0r).

“ 1
* Or = sz(*dzj) = —n szdzj AN </\ dzy, /\d2k> =
i om—1,/_1 ;

ki

m—1
1
Z:dz: N\ dz: N\ dz; =
(m —1)12m=1y/=1 - ;
1
(m — 1)12m=1/=1"

9|2 A (98]2)2)™ 1.

Therefore ]
dS = — (%0 2N (00|z|H)™ 1) . 3.6

Since i*d|z|? = di*|z|*> = d1 = 0 it follows that

i*0|z|* = —i*0|z|* hence i*0|z|* Ai*0|z|* = 0.
With the same arguments
i*0log |2|* = —i*0log |z|?,
i*0log |z|* =i (|2|720)2|*) = i*9|=]%,
i*001log |z|* = "0 (|2|720|2|?) = i* (8]z| > A O|z]” + |2| 72 A 8O|2[*) = 0 + i*0D|z|*.
These equation combined with (3.6) gives

1

48 = — gy (0~ 9)loglel* A (90 log "))
2™ % c c m—
= it (@ log |=f" A (ddlog "))

We are done by noticing that 27 /(m — 1)! is the volume of the unit sphere of C™ [Fol,
2.54]. n
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3.2.4 Bochner-Martinelli formula for functions, The second proof

The Cauchy integral formula (Theorem 22.(1)) gives the values of holomorphic functions
on polydisks in terms of their values on (some part of) the boundary. This formula
compared to Cauchy-Pompeiu formula of one complex variable has two restrictions: (1)
It applies only to polydiscs; (2) It applies only to holomorphic functions. The following
is a generalization of Cauchy-Pompeiu formula to SCV which gives the values of smooth
functions on arbitrary opens of C™ in terms of their integrals over the opens and their
boundaries:

Theorem 33 (Bochner-Martinelli formula_for functions). Let D C C™ be a bounded open
with C' boundary. (1) For every f € C*(D) we have

—LW@A%@@Z%&%EEQWE

where

Ko(C,2) = W*”!Ejg_im@A( A d@AMQ (3.7)

1<k<m,k#j

a smooth form on C™ x C™\ {z = (} of type (m,m — 1) with respect to ( is called the
Bochner-Martinelli kernel for functions.
(2) For every f € C(D)NO(D) we have

f(z), z€D

oD 0, ZECm\E'

f(C)KO(Caz) = {
(3) Other representations of Ky are

Ko(¢,2) = BB A (0:0.8)" ", B:=¢— 22, (3.8)

1
(2my/=1)m

1 = m—1
= —F+——0:BA(0:0:B , B =1 — 2|2, 3.9
QTG 2, (3.10)
where
2 —log | — z|, m=1
I'(¢,2) = X { ) o om i (3.11)
02m—1 m‘c 2|5 , m>

is twice the Newtonian potential (or the Green function of the free space C™),
and o9py—1 = 27" [(m — 1)! is the volume of the unit sphere of C™.

Proof. (1) We first check the following two facts:

O (f(O)Ko(¢,2)) =0 and  9cKo(¢,2) =0. (3.12)
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The left hand side of the first equation is a form of type (m+1,m — 1), hence identically
zero. For the second one, setting a; := d(; A d(;, §; := (; — zj, we have

(2ry/=D)"

(m—1)] 0Ky = Z (01;1€) 7™ — m&,&|€) 72 2) d€ A dEj A /\ ap =

7l k#j

|§|—2m—2 (Z (’£|2 — mgﬁg)) ag N Noy, = 0.

If 2 ¢ D then by Stokes’ theorem and (3.12) we have
FORG2) = [ de(FOKa(¢2) = [ B5(0) A Ralé. ).
oD D D

Now fix z € D. Exactly similar to Cauchy—Pompeiu formula (case m = 1 here), to prove
this generalization we apply Stokes’ theorem [, w = [, dw to w(¢) = f({)Ko(¢, z) and
M ={Ce€D:|(—z|p > e} where 0 < e < dist(z,0D):

[ HOKa(G2) - /C . / BI(C) N (. ).

Since ¢ +— |[¢ — z|7?™ is integrable on any bounded domain around its singular point
¢ = z, by Lebesgue dominated convergence theorem the limit of the integral [ yase—0
exists. This limit value is the meaning of the volume integral [ p in the statement of the
theorem. It remains to show that the integral f| (2| tends f(2) as € — 0. Another
application of the Stokes’s theorem shows that:

m 2m

(m — 1)le2m — mle2m
Ko((,2) = ——F—— m [\ dC, A d¢, = —~ dry, = 1,
\/|§z|=e (27TV _1>m [¢—z|<e /\ T |C—z|<e ]g/:\l

k=1

because m!/7™ is the volume of the unit ball in C™. Therefore
[ SORG =1+ [ (0= G2
z|= (—z|=e
The second integral tends to 0 as € — 0 because its integrand is dominated by a constant
times € x e!72m, o
(2) If f € CY(D)NO(D) the result is immediate from (1). The general case follows

after a limiting process.
(3) That (3.8) equals (3.7) is straightforward. (3.9) equals (3.8) because

0B = 0(B7'0B) = —B 208 A 9B + B199B,
OBNOOB =0+ B 20BN003, OB A (00B)* = 308 A (00B)?, etc.

Finally using the properties of Hodge star we can put K in the following concise form:

Kold.2) = i zmj‘ — <2m_1\/jn*dc(®—2j)>:

_ 1 m
= Z ‘C z|2m Zj) = — % 841—‘

41



Lemma 34. Setting

m —

(2 \/—) |<_ |2 "

(i(z dg) (Z d¢; /\d@) A (jzm; d¢; Ad@) ,

J=1

Ki((,2) =

we have

ECKO(CVZ) =0, ECKl(Cv'Z) = _EZKO(gv Z)v
on C™ x C™\ {z = (}.

Proof. The first one was already proved during the proof of Theorem 33. Here is another
proof based on the representation (3.10) and the properties of Hodge star:

= S — S — = 1
(’94K0:—84*0<F:—**8<*8<I’:—*(‘?Cagfz—*DF:—§*AF:07

because it is famous that I' is harmonic. The second one is a straightforward calculation
[CS, page 39]. For a conceptual proof refer [Ran, pages 148, 155]. [ |

Another proof for Theorem 24. We prove the second formulation. Choose a connected
neighborhood U C C™ of the boundary such that f is holomorphic on, and domains
D, cC D cC D, with connected smooth boundaries such that Ds \ D; C U. The
Bochner-Martinelli formula applied to Dy \ D; gives

f(2) = Fa(2) — Fi(2), Fj(z): J(Q)Ko(C, 2), ZED2\EI-

oD,
Although Ky((, z) is not holomorphic in z but F; is holomorphic on C™ \ 9D, because:
EZKO(CJ Z) = _ECKI(CVZ) = _ECKl(Caz) - aCKl(Caz) = _dCK1(27<)7

so by Stokes’ theorem 9F;(z) = 0 if 2 € C™\ 9D;. (Note that this is true for every
continuous f.) The representation (3.7) shows that Fi(z) — 0 as |z] — o0, so in
the splitting z = (2, z,,) if |2'|2 is large enough then Fi(z) is a bounded holomorphic
function with respect to z,, on the whole complex plane, so Liouville theorem and the
identity theorem together force F} to vanish on C™\ D;. Then F,(2) works as our desired
extension. ]

Remark 35. The strange formula of K in (3.7) comes from the potential theory as
we elaborate now. The Newtonian potential 3T in (3.11) is the fundamental solution of
the Laplacian in the sense that A%F equals the Dirac unit mass distribution [Fol, pages
291, 300][Jos-RS, page 103][Helm, 1.4.2]. Therefore for every compactly supported C?
function in C™ we have

£ = [ AFQOZTE2)du(0) = 5(AL.T) = (O1.1) = (04 88cf.T) = (Bcf,5iT)

= /Ef/\ x0TV
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Comparison with Bochner-Martinelli formula gives Ky = — * J;I'. The general case of
non-compactly supported data is treated similarly. More generally there are Bochner-
Martinelli kernels for reproducing smooth (0, ¢)-forms, ¢ =0, ..., m:

—1)4@=1D/2 /y — 1 _ meg—1  —
K (¢, z2) = ((%)T)m ( )8CB A (0:0:B)" " A (0.0:B)" .
For details refer [Ran, chapter 4]. [ |

3.2.5 Bochner-Martinelli formula for differential forms

Theorem 36 (Bochner-Martinelli formula f_or forms). Let D C C™ be a bounded open
with C1 boundary. Then for every f € C’éyq(D), q=0,...,m, we have

[ KoK = [ 310K 6. =T [ HOK (G2 - {g(z)’ jigm\ﬁ.

Proof. |

The Bochner-Martinelli integral formula for forms gives the following generalization
of the first part of Lemma 23:

Theorem 37. For every bounded open D C C™ and every f € C’&’q(ﬁ), g=1,....,m,
satisfying Of = 0 there exists u € Cjg-1(D) such that Ou=f onD.

Proof. Apply Bochner-Martinelli formula to fi where ¢ is an appropriate smooth bump
function which equals 1 on D. |

3.3 Domains of convergence of power series

The set of points which a power series ) -, a,2" of one complex variable converges might
be hard to describe, but the interior of this set is simple: either the empty set or an open
disk around the origin [Ahl, page 38]. We want to solve the same problem in SCV. The
domain of convergence of power series ) _ym o2 is defined to be the interior of
the set of points z € C™ that the series is absolutely convergent. To characterize these
sets we need some terminology. An open D C C™ is a Reinhardt (or multi-circular)
domain (around the origin) if (21,...,2,) € D implies (wy,...,w,) € D for every w
such that |w;| = |z;| for all j. (Contrary to the usual usage of the term “domain”, we
allow Reinhardt domains to be disconnected.) If the latter implication holds for every
w with |w;| < |z;| for all j, then we have a complete Reinhardt domain. An open
D C C™ is called logarithmically convex if {x € R™ : z = (log|z;]),3z = (z;) € D}
is convex. Note that a Reinhardt domain D is logarithmically convex if and only if for
any two points z,w in D with all coordinates nonzero and any real number 0 < A\ < 1
the point (|z;|*|w;|*~) is in D. We can now express our main theorem:

Theorem 38 (Characterization of domains of convergence). A subset of C™ is the domain
of convergence of a power series (centered at the origin) if and only if it is a logarithmically
conver complete Reinhardt domain.
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The only if part is easy and shown in this section. The other direction is deeper and
will be proved in the next section (Theorem 48). A long but elementary proof is given in
[Boas, page 7-10].

Lemma 39 (Abel’s lemma). Consider a powers series Y anz*. (1) If |anC*| < C for
some point ¢ € C™, some positive real C' and all multi-indices « (this happens, for
example, if the series is convergent at z =  for some linear order on multi-indices), then
the power series converges normally on the polydisk {|z1] < |Ci|,- .- |2m| < |Gnl}, called
the open silhouette of (. (2) A point { € C™ belongs to the domain of convergence of the
power series if and only if |as| < Cnlgjgm(|Cj| + €)% for some positive reals C,e > 0
and all multi-indices o.

Proof. (1) The open silhouette of ¢ is exhausted by compacts {|z;| < r;|(|,Vi}, 0 <r; <
1, and on each such compact we have |a,2%| < Cr®. (2) Immediate from (1) combined
with Cauchy’s estimate on polydiscs (Theorem 22.(6)). [ |

Remark 40. We are now able to verify the equivalence between the different definitions
of holomorphic functions given in Chapter 1, page 7. That the power series definition
implies the other two follows from Abel’s lemma combined with Theorem 22.(4). That the
third definition implies the power series one is Theorem 22.(6). Finally assume a function
holomorphic in the first sense. It is a remarkable fact in SCV that any function which
is holomorphic in each variable separately is automatically continuous. (This is called
Hartogs separate analyticity theorem [Hor, 2.2.8]. We do not prove it here.) Accepting
this fact the proof of the Cauchy integral formula for polydiscs (Theorem 22.(1)) remains
valid, and we again have its corollary Theorem 22.(6). [ |

Example: The domain of convergence of a power series of more than one complex
variable might be empty even if the series converges on points besides its center. For
example » 7, .y n1lz"23% absolutely converges only on {0} x {|z3| < 1}, which has
no interior point.

Exercise: Find the domain of convergence of ) ., z{‘zgz.

Exercise: Find power series in two complex variables with the followings as their do-
main of convergence: (1) {|z1] < 1,|2z2| < 1}; (2) {]z1]l22] < 1}; (3) {]z1] < 1}. (4)
{|z11* + |22|> < 1}. Hint. For the last one consider the power series > - (2} + 6,23)",

0, := exp(v/—1n), and note that the sequence 6, is dense in the unit circle [Lee, 4.20].

Proof of the only if part of Theorem 38. Consider the power series > a,2z%. Abel’s lemma
implies that the domain of convergence is complete Reinhardt. For any two points z, w
in the domain of convergence and any real 0 < A < 1, by Abel’s lemma we have

|aa|=|aa|k|aa|1-*s(#)A(L)lAs L A—
T +07 ) \Tw o 05wy + o)

for some positive reals C, e, ¢ and all multi-indices «. Therefore Abel’s lemma again
shows that the point (|z;|*|w;|'~) is in the domain of convergence. Another argument.
If > anz® and > a,w® are absolutely convergent then applying Holder’s inequality with
conjugate exponents 1/A and 1/(1 — \) (for any 0 < A < 1) shows that > a,(®, where
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¢ = [11z)Mw;]*=, is also absolutely convergence. Applying this observation to some
small neighborhoods of the points in the domain of convergence gives the result. ]

We end this section with several interesting theorems about holomorphic functions on
Reinhardt domains, complete or not.

Theorem 41 (Global power series representations). Every holomorphic function on a
complete Reinhardt domain has a unique power series representation valid on the whole
domain.

Proof. Uniqueness is by the identity theorem. Let f be a holomorphic function on the
complete Reinhardt domain D. Note that D is a union of polydiscs P centered at the
origin. By our statement of the power series representation of functions holomorphic on
polydisks (Theorem 22.(6)), f on each P can be represented by a power series, but all
these power series have the same coefficients because the coefficients are determined by
the complex derivatives of f at the origin. [ ]

Theorem 42 (Hartogs extension theorem; complete Reinhardt domains version). Ev-
ery holomorphic function on a complete Reinhardt domain D has a unique power series
representation valid on the interior D' of the intersection of all logarithmically convex
complete Reinhardt domains containing D. Clearly, D' is the smallest logarithmically
conver complete Reinhardt domain containing D.

Proof. By what we have shown so far in this section any holomorphic function f on D has
a global power series representation whose domain of convergence Dy is a logarithmically
convex complete Reinhardt domain containing D, so Dy O D'. [ |

Example: The smallest logarithmically convex complete Reinhardt domain containing
{(21,22) € C*: max{|z1], |22} < 2, min{|z|, |22|} < 1} is {max{|z1|, |22|, |2122]} < 2}.

N\\ 2,25 =2
\

1 2 IZ]I

Theorem 43 (Hartogs extension theorem; connected Reinhardt domains version). Let
D C C™ be a connected Reinhardt domain such that for every j = 1,...,m there is a
point in D with j-th coordinate zero. (For example this happens if D contains the origin,
or D is Hartogs H (Theorem 1), or it is a spherical shell v < |z|o < R.) Then for every
holomorphic function f on D there exists a power series which holomorphically extends
f to the smallest complete Reinhardt domain which contains D, namely the set of points
w € C™ such that there exists z € D with |w;| < |z;| for all j.
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Proof. We use the Laurent series expansion of holomorphic functions of several variables,
given in the first exercise in page 27. Fix f € O(D). Since D is Reinhardt it can
be covered by closed polyannuli of the form A, p := {r; < |(;| < R;,Vj = 1,...,m},
0 <r; < R;. Consider the Laurent expansion ) a,z® of f on A, g. Laurent coefficients
are given by

1 f(Chyeo Gn)
o 2y =1)m /|41=p1,~-,|Cm|=pm ?IH T C%deQ Ao A,

where 7; < p; < R;. A standard connectedness argument shows that Laurent coefficients

does not depend on the chosen annulus, so f has a global Laurent series expansion valid

on whole D. If p € A, p is a point with j-th coordinate zero then r; = 0, so f((i,...,Gn)

is holomorphic with respect to (; on the disc |(;| < R;, and the integral formula above

vanishes for a;; < 0. This shows that our Laurent series is in fact a Taylor series. |

3.4 Domains of holomorphy

After Hartogs™ discovery of domains which all holomorphic functions on them can be
holomorphically extended to larger ones, understanding the domains which violate this
phenomenon became a central theme in SCV. The following theorem gives an intrin-
sic characterization of such domains, and the immediate Example 45 shows that such
domains has something to do with convexity.

Theorem 44 (Cartan-Thullen). For an open D C C™ the followings are equivalent:
(1) D is a weak domain of holomorphy in the sense that there is no part of the
boundary across which every holomorphic on D can be extended holomorphically, more
precisely, it s impossible to find connected open Dy mnot contained in D and nonempty
open Dy C DN Dy such that for every f € O(D) there is fo € O(Dsy) such that f = fo on
D,. Equivalently, for every p € 0D there is f, € O(D) such that there exists no function
holomorphic on a connected neighborhood U of p which agrees with f on some component
of UND.

(2) dist(K,0D) = dist(K@(D),aD) for every compact K C D, where KO(D) ={z €
D :f(2)] < ||fllx,Yf € O(D)} denotes the holomorphically convex hull of K in
D.

(8) D is holomorphically convex in the sense that for every compact K C D
its holomorphically convex hull K@(D) is compactly supported in D. (Note that by the
continuity of holomorphic functions K is closed in D. Also testing the definition of K
for coordinate functions z; € O(D) shows that K is bounded. Based on these two facts
the expression “K s compactly supported in D” can be replaced by “K s compact” or
‘by “if a sequence of points in K converges p € C™ thenp € D”.)

(5 ) D has an exhaustion by holomorphically convex compacts K; in the sense that
D 1is the union of a sequence K; of compacts such that each K; equals Kj and 1s contained
in the interior of K4

(4) For any sequence of points p; in D which does not accumulate at any point of
D there exists a holomorphic function f on D such that sup;|f(p;)| = co. (Also see
Theorem 86.)
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(5) D is a domain of holomorphy in the sense that there exists a holomorphic func-
tion f on D which can not be extended holomorphically across any boundary point, more

precisely, it is impossible to find connected open Do not contained in D and nonempty
open D1 C DN Dy and fo € O(Dy) such that f = fy on Dy.

Exercise: Give an open D C C, a point p on the boundary of D, and a neighborhood
U of p in C such that D N U has infinitely many components.

Example 45. (1) Every open subset of the complex plane is a weak domain of holomor-
phy, because for every boundary point p the function f,(z) = (z — p)~! is holomorphic
everywhere except p but can not be extended holomorphically across p. (2) The unit open
ball |z| < 1 in C™ is a weak domain of holomorphy, because for every boundary point
p the function f,(z1,...,2,) = (1 — > P;2;)"" is holomorphic on the unit ball (because
| >_DP;2;] < 1 by the Cauchy-Schwarz inequality) but can not be extended holomorphi-
cally across p just because it blows up at p. More generally, every convex open D C C™ is
a weak domain of holomorphy. To show this assume p € 9D. By convexity find [Rud-FA,
3.4] a real-valued R-multilinear function I(z) = Re Y a;z; on C™ = R?*™ such that the
hyperplane [(z) = I(p) separates D and p in R*™, in the sense that [(z) < I(p) for all
z € D. Then (z1,...,2m) — (3 a;(z; — p;)) " is a holomorphic function on D that can
not be extended holomorphically across p just because it blows up at p. |

Example: ) ., 2%" is a holomorphic function on the unit disk of the complex plane
which can not be extended continuously, setting aside holomorphically, to any larger
open. This is because all but finitely many terms of the series equal 1 for every z which
is some 2™-th, m € N, roots of unity, and the set of such z is dense in the boundary
of the unit disk. Therefore the unit disk is a domain of holomorphy. More generally,
the so-called Hadamard’s gap theorem [Rud-RCA, 16.6] says that every power series of
the form ) ¢;2™ where n;i1 > rn; for some r > 1 and every j is holomorphic on the
unit disc and can not be extended holomorphically across any point of the unit circle.
Recall we showed in page 8 that every open subset of the complex plane is a domain of
holomorphy.

Example: In Theorem 14.(2) we showed that every open subset of the complex plane
is holomorphically convex.

Example: Typical example of opens which are not domains of holomorphy are Hartogs
H (Theorem 1) and Hartogs G\ K (Theorem 24).

Example: Consider the spherical shell D = {1 < |z| < 3} CC™ and K = {|z], = 2}.
If m =1 then f(@( p) = K by Runge’s approximation theorem because K adds no hole to
D. If m > 1 by Hartogs extension theorem every f € O(D) has holomorphic extension
to {|z]2 < 3}, so by the maximum principle {1 < |z]s < 2} C KO(D). In fact testing the
definition of holomorphically convex hull with all exp ) a;z;, a = (a;) € C™, shows that
Ko(py is contained in the usual convex hull of K, therefore Ko(py = {1 < |2|2 < 2}. This
shows that D is holomorphically convex only when m = 1.

Exercise: If D is the Hartogs H,, (Theorem 1), find the holomorphically convex hull
of K ={(#,3/4,...,3/4) € D : |z| =3/4} in D.

Exercise: (1) Show that {|z| < |22] < 1} C C? is a weak domain of holomorphy. (2)
Show that {0 < |z1| < |22] < 1} C C? is a weak domain of holomorphy. (Hint. Consider
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1/(z1 — exp(v/—160)22).)

Proof of Theorem /4. (1=2) This is the deepest part of the proof, and we need to
introduce a new concept. For an open polydisc P centered at the origin with multi-radii
r = (r,...,Tm), let dist,(a,dD) denote the P-distance of a € D to the boundary,
namely sup{t > 0:a+tP C D}. Note that the usual Euclidean distance dist(a,dD) =
sup{t > 0:a+tB C D}, B the unit open ball {|z]» < 1} around the origin, equals the
infimum of dist,(a, dD) over |r|y = 1, r; > 0. We now start the proof. Since K contains
K we have >, so assume by contradiction that this inequality is strict. It means that
there is a point a € K such that dist(a, dD) < 1 := dist(K,dD). The translation of these
Euclidean distance inequalities to polydisc ones is: there exists an open polydisc P around
the origin with multi-radii r = (r;), |r|2 = 1, such that dist,(a,0D) < n < dist,(z,0D)
for every z € K. The first part of this inequality says a +nP ¢ D, so we are done by
proving the assertion that the power series representation f(z) = > c.(z — a)® of an
arbitrary f € O(D) around a converges on a + nP. Since n < dist"(z,0D) for every
z € K, the closure L of K +tnP, 0 <t < 1, taken in C™ is a compact subset of D, so
we have the Cauchy estimate || f(¥|x < Cal/(tnr)®, C := || f||z, for the a-th complex
derivative of f. Since a € K we have |co| = |f®(a)|/o! < C/(tnr)*. By the Abel lemma
the power series Y ¢,(z — a)® converges on every a + t'tnP, 0 < t' < 1, hence on a + nP.

(2=3) Trivial.

(3<3') Assume (3). Let L; be an exhaustion of D by compacts [Lee, A.60]. Set
Ky = L. By the hypothesis K7 is compact, and it is a formal exercise to show that
K, = K. Assuming that Ki,..., K;_; has been defined, choose some n; > j such that

K;_y is contained in the interior of L,, and set K; := inj. Now assume (3'). Each

compact K of D is contained in some K, and then K C Kj = Kj.

(3'=4) Since p; do not accumulate, after passing to a subsequence of p; and a subse-
quence of K, we can assume p; € K; 1 \ K;. Inductively construct f; € O(D) with two
properties:

Ifillz; <279, 15l > 5+ D 1)l

k<j

Momentarily assuming this sequence of functions, the function f := ) f; converges
uniformly on compacts of D, so represents a holomorphic function on D. Furthermore,
lim | f(p;)| = oo because

F) = L) =D )l > =D 27 > -1,

k#j k>j

To construct f; first set f; = 0. Suppose fi,..., fj—1 is constructed. Since p; € K; =
Kj, by the very definition of the holomorphically convex hull there exists f; € O(D)
such that [f;(p;)| < | fillx;- Replacing f; by a suitable multiple of it we can assume
|fi(pj)] <1 < |fillx,- Replacing f; by a suitable positive integer power of it completes
the construction.

(4=-3) Trivial: If p; be a sequence of points of K which converges p € C™ then p € D
because otherwise the contradiction co = sup | f(p;)| < || fl|x < oo happens for f € O(D)
given in the statement of (4).
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(3'=5) We modify the proof (3'=4). Find a dense sequence g; of points in D such that
every term appears infinitely many times in the sequence. Let B; denote the largest open
ball centered at g; which is contained in D. Since B, is not contained in any compact
of D we can find a point p; in the nonempty (B; \ K,;) U K,, 41 for some integer n;.
The proof (3'=4) gives f € O(D) such that |f(p;)| — oo. This functions can not be
holomorphically extended across any part of the boundary, because otherwise |f| must
be bounded on the closure of some B;, but we know that this closure contains infinitely
many of pi,ps,.... Another proof. Choose an exhaustion of D by compacts K, and a
dense sequence (; of points in D. Since K ; is compactly supported in D one can find
z; € D\ K; which is closer to ¢; than D, and then f; € O(D) such that f;(z;) = 1 and
1 fillx, < 277, If needed refresh f; such that it is not identically 1 in any component of
D. The infinite product f :=[](1 — f;)? converges uniformly on compacts of D because
Y7279 < oo. (Recall that [](1 + g;) converges absolutely and uniformly if and only if a
tail of ) |g;| converges uniformly [Ahl, page 193].) Therefore f € O(D). Note that f is
not identically zero in any component of D. Also note that all derivatives of order less
than j of f vanish at z;. We assert that f € O(D) can not be holomorphically extended
across any point p in the boundary of D. If g is such an extension, find a subsequence
Cn; approaching p; then z,, — p, so all derivatives of g vanish at p, and this makes f
identically zero on some component of D.

(5=-1) Trivial. [ |

Remark 46 (Thullen’s lemma). (1) The proof (1=-2) above shows that, if an open
D C C™ is not a domain of holomorphy then there exist a point a € D and an open
polydisc P centered at a not contained in D such that the power series representation
around a of every holomorphic function on D converges throughout P. (2) The beautiful
argument used in the proof (1=-2) above is called Thullen’s lemma. The idea behind can
be described in words: The derivatives of a holomorphic function f € O(D) satisfy the
same bounds on K as on K, hence the power series of f centered around a point a € K
has the same domain of convergence as for points in K. (3) The proof of Thullen’s
lemma also gives the following generalization: Assume open D C C™, compact K C D,
a € KO(D), f,g € O(D), and open polydisc P C C™ around the origin with multi-
radii v. If dist,.(z,0D) > |g(z)| for all z € K then the power series representation of
f at a converges on the polydisc a + |g(a)|P. Here is the proof. We need to show that
£ @ (a)] < Ca!/(g(a)|tr)* for some C' > 0 and every 0 < t < 1. Since a € K and
f@glel € O(D) we reduce to showing | £ (2)| < Ca!/(|g(2)|tr)* for every z € K. But
this is Cauchy’s estimate for f € O(P,) on the open polydisc P, := z + |g(2)|tP C D, so
taking C' to be the maximum of |f| on the closure of | J,, P. works. [ |

The following corollary of Cartan-Thullen theorem lists some ways to get new domains
of holomorphy out of old, and provides a large collection of examples for domains of
holomorphy besides Example 45 and Theorem 48.

Corollary 47. (1) The class of domains of holomorphy is closed under finite products
as well as taking interiors of arbitrary intersections.

(2) Finite products of opens of the complex plane are domains of holomorphy.

(8) Let U C C™ be an open and let fi,. .., fi be finitely many holomorphic functions
on U. Then D = {z € U : |f;(2)] < 1,Yj} is a domain of holomorphy if either U
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is a domain of holomorphy or if the closure of D in C™ is contained in U. (If any
of these conditions happen then D is called a holomorphic polyhedron defined by
the frame fi,..., fi. Specially, if U = C™ and f; are polynomials then D is called a
polynomial polyhedron.)

(4) If F : D — C" is a holomorphic map defined on domain of holomorphy D C C™
then for any domain of holomorphy D' C C", the set of points z € D such that F(z) € D’
1s a domain of holomorphy.

(5) For any open B C R™ the set T = {z € C™ : Rez € B} (called the tube over base
B) is a domain of holomorphy if and only if all of its connected components are convet.

Proof. (1) For the first statement it suffices to show that for every finite list D; of holo-
morphically convex opens and every compacts K; C D;, the holomorphically convex hull
L of [[ K; is contained in [] K;. Assuming any point (z;) in L and any f; € O(D;),
since z € [[ D; mapped to f;(z;) is holomorphic it follows that | f;(2;)| < || f;||x;, hence
z; € K;. For the second statement assume a family {Dy} of holomorphically convex

domains whose intersection has nonempty interior D, and let K be a compact subset of
D. Since Kopy € Ko,y and C™\ D O C™ \ D, it follows that

0 :=dist (K,0D) = dist (K,C™ \ D) <dist (K,C™\ D,) =
dist (K, E)Da) = dist (K@(DQ), 8Da> S dist <K@(D), 6Da> .

Since this is true for every a we can deduce that dist(K@(D),ﬁD) > 0. The reverse
inequality is trivial.

(2) In Example 45 we showed that opens of the complex plane are weak domains of
holomorphy. Now use part (1).

(3) Let K C D be compact. We have

Koy € Kow) C{z € U :|f;(2)| < |l fllx < 1,¥j} C D.

If U is a domain of holomorphy then KO(U) is compact, and the inclusion above shows
that KO(Dl) is compactly supported in D. If D C U then the right hand side of the
inclusion )

Koy € {z € U:[f;(2)| <[l fillx < 1,95},

is compactly supported in D. Another proof. For any p € 0D some f; must be of modulus
1 at p, and then z — (f;(2) — f;(p))~" can not be extended holomorphically across p.
(4) Set Dp :={z € D : F(z) € D'}. Considering compact K C Dp and a sequence
p; of points in KO(DF) which converges to p € C™ we need to show that p € Dg. Since
K@( pr) © KO(D) and D is a domain of holomorphy we have p € D, so we are left to show
that F'(p) € D'. Since F(p;) — F(p) and D’ is a domain of holomorphy we need to show

L —

F(p;) € F(K)ppy- This is clear because for any f € O(D') we have

[F(E@ = 1(f o E)p)l < |1 o Fllix = [fllpa)-

(5) One can easily reduce to the case which B is connected. If B is convex then T is
convex, so a weak domain of holomorphy by Example 45. For the other direction Bochner
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[BM, page 90-102|[Hor, 2.5.10][Gun, volume I, page 20] proved the stronger statement
that holomorphic functions on T can be holomorphically extended to the tube over the
(linear) convex hull of B. Refer Example 63 for another proof. |

Exercise: Show that every domain of holomorphy D C C™ has an exhaustion by
compacts K; = ﬁj with each D; a holomorphic polyhedron defined by a frame of functions
holomorphic on D. (Hint. First show that any holomorphically convex compact K
of D has a neighborhood basis consisting of holomorphic polyhedra, namely for any
neighborhood U C C™ of K one can find a holomorphic polydehron sandwiched between
K and U.)

Theorem 48 (Characterization of domains of convergence). A complete Reinhardt do-
main i C™ is a domain of holomorphy if and only if it is the domain of convergence of
a power series if and only if it s logarithmically convex.

Proof. Let D C C™ be a complete Reinhardt domain. We already proved that the domain
of convergence of power series are logarithmically convex (page 44). If D is a domain
of holomorphy, assuming a holomorphic function f on D which can not be extended
holomorphically across any boundary point, the global power series representation of f
obtained in Theorem 41 has exactly D as its domain of convergence. (Note that D is com-
plete Reinhardt.) It remains to assume logarithmic convexity and deduce holomorphic
convexity because Cartan-Thullen says that holomorphically convex domain are domains
of holomorphy. Assuming an arbitrary compact K C D and a point p in the closure
in C™ of the holomorphically convex hull of K, we need to show that p € D. Since K
is compact it is contained in the union of open silhouettes of finitely many points in D
all their coordinates nonzero. Let F' denote the collection of these finitely many points.
Maybe after permuting the coordinate axes we can assume that pq,...,p, are the only
nonzero coordinates of p. By the very definition of the holomorphically convex hulls we
have |[[,<,<, P < maxcer | [[i<i<, ¢;] for all multi-indices. After taking logarithm

il il < il ils
D> cilog|pi| <max > ailog G

1<i<n 1<i<n

for all nonnegative integers «;, hence for all nonnegative reals «; by the density of rationals
in reals. In geometric terms this inequality says that the point (log |p;|) € R™ lies in the
convex hull of the set of all points (1;) € R™ such that n; < log|¢|, i = 1,...,n, for
some ( € F. Since the projection of D C C™ into the first n coordinates is complete
Reinhardt and logarithmically convex, there exists a point ¢ € D such that |p;| = |g;| for
every ¢ = 1,...,n. Therefore p lies in the closed silhouette of ¢, hence p € D. |

Example: {(21,2) € C* : max{|z|, |22|} < 1,min{|z|,|22|} < 1/2} is a complete
Reinhardt domain which is not holomorphically convex .

3.5 Some geometric conditions that domains of holo-
morphy must satisfy

Early investigators of SCV found several geometric properties satisfied by all domains
of holomorphy. We discuss some of them in this section. A deep fact, called Levi’s
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problem, says that these necessary conditions are also sufficient for opens satisfying
some mild smoothness condition on their boundary. We start this section by reviewing
some related differential geometry notions.

3.5.1 Preliminaries: Domains with smooth boundary, Complex
submanifolds of C™

Consider an open D C C™ and the usual identification C™ = R?*™ via z; = z;4++/— 12 .
We say D is of class C* at p € 9D, k € {1,...,00,w}, if there is a C* function r : U — R
defined on some neighborhood U C R?™ of p such that DNU = {x € U : r(x) < 0} and the
gradient dr does not vanish at p. (C“ stands for real analytic functions.) If so, r is called
a C* local defining function for D at p, and we have 9DNU = {x € U : r(z) = 0} and
U\D = {x €U :r(x) >0} If p is another defining function then it is straightforward
to show that r = fp where f is a positive-valued C*~! function [Ran, page 51]. After a
linear change of coordinates one can assume dr, = dz; (namely Or/0x;(p) equals 1 for
j = 1 and 0 otherwise.), so by the implicit function theorem we can find another defining
function of the form p(z) = x1—g(za, . . ., Tan) where g is a C* function satisfying dg, = 0.
Therefore, under the local change of coordinates (z1, ..., o) — (x1—g, T2, ..., Tay) the
open D is locally represented by {x; < 0}. In the definition of the local defining function
if U contains dD then r is called a C* global defining function for D, and D is said
to be of class C*. This happens exactly when 9D is an embedded C* submanifold of
R?™_ and we sometimes express this situation by saying that D has C* boundary. If
this happens then by the smooth partition of unity one can assume U = R*" [Ran, page
52]. Another fact which follows from the implicit function theorem is that if D is of class
Ck, ke {23,...,00}, then

() —dist(z,0D), z€ D
T = )
dist(z,0D), =ze€C™\ D

is a C* defining function on some neighborhood of the boundary [Foo][Gun, volume I,
page 139][Lee, pages 138-140]. (Example: (1) If D is the unit ball then dist(z,9D) is not
smooth at the origin; (2) The distance function for the C* curve y = |z|*/? in R? is not
C' at any point on the y-axis.)

To every boundary point p one can associate two real and complex tangent spaces
in the following way:

T,(0D) := {t c R*™

2m
or
drp(t) :== Z %(p)tj = } = Kerdr,,
j

or,(t) == i ﬁ(p)tj = 0} = Kerdr,

=1 82]'

T (D) := {t eCm

If one naturally considers R?™ = C™ as a complex vector space, then T f is the set of all
t € C™ such that t and v/—1¢ both belong to 7,,. This follows from the trivial observations
that dr is the real part of Or, and Or(t) is complex linear with respect to ¢:

dr(t) = Re(0r(t)), dr(v/—1t) = Re(dr(v/—1t)) = Re(v/—19r(t)) = —Im(9r(t)).
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In other words T;)C is the largest complex vector subspace of C™ that lives inside T),. It is
of complex dimension m — 1, so comes into the play only when m > 1.

Exercise: Show that the tangent spaces does not depend on the defining functions
used in their definition.

A subset M C C™ is called a k-dimensional (embedded) complex submanifold of
C™ if it satisfies any of the following equivalent conditions:

1. M can be locally holomorphically flattened in the sense that every point of M has
a neighborhood U C C™ and a biholomorphic map F' from some open V; x V5 of
C* x Cm~* to U such that M N U is given by the image of Vi x {0} * under F.
Equivalently, every point of M has a neighborhood U C C™ and a biholomorphic
map G from U to some open of C™ such that M N U is given by {z € U : G;(z) =
Ofor j=k+1,...,m}.

2. M can be locally holomorphically parametrized in the sense that every point p of
M has a neighborhood U C C™ and a holomorphic map f : V' — C™ defined on
some open V' C C* such that f(V) = M NU and the complex Jacobian of f is of
maximal rank k at a point in f~1(p).

3. M is given locally by independent holomorphic equations in the sense that every
point of M has a neighborhood U C C™ and a holomorphic function map g : U —
C™ % such that M NU is given by {z € U : g(z) = 0} and the complex Jacobian of
g is of maximal rank m — k at p.

The proof that these conditions are equivalent. We need the holomorphic version of the
classical implicit function theorem stated in Theorem 49. (1=-2,3) Trivial. (2=-1) After
permuting coordinates one can assume that the first k& rows 0f;/0z, j = 1,...,k, of
the complex Jacobian of f evaluated at p are independent. Consider the map F(z) :=
f(z1,...,21) + Zkg1€h1 + - + Zmen, defined on V x C™% C C™, where ¢, € C™ has
1 in [-th place and zero elsewhere. By the holomorphic inverse function theorem F' is a

local biholomorphism around (gq,0,...,0), and we have the first statement in (1) after
shrinking V. (3=2) After permuting coordinates one can assume that the last m — k
columns 0g/0z;, j = k +1,...,m, of the complex Jacobian of g evaluated at p are

independent. Consider the map G(z) := (z1,..., 2, g(2)) defined on U with values in
C™. By the holomorphic inverse function theorem G is a local biholomorphism around
p, and we have the second statement in (1) after shrinking U. |

Theorem 49 (Holomorphic inverse and implicit function theorems). (1) Assuming a
holomorphic map F : D — C™ defined on an open D C C™, if the mxm complex Jacobian
of F' is invertible at a point p € D then F is a biholomorphism on some neighborhood of
p. In words: w = F(z) is a holomorphic change of coordinates around p.

(2) Assuming the natural splitting C™™™ = C™ x C" coordinated by (z,w), a holomor-
phic function F : D — C" defined on some open of C™™™ and a point (p,q) € D such
that F(p,q) = 0, if the n x n complex Jacobian OF /0w is invertible at (p,q) then there
are neighborhoods U C C™ around p and V C C" around q such that for every z € U
there exists a unique w = f(z) € V such that F(z,w) = 0, and furthermore f : U — V is
holomorphic. In words: Locally around (p,q) the implicit equation F(z,w) = 0 is solved
explicitly by w = f(z) for some holomorphic function f.
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Proof. (1) Coordinate the domain and codomain of F' by w = F(2), w = (w;), z = (2;),
w; = uj ++v—1v;, z; = x; +/—1ly;. The Jacobian determinant of the real version of F,
(x,y) — (u,v), is related to the complex Jacobian determinant of F' via

det |:u£ Uy‘| = det |:uz _Um:| = det |:ux +’U _11}3: ot _1ux

Uy

Uy Uy Vp Uy

Uy + V —11):,; 0 _ — 9 _ )
det{ v - \/_—MJ = |det(uy + V=Tu,)|" = [det(w.) [,

so it is nonzero at z = p. By the classical inverse function theorem F' is locally a smooth
function with smooth inverse [Apo, 13.16][Rud-PMA, 9.24]. It remain to check that the
local inverse z = G(w) satisfies Cauchy-Riemann equations. Differentiating the identity
z = GF(z) with respect to z gives

O = Gng + G@F} = G@Fg

Since F'z being the conjugate of F, is invertible at p it follows that Gz = 0 at F(p).
(2) Apply (1) to (z,w) = (z, F(z,w)). u

For other proofs of the holomorphic implicit function theorem refer [KP, 2.3.1] (by
Cauchy majorant method) or [Gun, volume I, page 19] (by Rouche’s theorem and induc-
tion).

3.5.2 Condition I: Hartogs pseudoconvexity

Consider the following compact subsets of C™:
I''={]z| =0for j <m,|z,| <1} U{|zj| =0for j <m —1,|zm_1]| < 1,|2m| = 1},

f = {‘Zj| =0 fOI'j <m — 17 |Zm—1| S 17 |Zm| S 1}

Note that the two edges of I' are of real dimensions 2 and 3. By Hartogs extension
theorem (Theorem 1) every holomorphic function on I' can be holomorphically extended
to I'. Note that I is the holomorphically convex hull of I in C™, and equals I" only when
m = 1. The pair (T, f) is called the Hartogs frame in C™. Any biholomorphic image
of the Hartogs frame is called a Hartogs figure, namely a pair of compacts (I, f") in
C™ equipped with a biholomorphic map F : I' — [ such that F (T') =T". Clearly, every
Hartogs figure also satisfies Hartogs extension theorem.

Theorem 50. Every domain of holomorphy D C C™ is Hartogs pseudoconvex in the
sense that for every Hartogs figure (I, 1) in C™, if D contains I'" it should also contain
I.

Proof. By contradiction let (I, ") be a Hartogs figure such that I € D 2 I". By Hartogs
extension theorem, every function holomorphic on D can be extended holomorphically
across any point p € IV N dD. [ |
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Figure 3: D is not Hartogs pseudoconvex [Ran, page 50].

To motivate the next geometric property of domains of holomorphy, note that an open
D C R" is convex if and and only if dist(L,0D) = dist(0L,0D) for line segment L in
D. By a holomorphic disc S in D we mean the range of a D-valued continuous map
defined on the closed unit disc of the complex plane which is holomorphic on the open
unit disc. The image of the unit circle under the defining map is called the boundary of
S and denoted by 05.

Theorem 51. Every domain of holomorphy D C C™ has the property that dist(S,0D) =
dist(0S,0D) for every holomorphic disc S in D.

Proof. By the maximum principle S is contained in the holomorphically convex hull S
of S in D, so dist(S,0D) > dist(9S,0D). Combined with Cartan-Thullen we have
dist(S,0D) > dist(9S,0D). The other direction is trivial. [ |

3.5.3 Condition II: Convexity with respect to holomorphic curves

To motivate the second geometric property of domains of holomorphy, note that every
convex open subset D of R™ has the property that for any point p in the boundary of D
there is no line segment L containing p such that L\ {p} C D. Here is a holomorphic
analog of this observation:

Theorem 52. Every Hartogs pseudoconvexr open D C C™ with C boundary is convex
with respect to holomorphic curves in the sense that for any point p in the boundary
of D there is no complex one-dimensional manifold L containing p such that L\{p} C D.
(Therefore, by Theorem 50 every domain of holomorphy in C™ with C* boundary is convex
with respect to holomorphic curves.)

Proof. Set the trivial case m = 1 aside. Assuming that such an L exists we find a
Hartogs figure (F',f") such that I € D 2 I". Let r be a C* local defining function
around p. After a holomorphic change of coordinates one can assume that L is given
by {(21,0,...,0) : |z1] < 26} around p = 0. Next we are going to find a holomorphic
change of coordinates around p that simplifies r» without changing L. Since under a
holomorphic change of coordinates z = z(w) around p the components of Or transform
by 0r/0z; = 0w, /0z;0r /0w, it follows that by choosing any m x m invertible matrix
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Figure 4: Proof of Proposition 52 [Ran, page 54].

A with first row (1,0,...,0) and last row 19r(p)/9z;, the complex linear change of
coordinates z — Az does not change L but we can now assume dr, = dz,,. By the
implicit function theorem there is a neighborhood U C C™ of p such that

LNU={(2,0,...,0) €U :|z1| <26}, 7r(2)=2m— f(z1, -, Zm-1,Ym),

where x,, = Rezp, Ym = Imz,, and f is a C' function around p such that df, = 0. Note
that since (LN U) \ {p} C D it follows that r(21,0,...,0) < 0 for 0 < |z| < 20. For
positive parameter 1 > 0 consider:

Ki:={2€C":|z]| =6 |zm+n| <n,z=0for 1 <j<m},
Ky ={2e€C": |5 <d,2,=-n,,2z=0for 1 <j<m},
I:= K, UK,
IV={2€C™: |z| <6 |zm+n <nz=0frl<j<m}

Since 7 is continuous, taking 7 sufficiently small, K7, Ky, [ are contained in D N U, but
[V & D because it contains p. Finally note that the assignment

W 2, 2= 0Wy, Zm =MW, — 1, 2 =wj_forj=2...,m-1,

maps (I, I") biholomorphically to the Hartogs frame. [ |

3.5.4 Condition III: Levi pseudoconvexity

Consider open D C C™ with C? defining function r. As usual we identify C™ with
R?™ via z; = z; + \/—_1xj+m. It is intuitively clear that D is convex if and only if all
the principal curvatures of the boundary hypersurface D are nonnegative. (Proved in
[Hor-Conv, 2.1.28][Spi, volume III].) On the other hand it is famous [Tay, volume II,
page 564] that the principal curvatures of a hypersurface r = 0 at a point p are given by
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the eigenvalues of the expression Y. 9*r/0z;z,(p)t;tr as a quadratic form over tangent
vectors t.° Therefore, D is convex if and only if the real Hessian of r is nonnegative at
the boundary points with respect to the real tangent vectors, namely

2m 82

" (p)t;tr >0, VpedD Ve T,(0D).
‘ Oxjxy,
7,k=1
If the inequality is strict for ¢ € T,(0D) \ {0} then D is called strongly convex. Geo-
metrically this means that principal curvatures of the boundary are all strictly positive.
The open D is called Levi pseudoconvex if the complex Hessian (or the Levi form)
of r is nonnegative at the boundary points with respect to the complex tangent vectors,

namely
-3

7,k=1

If the inequality is strict for t € T ;C(@D) \ {0} then D is called strongly Levi pseu-
doconvex. Using local defining functions all these notions can be formulated for each
points on the boundary. Here are some facts:

p)tity >0, Vpe dD Vte T (dD).

e The notion of (strongly) Levi pseudoconvex does not depend on the defining function
used, because assuming another defining function fr where f is a smooth positive
function, by the chain rule

Ly(fr;t) = f(p)Lp(r;t) + 2Re (9fy(t), Ory(t)) ,  VE € C™,
where (a,b) = Y a;b; is the standard inner product on C™.

e The notion of (strongly) Levi pseudoconvex is invariant under biholomorphic maps.
This is because the implication

Zrzj‘tj =0= Zrzjzktjzk =z O’

under the holomorphic change of coordinates z = z(w) translates into

811)@ 8w5
era (9 erawﬁ t; A —t > 0,
which is Levi pseudoconvexity in w-coordinates with respect to the tangent vectors
t' = (), t, = > 0w, /0zt;. More conceptually, under a biholomorphic map F' defined

locally around p € 0D we have
Ory(t) = 9 (ro F) 0 (FG)), Lit) = Ligy (ro FLF()Y) . (3.13)

for all t € C™, where F” is the complex Jacobian matrix of F'.

SMore concretely, after translating and rotating coordinates we can assume p is the origin, x; = 0 is
the tangent space at p, and r = 0 is given locally by 1 = f(xa,...,%2,). Then the principal curvatures
are the eigenvalues of 3, ; o, 02 f/0z 1 (p)t;ty as a quadratic form over ¢ € R*™ 1,
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e Convexity implies Levi pseudoconvexity. This is also true for the strong version. Here
is the reason. By the chain rule the real and complex Hessians are related by

2m m 82 m
E 8 d:z:'jdxk =2 E 5 ——dz;dz, +2Re E 8 dzjdzk , (3.14)
Xk k: 1 Zj Zk ZjZk
g
vV vV
real Hessian R(r;dx) complex Hessian L(r;dz) holomorphic quadratic Q(r;dz)

where dz; = dx; + +/—1dz4,,. Convexity means R is nonnegative at boundary points
p with respect to real tangent vectors dx € T),. If this happens then for any complex
tangent vectors dz € Ty, since dz and v/—1dz both belong to T}, it follows that 2L +
2Re@ and 2L — 2Re( are both nonnegative, so 2L > 0.

Note that based on the representation (3.14) the Taylor expansion of r around the
point p is given by

r(z) = r(p) + 2Re(0ry(t — p)) + ReQy(rit —p) + Ly(r;t — p) + 0 (]2 — pl3) -

Theorem 53. Every C? open D C C™ which is convex with respect to holomorphic
curves is Levi pseudoconvez. (Therefore, by Theorem 52 every domain of holomorphy in
C™ with C? boundary is Levi pseudoconver.)

Proof. By contraction let r(z) be a C? local defining function around the boundary point
p = 0 such that the complex Hessian L,(r;t) is negative for some complex tangent vector
t € Kerdr,. Since Or(t) and L(r;t) transform similarly under holomorphic change of
coordinates (equations (3.13) above), after a complex linear change of coordinates around
p one can assume that

, or O*r

t=1(1,0,...,0) or equivalently (9_z1(p) =0and A := =
We are going to find another holomorphic change of coordinates around p that simplifies
r without changing (3.15). Since under a holomorphic change of coordinates z = z(w)
around p the components of Or transform by 0r/0z; = Ow,/0z;0r/0w,, it follows that
by choosing any m x m invertible matrix A with first row (1,0,...,0) and second row
Or(p)/0z;, the complex linear change of coordinates z — Az does not change (3.15) but
we can now assume

(p) >0.  (3.15)

ory, = dz.
By the Taylor theorem (also recall (3.14))

’I“(Zl, 22,0, e ,O) = 2RGC—A|21‘2+O (|21H22| + ‘22’2) +o0 (|Zl|2 + |ZQ|2) s (Zl, ZQ) — <0,0)7

where ¢ = ((z1,22) = 22 + 2Q(r; (21, 22, ...,0)) is the sum of z5 with the holomorphic
quadratic appearing in the real Hessian of r. Since 9(/0z3(0) = 1 is nonzero the holo-
morphic implicit function theorem says that the equation ( = 0 describes around p a
holomorphic curve L parametrized by a holomorphic function z3 = 2z3(z;). On this curve

2y equals a quadratic expression in terms of z; and 2, so 7(z) = —A|z1|? + 0(|z1|*) and z;
never vanishes on L \ {p} maybe after shrinking L. This implies r(z) < 0 on L, namely
L\{p} € D. |
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Exercise: Consider the open

D::{ZGCm

Z\z |pﬁ—1<o}

where p; > 2 are constants. (1) Show that D is Levi pseudoconvex. (2) Find the points
on the boundary of @D which are not strongly Levi pseudoconvex.

3.5.5 Condition IV: Existence of complete Kahler metrics

Theorem 54. (1) Every domain of holomorphy D C C™ has a real analytic strictly
plurisubharmonic exhaustion function”. (2) Every domain of holomorphy D C C™ has a
complete real analytic Kdhler metric.

Proof. The argument is a variation of the proof (3=-4) in Cartan-Thullen. Exhaust D
by holomorphically convex compacts K. Since D is holomorphically convex and 0K

is compact one can find finitely many holomorphic functions fji,. .., fjx, on D such that
| firllx, <1 <|fjx(2)| for z € OK;;1. Raising to appropriate positive integer powers one
can assume that F; := 3 | f;x|? satisfies ||F}||x, < 277 and [Fji(z)| > j for z € 9K
We assert that F' := > F; = > |f;x]? is a real analytic plurisubharmonic exhaustion
function for D. To see this consider the polarization F(z,w) := > fix(2)fjx(@) of F
on D' = {(z,w) € C" x C™ : z,w € D}. By the Cauchy-Schwarz inequality the
infinite series defining F converges uniformly on compacts, so F is holomorphic on D',
hence F(z) = F(z,%) is real analytic. The complex Hessian of F is given by L(F;t) =
S0, 0fk/0zti?, so F is plurisubharmonic. Therefore ¢ := F + |z|3 works as our
desired function.

(2) Since ¢ (constructed in the previous part) is real analytic and strictly plurisub-
harmonic so it works as a (global) Kéhler potential, namely h,5 := 0*p/02,0Z5 gives a
Kéhler metric h = ) h.zdzadzg. To prove the completeness of the metric we show that
the length of a smooth curve ~ : [0,00) — D, v(t) — 0D, measured with respect to the
metric h is infinity. The length of v equals

2
af]k dr}/cx d’}/a
‘Z Dz, dt | +‘2&: a )

2

dt,

so is no smaller than

I

"A function f : U — C defined on an open U C R™ is called real analytic if for every £ € U there
exists a power series ) | ym 0o (2 —&)* absolutely convergent on some nonempty neighborhood of x and
the values of the power series coincides with f(z). Equivalently, f € C°°(U) and for every £ € U there
exists C, R > 0 and neighborhood £ € V' C R™ such that |f(o‘)| < Ca!R~1®l on V for all multi-index
a € N™. Embedding R™ into C™ by x + z + /—10, it can be shown that there is a neighborhood D of
U in C™ and a holomorphic function F on D, called the complexification of f, such that f(z) = F(x)
for all € U. For their basic properties refer [BM, pages 33-35]. A C? function f : D — C™ defined on
an open D C C™ is called strictly plurisubharmonic if its complex Hessian > 0% f/0z;0zy(2)t,t), is
strictly positive for every z € D and t € C™ \ {0}.

af]k d")/a( )
0z, dt

dt > | fjx 0 v(c0) = fix 0 7(0)].

29



This latter quantity can be made infinitely large by choosing sufficiently large j, and
picking that f;, which makes the largest contribution in the summation F; = Y |f;x|>. W

There are many opens in C™ which are not domains of holomorphy but carry real
analytic complete Kéahler metrics, for example this happens if one deletes a complex
submanifold from a domain of holomorphy. However we prove later (Theorem 88) that
any C' open in C™ which carries a complete smooth Kahler metric is necessarily a domain
of holomorphy. For references refer [JP, section 1.19].

3.6 Pseudoconvexity

We have seen several times so far that being a domain of holomorphy has something
to do with “convexity” (Theorems 44, 52, 53, Example 45). Cartan-Thullen theorem
characterizes domains of holomorphy by convexity with respect to the absolute values of
holomorphic functions. A simple application of the Cauchy integral formula shows that
the absolute value of a holomorphic function of one complex variable satisfies the sub-
mean value property: |f(z)] < f\C—ZIZe |f(€)|du(¢), where p is the normalized Lebesgue
measure on the circle |( — z| = e. This property defines subharmonic functions. Since the
restriction of holomorphic functions of several variables to any complex line is a holomor-
phic function of one variable, it follows that the absolute values of holomorphic functions
of several variables satisfy the submean value property when restricted to complex lines.
This property defines plurisubharmonic functions. They are more flexible to work with
compared to the more rigid notion of holomorphic functions. A deep fact is that domains
of holomorphy are exactly those opens which are convex with respect to plurisubhar-
monic functions (Theorems 58 and 70 combined). This property defines pseudoconvex
opens, and gives a geometric characterization of domains of holomorphy as exactly those
opens of C™ which satisfy the property mentioned Theorem 51. Here is the fundamental
analogy to have in mind:

The real analysis interaction between convex opens and linear functions is in
analogy with the complex analysis interaction between pseudoconvexr opens and
plurisubharmonic functions.

We will start this section by reviewing basic properties of subharmonic functions.

3.6.1 Subharmonic functions

The theory of subharmonic functions is an important chapter in function theory [HK],
with numerous applications to potential theory (namely solving the Dirichlet, Neumann,
etc. boundary value problems associated to Au = f) [Ahl, chapter 6][Con, chapter 10,
19,21][AG][Helm][Med], complex analysis [Oka][Hor-Conv] and operator theory [Bro]. We
recall some familiar notions to motivate their definition. Harmonic functions on R™ are
C? solutions of the Laplace equation ) 9°h/dz3 = 0, or equivalently [Ahl, page 242][AD,
C.5.3] (or the proof of Remark 57) continuous functions satisfying the mean value prop-
erty: h(z) = f‘yfmzr h(y)dS(y) for any r > 0 where dS is the normalized Riemannian
surface element on the sphere of radius r around . When n = 1 harmonic functions are
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nothing but linear functions x — ax + b, and convex functions are those which on each
interval are everywhere below the line connecting the end points. Substituting “linear
functions” in the definition of convex functions with “harmonic functions” leads to the
notion of subharmonic functions, although there are some extra technicalities in order to
have a richer theory.

Exercise: Prove that a function f : R — R is convex (in the sense that f(\z; +
Xoo) < Ay f(z1) + Ao f (z2) for any z1,x2 € R and any nonnegative Aj, Ao € R satisfying
A1+ Ay = 1) if and only if sup, (f — L) = supyx (f — L) for any compact interval K C R
and any affine linear function L(z) = ax +b, a,b € R. (Hint. The second condition needs
only be checked for linear functions L satisfying L = f — C' on 0K for constants C'.)

An upper semicontinuous function f : D — [—o00,00) defined® on an open D C C is
called subharmonic if it satisfies any of the following equivalent properties:

1. f minus every harmonic function satisfies the weak maximum principle in the
sense that for every compact K C D and function A continuous on K and harmonic
in the interior of K such that f < h on 0K we have f < h on K.

2. For every compact disc X' C D and holomorphic polynomial P € C[z] such that
f < ReP on 0K we have f < ReP at the center of K.

3. f has the strong submean value property in the sense that for every a € D
and 0 < r < dist(a,dD) we have f(a) < M,(f;r), where

Mo(fir) = /O " (at ey L

4. f has the weak submean value property in the sense that every a € D has
ro, > 0 such that for every 0 < r < r, we have f(a) < M,(f;r).

5. f minus every harmonic function satisfies the strong maximum principle in the
sense that for every harmonic function h on open disc D’ C D the function f — h
can not have a local maximum unless being constant.

The proof that these conditions are equivalent. (1=2) Trivial.

(2=3) Fix a and r as in the statement of (2), and let K denote the closed disc of radius
r centered at a. Since the integral of an upper semicontinuous function on a compact
(in our case the integral of f on JK) equals the infimum of the integral of its continuous
majorants, it suffices to show that f(a) < f@K F for any continuous function F' on 0K

8Upper semicontinuity (USC) means {z € D : f(z) < c} is open for every ¢ € R. Equivalently,
limsup,_,, < f(a). For example the characteristic functions of closed subsets are USC. Here are some
standard facts about them: (1) The pointwise infimum of families of USC functions is USC. (2) An USC
function is bounded above on every compact and achieve its supremum there; (3) An USC function which
is bounded above is the pointwise limit of a sequence of decreasing continuous functions [AG, 3.2.1]. (4)
The integral of an USC function with respect to a regular Borel measure on a compact K C C is given
by the infimum of the integral of its continuous majorants on K [Fol, 7.13]. Notice that (4) follows from
(2) and (3) via Lebesgue’s monotone convergence theorem. Exercise: Find a family of USC functions
whose pointwise is everywhere finite but not USC.
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such that f < F on 0K. (Here the integral is with respect to the normalized Lebesgue
measure on the circle 0K.) After replacing F' by its Poisson extension we can assume
that F' is continuous on K and harmonic on the interior of K [Ahl, page 169]. Consider
the one-parameter family of functions Fy(z) := F(a+t(z —a)), 0 <t < 1. (Without loss
of generality one can assume a is the origin; then Fy(z) = F(tz) is obtained simply by a
dilation in F'.) Each F} is harmonic on a neighborhood K and converges uniformly to F'
on K ast — 1—. Each F; is the real part of a holomorphic function, so by truncating
the Taylor series of holomorphic functions we can find for every ¢ > 0 a holomorphic
polynomial P such that ||[F'— ReP||x <e. Since f < Re(P +¢) on 0K the hypothesis in
(2) gives
fla) < Re(Pla) +6) = |
0K
Since € > 0 was arbitrary it follows that f(a) < [, F.

(3=4) Trivial.

(4=5) g := f — h is upper semicontinuous and satisfies the submean value property,
and every such function satisfies the strong maximum principle according to the proof of
Theorem 11.

(5=1) The maximum M of f — h on K must be attained at some point on the
boundary (otherwise f — h is constant), however M < 0 by the hypothesis in (1). This
means f < h on K. [ |

(ReP+e)§/ F + 2e.
0K

A C? function f : D — (—o00,00) defined on an open D C C is called strictly
subharmonic if the Laplacian A f is strictly positive at every point of D.

Theorem 55 (First properties of subharmonic functions). (0) If f is subharmonic on D
then limsup,_,, f(2) = f(a) for every a € D.

(1) The pointwise supremum of a family of subharmonic functions is subharmonic if
it is upper semicontinuous. Specially this is the case if the family is finite.

(2) The limit of a decreasing sequence of subharmonic functions is subharmonic.

(8) Subharmonicity is a local property in the sense that a function is subharmonic if
and only if it is such on a neighborhood of every point.

(4) Subharmonicity is preserved under finite summation and multiplication by non-
negative real constants.

(5) If f is holomorphic on open D C C then log |f| and |f|*, o > 0, are subharmonic
on D if one sets log0 := —oo. More generally, if [ is subharmonic on D and ¢ 1is
convex and increasing on R then ¢ o f is subharmonic on D, where we set p(—o0) :=
limy oo ().

(6) Let f be a subharmonic function on connected open D C C which is not identi-
cally —oco. Then f is integrable on every compact subset of D. Specially, f~(—oc) has
Lebesgue measure zero.

(7) Set
Ao(fir) = fla+2)du(z),
(f57) /|z—a|<r ( ) dp(z)

where p is the normalized Lebesgue measure on the disc |z—a| < r. If f is subharmonic on
a neighborhood of a € C then both M, (f;r) and A.(f;r) decrease to f(a) asr decreases
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to 0.

(7) Two subharmonic functions which are equal almost everywhere with respect to the
Lebesgue measure are equal everywhere.

(8; Regularization) Every subharmonic function is the pointwise limit of a decreasing
sequence of smooth subharmonic functions on compacts. More precisely, let f be a sub-
harmonic function on open D C C which is not identically —oco on any component of D.
Choose a radial nonnegative smooth bump function 1) compactly supported in the open unit
disc and normalized to have integral 1 (for example, ¥(z/2) = Cexp (1/(|z|* = 1)) 1{2j<1})
and consider the approximate identity v (z2) := e 21 (z/¢). Then the mollification

fe(z) == fxt)(z /f Ye(z — 2)du(Z"), z€ D.:={z€ D :dist(z,0D) > €},

is a finite-valued smooth plurisubharmonic function on D, and f.(z) decreases to f(z) as
€ — O for every z € D. Here p is the Lebesque measure on C. Also, u.(2) := €|z]* +
fD Npe(z—2")dp(2") is a finite-valued smooth function on D, strictly plurisubharmonic
on DC, ue > us on Ds if 0 < €, and u.(z) — f(2) as € = 0 for every z € D. If f is also
continuous on D then both convergences is uniform on compact subsets of D.

(9) A C? function f is subharmonic on D C C if and only if its Laplacian Af =
fax + fyy = 4fz is nonnegative on D.

(9) A function f : D — [—o00,00) defined on a connected open D C C which is not
identically —oo is subharmonic if and only if it is locally integrable and Af > 0 in the
distributional sense namely fD fApdu > 0 for the Lebesque measure 1 on C and every
nonnegative smooth function ¢ compactly supported in D. In the only if case in fact there
1s a unique subharmonic function on D which equals f almost everywhere.

(10) Subharmonicity is preserved under composition with holomorphic maps.

Proof. (0) < is by upper semicontinuity. If this inequality is strict then f(z) < f(a) on
some deleted neighborhood of a. This contradicts the weak submean value property.

(1) Trivial from the definition.

(2) The limit function f is upper semicontinuous because {f < ¢} = J{f; < ¢} is
open. Let h be a continuous function on compact K C D which is harmonic on the
interior of K and majorizes f on OK. Fix an arbitrary ¢ > 0. Since 0K is compact
some f; is majorized by h 4+ € on 0K, hence also on K. Then f is majorized by h + €
on K. Alternative argument. Since upper semicontinuous functions are bounded above
on compacts one can find a common upper bound for all f; on a compact disc K C D,
and then Lebesgue monotone convergence theorem (or Fatou’s lemma) is applicable to
deduce the submean value property of f from that of f;.

(3,4) Immediate from the last two definitions of subharmonicity.

(5) If log | f| is majorized on the boundary 0K of a compact K C D by the real part of
a holomorphic polynomial P then |fexp(—P)| <1 on 0K, so the same inequality holds
on K by the maximum modulus principle for holomorphic functions. Another argument.
If f is not zero at a € D then log|f| is locally around a the real part of the holomorphic
function log f, so it is harmonic. At the points where f vanishes the submean value
property trivially holds. This shows that log|f| is subharmonic. That |f| satisfies the
submean value property is immediate from the Cauchy integral formula. If f is not zero
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at a € D then f can be expressed as ¢g'/® for some holomorphic function around a, so

lg| = |f*| = | f|* is subharmonic. Another argument. Since | f|* = exp(alog|f]) it suffices
to prove the last statement about subharmonicity of compositions with increasing convex
functions ¢. Convex functions ¢ satisfy the Jensen inequality ¢( [ ¥ 9dp) < S < P ogdu
for every probability space (X, u) and real-valued L' function g on X. The proof of
this inequality is just one line: for every ¢ty € R find a slope s € R such that ¢(t) >
©(to) + s(t — to), set ¢t := g(x), integrate, and set to := [ gdu. Q.E.D. For every a € D
and 0 < r < dist(a, 0D) we have ¢(f(a)) < p(M.(f;7)) < My(po f;r), so go f has the
strong submean value property. It is also upper semicontinuous because convex functions
(on open intervals) are continuous [Rud-RCA; 3.2].

(6) Note that if f(a) # —oo for some a € D then by the submean value property f is
integrable on every compact disc around a which is contained in D. Therefore the set S
of points in D such that f in integrable on some compact disc around them is nonempty
S is clearly open. To show that S is closed assume a € D \ S and find a compact
disc @ + A around a which is contained in D. For every b € a + A/2, since b + A/2
is a compact disc around a which is contained in D by our initial notice f(b) = —oc.
Therefore a4+ A/2 C D\ S. This shows that S is both open and closed, so S = D. Since
every compact K C D can be covered by finitely many compact discs so f is integrable
on K. If f~!(—o0) is not null then by the interior regularity of the Lebesgue measure
some compact subset K of it is not null. But then f is not integrable on K.

(7) Fix 0 < r < ry < dist(a,0D), and let K be the compact disc around around
a of radius 5. Since the integral of an upper semicontinuous function on a compact
equals the infimum of the integral of its continuous majorants, it suffices to show that
M. (f;r1) < My (F;ry) for every continuous function F' on 0K which majorizes f. After
replacing F' by its Poisson extension we can assume that F' is continuous on K and
harmonic on the interior of K. F majorizes f on K because f is subharmonic. Therefore
Mo(fir1) < Mo(F;r1) = F(a) = My (F;1a). This proves monotonicity. The submean
value property of f combined with its upper semicontinuity shows that for every ¢ > 0
we have f(a) < Mu(f;r) < f(a) + ¢ for sufficiently small r, therefore M,(f;r) = f(a)
as r — 0+. The analog statements for A are proved similarly.

(7") Immediate from f(a) = lim, . A.(f;7) proved in (7).

(8) We start by developing some intuition about approximate identity and mollifica-
tion. 1 is a radial bump of area 1 centered at the origin. Accordingly, v, is a family
of radial bumps of area 1 centered at the origin which becomes sharper and sharper as
€ — 0. In the sense of distributions, 1. approaches the idealized bump namely the Dirac
unit mass (impulse) distribution §(z) at the origin [Fol, 9.1]. The characteristic property
of the Dirac distribution is that it is the identity element of the convolution operation
namely f*¢6 = f. Intuitively, the process of convolving data f with approximate identity
1. generates a family of nice smooth functions f, which “converges” f in some sense. Since
1 is nonnegative and with area 1 it follows that the mollification f % ¢ = [ fibe/ [ 9. is
an averaging process, and the big intuition is that: Averaging fizes disorders. We now
start the proof. The mollification

f2) = Frdu(z) = / (e 20((= — 2)fe)dp(2)

is a finite-valued smooth function on D, because for every z € D, the integration is
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actually on a compact disc in D and we know from (6) that f is locally integrable on D.
The representation

:iﬂf@—eA¢@mmwv (3.16)

shows that f. has the submean value property on D, because for z € D, and r > 0
sufficiently small we have

/fe z+ rere //f z4reV 10— ez’> w(z’)gdu(z’) >

/f@—faw@mmuvzﬂuy

Decomposing the Lebesgue measure into radial and angular parts gives the representation

/ w(r)M,(f;er)2ndr, z € D.. (3.17)

This representation combined with (7) shows that f. majorizes f and decreases as € — 0+.
This combined with the upper semicontinuity of f shows that for every z € D and § > 0
we have f(z) < fo((z) < f(2) + 6 for sufficiently small ¢, therefore f.(z) — f(z). The
assertions about u, is proved similarly.

(9) If g := f — h, for some harmonic function h, has a local maximum at a € D
then the Taylor expansion of g around a shows that the real Hessian R,(g;t) = gpot? +
29, t1ta + gyt of g at a is identically zero or negative definite, therefore Ag = Af <0
at a. This argument shows that if Af > 0 on D then f is subharmonic. If Af > 0
on D then f; := f + j 2% is a decreasing sequence of subharmonic functions (because
Af; = Af +2571 > 0), so f = lim f; is also subharmonic. For the other direction
suppose f is subharmonic but Af < 0 at some a € D. By continuity Af < 0 on some
neighborhood U C C of a. By the previous argument — f is subharmonic on U. Since f
is already subharmonic we deduce that f satisfies the mean value property on U, hence
harmonic, so the contradiction Af = 0 on U. Another argument. Fix f € C*(D), a € D,
and consider M, (f;r) = 027r fla + rexp(v/=1)0)d0 /27 for 0 < r < dist(a,dD). By
Stokes’ theorem we have

dMu(f;r) 1 of of - drdy
dr B 27rr/z al=r 8x( 2o + 8_y< 2y = /|Za|<r A1) 27r
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where z = a + rexp(v/—10) = = + v/—1y. Since M,(f;0) = f(a) it follows that

M(f: / / d:pdydp
’ elo,0] J|o— a\<p 2mp

From this formula we can deduce that Af(a) > 0 if and only if the submean value
inequality f(a) < M,(f;r) holds for sufficiently small positive r. Yet another argument.
Since the Laplacian Af is given by r=2(rf,.), + fae in polar coordinates it follows

% <r—dM2§f;T)) / 2Af <a+7°e‘ﬁ9> ;li 0.

Therefore, rd M, (f;r)/dr is an increasing function of r. Since this latter function tends
toOasr — 0it follows that M, (f;r) is an increasing function of r, and we get the same
result as before.

(9') First of all note that doing integration by parts twice shows that [ pJAp =
[ eAf for every f e C*(D) and ¢ € C°(D), so (9) is a generalization of (9). Only if
part. For every 0 < r < dist(Suppy, D) we have

do

e < [ 1 (e ) )2, sec

Here we are extending by zero wherever the argument of f exist D. Integration against
Lebesgue measure gives

[ ([ o(z=re™) 22 - o2)) dute) 20

A straightforward computation shows that the Taylor expansion of the left hand side
equals 1 [ fA@du(z)r* + O(r®) as 1 — 0+, and the result follows. If part. We use
the setting of the proof of (8). Just because f is locally integrable f. converges f in
Li..(D) [Fol, 8.14]. Since Af > 0 in the distributional sense it follows that Af. > 0
in the distributional sense, so integration by parts shows that Af. > 0 in the usual
sense, hence f is subharmonic by (9). As in the proof of (8) the subharmonicity of f.
implies that (f.)s = fo M( fe;0r)2mdr decreases pointwisely to f. as 6 — 0+. Since
(f)s=1f *z/;e * 1/)5 (fs)e 1t follows that f. decreases pointwisely as € — 0+ to some limit
function g, which is subharmonic by (2). Since f. — f in L{ _ it follows that f = g almost
everywhere on D. The uniqueness assertion comes from (7') but we give another proof.
If f equals almost everywhere to two subharmonic functions F and G then F = lim F,
equals G = lim G, because F, = G.,.

(10) For smooth subharmonic functions the assertion is immediate from the nonneg-
ative Laplacian criterion in (7). The general case is immediate from this special case
applied to a regularization. |

Exercise: Directly prove that a continuous function f : D — R defined on an open
D C C is subharmonic if and only if f is majorized on every compact disc K C D by the
Poisson extension of f|gx-.
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Example: Consider f(z) := » ..,277log|z — 1/j| for = € C. Note that f is —oo
at z = 1/j and finite elsewhere. f is subharmonic on the unit disc because for every
|z| < 1 all but finitely many summands are negative and f is the decreasing limit of its
subharmonic partial sums. f is discontinuous at the origin. ¢ := exp(f) is an example
of a non-continuous subharmonic function with finite values. One can check that f is
subharmonic on C.

Example 56. The function f(z) := —logdist(z,0D) is subharmonic for every open
D C C. Here is the reason. If D = C then then f is identically —oo, so assume D # C.
Then 0D is nonempty and f is finite-valued. For any z,w € D and { € D we have

dist(z,0D) < dist(z, () < dist(z,w) + dist(w, ¢) < dist(z,w) + dist(w, dD),

which implies the continuity of f. On the other hand f(z) = sup;csp —log |z — (| is the
pointwise supremum of harmonic (hence subharmonic) functions. The same argument
shows that ¢(dist(z,0D)) is also subharmonic for every decreasing convex function ¢ :
R — R. |

Remark 57 (Weyl’s lemma). As another application of mollification we show: A locally
integrable function f € Li.(D) on open D C C™ satisfying the distributional Cauchy-
Riemann equations is holomorphic after correction on a null set (page 7). Recall the
setting of the proof of Theorem 55.(8,9'), where now ¢ is a radial nonnegative smooth
bump function compactly supported in the open unit ball of C™ and normalized to have
integral 1. The mollification f. = f %, is smooth in D, and satisfies the usual Cauchy-
Riemann equations just because f satisfies the distributional Cauchy-Riemann equations:

ofe. B
82] azj/f ?ﬁeZ—ZdM /f a_we ) ( >_O

Bochner-Martinelli integral formula (Theorem 33) together with Theorem 32 shows that
holomorphic functions (in our case f.) satisfy the mean value property: Their value at a
point equal their average on spheres centered at that point. This combined with the fact
that ¢ is radial implies that (f.)s = fe on Deys. Since (fo)s = (fs)e anyway it follows that
fe = fs on Ds. Since f. — fin Li_ it follows that f = f. almost everywhere on D,.
Other arguments. Note that it suffices to show that f is C?, because then integration by
parts shows that f satisfies the usual Cauchy-Riemann equations. Here are several ways
to prove that f € C?: (1) Theorem 77.(2) combined with Theorem 76.(3). (2) Since each
differential operator 0/0%; is elliptic the smoothness of f is a special case of the “interior
regularity of linear elliptic equations” proved in [Rud-FA, 8.12][Fol, 8.14][Jos, 23.7,23.11]
or every standard PDE textbook [Tay, volume I, page 442][Fol-PDE, 6.34|[Hor-PDE,
4.1.7][Eva, 6.3.1][Bre, 9.25][Jos-PDE, 9.3.2]. [ |

3.6.2 Plurisubharmonic functions

Here is an important generalization of subharmonic functions to SCV first introduced by
Oka under the name of pseudoconvex functions in order to solve Levi’s problem [Nog,
page 300]. An upper semicontinuous function f : D — [—00, 00) defined on open D C C™
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is called plurisubharmonic if each of its slices on complex lines are subharmonic, namely
for any z,w € C™ the function A — f(z 4+ wA) is subharmonic in the part of C where it
is defined.

Example: The function — log dist(z, D) is not plurisubharmonic for D = C*\{(0,0)},
because on the complex line passing through a = (1,0) with direction b = (0,1) the
function equals —log /1 + |A|?, which has a local maximum at A = 0.

Exercise: Show that if f is holomorphic in a connected open D C C™ which is not
identically zero then the analytic variety V = {z € D : f(z) = 0} defined by f is null
with respect to the 2m-dimensional Lebesgue measure. (Hint. First write D as a union
of countably many open balls centered at the points of V', and then use submean value
property of log | f|.)

All the properties of subharmonic functions in Theorem 55 inherit to plurisubharmonic
functions. Proofs are similar, but have the following notes in mind:

e About (0,6,7): Since the Lebesgue measure is rotation-invariant it follows that a
plurisubharmonic function f : D — C™ is subharmonic as a function on D C R?*™
in the sense that it is upper semicontinuous and satisfies the submean value property:
For every a € D and sufficiently small » > 0 we have:

do
/ Fla+2)du(z / / a+zef9)2 du(z) > f(a)
|z—al2<r |z—al2<r J 6€[0,27]

where 1 is normalized the Lebesgue measure on |z — aly < 7.

e About (7): M,(f;r) and A,(f;r) are now averages over the sphere |z—al, = r and the
ball |z — als < 7 respectively. In the proof one needs to consider the Poisson extension
operator of the unit ball in R*™ given by the kernel (2|3 —|z|3)/(]2’ — 2|3) [AG, section
1.3).

e About (8): ® is now a radial nonnegative smooth bump function compactly supported
in the open unit ball of C™ and normalized to have integral 1. The approximate
identity is ¥.(z) = e ?™(z/€) whose integral is 1. If f is plurisubharmonic then the
mollification f. = f 1), satisfies the the submean value property on each complex line
(hence plurisubharmonic) because for every z € D., w € C™ and r > 0 sufficiently
small we have:

/f z+wre‘ﬁ0 //f z+wrer9 z/>1p( );l—ed,u( ">

/ f (2= ) )du() = fu(2).

That f. majorizes f and decreases as € — 0 is immediate from the following represen-
tation:
2 T de
/f z—€2) // z—e€e z) 5 — (2" )du(Z").
T
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e About (9): The statement is now: A function f € C*(D) on open D C C™ is plurisub-
harmonic if and only if the complex Hessian of [ is positive semidefinite with respect

to all complex vectors. 1t is proved by applying the corresponding Laplacian criterion
for subharmonicity to the formula 92 f(z + w)/ONOX = L, yur(f;w).

e About (9'): The statement is now: A function f : D — [—00,00) defined on a connected
open D C C™ which is not identically —oo is plurisubharmonic if and only if it s
locally integrable and [, f(z)L.(¢;t)du(z) > 0 for the Lebesque measure p on C™,
every t € C™ and every nonnegative smooth function @ compactly supported in D.

A C? function f : D — R on open D C C™ whose complex Hessian is positive definite

with respect to all complex vectors is called strictly plurisubharmonic. Examples are
> 1202, 32 |Rez;|? and Y [Imz;|* on C™.

3.6.3 Pseudoconvex domains

Theorem 58 (Hartogs-Oka). For every open D C C™ the followings are equivalent:

(1) D has a continuous plurisubharmonic exhaustion® function.

(1') D has a smooth strictly plurisubharmonic exhaustion function.

(1") D has a real analytic strictly plurisubharmonic exhaustion function.

(1") D has a plurisubharmonic exhaustion function.

(2) D is plurisubharmonic convex in the sense that for every compact K C D
its plurisubharmonic convex hull RPS(D) ={z € D : f(z) <supy f,Vf € PS(D)} is
compactly supported in D.'°

(8) D satisfies the continuity principle in the sense that if the union of the bound-
aries of a collection of holomorphic discs in D is compactly supported in D then the
union of those holomorphic discs is also compactly supported in D. (Holomorphic discs
are defined before Theorem 51.)

(4) D is Hartogs pseudoconvex. (Defined before Theorem 50.)

(5) The function —logdist(z,0D) is plurisubharmonic on D.

(5') The function 1/dist(z,0D) is plurisubharmonic on D.

(6) dist(S,0D) = dist(9S,dD) for any every holomorphic disc S in D.

(7) One of the conditions in (5), (5) or (6) holds when the Euclidean distance
dist(z,0D) is replaced by sup{t € R : z +tU C D} for some (or all) open neighbor-
hood U C C™ of the origin with the property that tU C U for all 0 <t < 1.

In case any of these conditions happens then D 1is called pseudoconvex.

Proof. (1<1") We are going to regularize some fixed continuous plurisubharmonic ex-
haustion function u. Consider opens D; :={z € D : u < j}, j > 0, compactly supported
in D. By Theorem 55.(8) find u; € C*(D) such that

u; is strictly plurisubharmonic on Djo,

9An exhaustion function for D is a real-valued function f defined on D with all pre-level sets {z €
D : f(2) < ¢}, ¢ > 0, compactly supported in D. Therefore, f(z) — oo as dist(z,dD) — 0; this is also
sufficient if D is bounded.

107t is a deep fact (Theorem 100) that the expression “K is compactly supported in D” can be replaced
by “K is compact”.)
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u<uy<u+1on Dy, u<u;<u+lonD; j>1

Therefore o
Uj—j+1<00HDj_27 Uj—j+1>001'le\Dj_1.

Choose y € C*°(R) which vanishes on (—o0, 0] but x, X, x” > 0 on (0, c0), for example
x(t) == exp(—=1/t)1p,0c). Set x; := x o (u; —j+1). Then

X; =0on D, 5, x;>0o0nD.
Since the complex Hessian L(x;;t) of x; is given by

S0

k=

Lluj— j+ O (w5 — j +1) + (w;—j +1),

it follows that
X; is plurisubharmonic on D; o, ; is strictly plurisubharmonic and > 0 on E\Dj,l.

Therefore one can inductively find positive integers m; such that

Y= ug + Z m;X; is strictly plurisubharmonic on D;, [ > 2.
2<5<l

It follows that
@1 =1upon Dy, ¢ >u, ¢ =p_oon D,

Therefore ¢, is a smooth strictly plurisubharmonic exhaustion function.

(1<1”) Combine Theorem 54 with Levi’s problem (Theorem 70).

(1=1"") Trivial.

(1"=-2) Trivial, because the plurisubharmonically convex hull of a compact K C D
is contained in the pre-level set {f(z) < ||f|[x + 1} of any chosen plurisubharmonic
exhaustion function f.

(2=3) Since plurisubharmonic functions satisfy the maximum principle it follows that
every holomorphic disc is contained in the plurisubharmonic convex hull of it boundary.
Therefore, assuming holomorphic discs S,, in D such that |J 05, is compactly supported

in D we have -
US. cUdSa | JaSa cc D,

where all the convex hulls are taken with respect to plurisubharmonic functions.

(3=4) Assume a Hartogs figure (I, X ) in C™ defined by the biholomorphic map F :
[ - I, and let I C D. For every complex number « in the closure of the open unit disc
A C C, let S, be the holomorphic disc in D defined by the map z € A +— F(0,...,0,q, 2).
The assumption I” = F(I') € D translates into Sy € D and 9S, C D for a € A. That
IV = F(T') is contained in D is equivalent to A := {o € A : S, C D} being equal to A.
Since A is nonempty (0 € A) and open in A, it remains to show that it is closed in A. If
a; is a sequence of points in A which converges to a € A then | J 0Sq; € T is compactly

supported in D, so by the continuity principle So € |JSo; € D, namely a € A.
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(4=5) We need to introduce a new concept. For any vector u € C™ of unit length
lulo = 1, let dist, (a,dD) denote the u-directional distance of a € D to the boundary,
namely the supremum ¢ > 0 such that a +nu € D for all complex numbers 7 satisfying
In| < t. It is straightforward to show that the usual Euclidean distance dist(a,0D) =
sup{t > 0 : a+tz € D,Vz € C", |z]a < 1} equals the infimum of dist,(a,dD) over
lulo = 1, so we need to show that —logdist,(z,dD) is plurisubharmonic. It is upper
semicontinuous because it is a pointwise infimum of continuous functions. Fixing a €
D, unit length v € C™ and w € C™, we need to check the subharmonicity of A
—logdist,(a + Aw) on D' := {\ € C:a+ \w € D}. If uw and w are linearly dependent
then dist, (a + Aw) measures, up to a factor |w|s, the usual Euclidean distance of A to the
boundary of D', so we are done by Example 56. So assume u and w are part of a linear
basis {u,w, uy, ..., uy,_2} of C™. Fixing r > 0 and holomorphic polynomial g(\) € C[A]
such that

{a+Xw: A\ <r}CD (3.18)

and
— log dist,(a + Aw) < Reg()), (3.19)

for |[A\| = r, we need to deduce the same inequality (3.19) for |A| < r. Equivalently,
assuming

{a+ w+ne My |n <7} C D, Vre(01), (3.20)
for |[A\| = r, we need to deduce the same inclusion (3.20) for |[A| < r. Consider the
biholomorphic map

F:C"—=C"™ (z1,...,2m) — a+rzyw+ Tom 1€ 9%y 4 2 o o e+ 2y

Then (3.18) together with (3.20) to hold for all |\| = r translates into IV := F(I") C D,
so by Hartogs pseudoconvexity I := F(I') C D, which says (3.20) holds for all || < r.

(5=1) f(z) := —logdist(z,0D) is an exhaustion function if D is bounded. For an
arbitrary open max{|z|3, f(z)} works.

(5'<others) If (5) holds then 1/dist(z,0D) = exp (—logdist(z,0D)) is plurisubhar-
monic. If (5') holds then max{|z|3,1/dist(z,dD)} is a continuous plurisubharmonic ex-
haustion function.

(6<>others) (6) readily implies the continuum principle (3). Assuming (5) then the
maximum principle applied to the plurisubharmonic function — log dist(¢(z), D) (where
¢ : {|z] < 1} — D is the function which defines S) gives the nontrivial direction
dist(S,0D) > dist(0S,0D) in the desired equality of (6).

(T<others) The Euclidean distance function dist(z, D) corresponds to U being the
unit ball, and in the whole proof so far we have only used those properties of the unit
ball which is abstracted in U. |

Exercise: Show that the unit open ball is pseudoconvex. (Hint. By computing the
complex Hessian show that 1/|z|3 is a plurisubharmonic exhaustion function.)

Exercise: Consider open D = {|z1]| < 1, |2] < 2} U {]z1] < 2, |22 < 1} in C? and unit
vector u = (0,1) € C?. Find all the points of discontinuity of the u-directional distance
function z € D + dist,(z,0D) introduced in the proof above. Hint. It is discontinuous
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Remark 59. This remark is adapted from [Gun, volume I, page 130-131]. The exis-
tence of plurisubharmonic exhaustion functions on plurisubharmonic convex opens shows
the greater flexibility of subharmonic functions compared with holomorphic functions,
because one can shows that holomorphically convex opens never admit exhaustion func-
tions of the form of the absolute values of holomorphic functions. Here is the reason.
Let the modulus of f € O(D) exhaust D, a holomorphically convex open of C™. Then
f is nonzero outside a compact K C D, so 1/f is holomorphic on D\ K. If m > 1 by
Hartogs extension theorem 1/f can be holomorphically extended to D. This extension
is constant by the maximum principle, so | f| can not exhaust D. If m = 1 after dividing

f by a suitable polynomial one may assume that f has no zeros in K, so again 1/f can
be defined. ]

Theorem 60. The class of pseudoconvex opens are closed under taking finite products,
interior of arbitrary intersections, and union of increasing sequences.

Proof. For opens D; € C™ and D, C C™2, since (D, x Dy) = 0D, x Dy U Dy x 0D it
follows that

1/dist((z1, 22), 0(D1 x Ds)) = max{1/dist(zy,0D;), 1/dist(z2,0Ds)}.
If D, CC™ « € A, is a family of opens and D is the interior of (| D, then
—log dist(z,0D) = sup {—logdist(z,0D,,) : « € A} .

Finally, the union of every increasing sequence of Hartogs pseudoconvex opens is again
Hartogs pseudoconvex. (Note that Hartogs I' is compact.) |

The proof of the next fundamental theorem reveals the great power of plurisubhar-
monic functions.

Theorem 61. Pseudoconvexity is a local property of the boundary in the sense that an
open D C C™ s pseudoconvex if and only if every p € 0D has a neighborhood U C C™
such that D N U s pseudoconver.

Proof. Taking open balls for U gives the only if part because finite intersections of pseu-
doconvex opens are pseudoconvex. Set f(z) := —logdist(z,0D). Since f(z) equals
—logdist(z,0(U N D)) for z € D sufficiently close to p it follows that f is plurisub-
harmonic on D NV for some neighborhood V' C C™ of 0D. If D is bounded then
max{ f(z), || f]lp\v + 1} is a plurisubharmonic exhaustion function for D, so D is pseu-
doconvex. If D is unbounded then the intersection D; of D with the open ball |z|, < 7,
j=1,2,..., is pseudoconvex by the previous case, so D = | J D, being the union of an in-
creasing sequence of pseudoconvex opens is again pseudoconvex. Another proof. We find
a smooth increasing convex function y : R — R such that g(z) := max{|z|3, f(2), x(|z]3)}
is a plurisubharmonic exhaustion function for D. Since f(z) blows up at dD and |z|3
blows up at oo, we only need to make x(|z]3) > f(z) on D\ V. Since x is increasing it
is enough for x to satisfy

x(t) >sup{f(z):z€ D\V,|z|3 < t}, VteR.
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One can achieve this just because the function on the right hand side is a finite-valued
increasing function R — R which vanish on (—o00,0). (Refer Lemma 75.(4) for the
proof.) [ |

Theorem 62. Those opens of C™ which are domains of holomorphy are pseudococonvez.

Proof. We give several proofs. (1) Domains of holomorphy are holomorphically convex
(Cartan-Thullen), so also plurisubharmonically convex because the modulus of holomor-
phic functions are plurisubharmonic. (2) In Theorem 50 we proved that domains of
holomorphy are Hartogs pseudoconvex. (3) In Theorem 51 we proved that domains of
holomorphy D satisty dist(S,0D) = dist(9.S,9D) for holomorphic discs S in them. (4)
In Theorem 54 we proved that domains of holomorphy have real analytic exhaustion
functions. (5) Let us assume D C C™ is a domain holomorphy and prove directly that
— log dist,(z,dD) is plurisubharmonic. Here r is the multi-radii for a fixed open polydisc
around the origin. (dist, is defined in the course of proving Cartan-Thullen.) Fix zy € D,
w € C™\ {0} and r > 0 so small such that A := {zy + Aw : |A| < r} is contained in D.
Assuming

—log dist,.(z0 + Aw,0D) < Ref(\) for |\ =r, (3.21)

for some holomorphic polynomial f, we need to show that the same inequality holds for
|A| < r. Choose a holomorphic polynomial F'in m variables such that F'(zo+Aw) = f(\).
Then (3.21) becomes

lexp(—F(z))| < dist,(2) for =z € 0A.
From this we infer
lexp(—F'(z))| < dist,(2) for z¢€ (9/50(,3). (3.22)

because if (3.22) is violated at z = a then by Thullen’s lemma (Remark 46) the power
series representation of every holomorphic function in D around a is convergent up to
the polydisc P’ := a + |exp(—F(a))|P € D. By the maximum principle A contains D,
so we have proved (3.21) for |A| < r. [ |

Example 63. We can now give a proof for the hard part of Corollary 47.(5): Connected
tubes which are domain of holomorphy are convex. By contradiction assume a connected
tube T' over base B which is a domain of holomorphy but not convex. Since B is not
convex there is a closed real line segment in B such that the function dist(—, 9B) restricted
to that segment attains its minimum at an internal point, or equivalently there is a € B
and b € R™ such that the function f : [-1,1] — R, ¢t — —logdist(a + tb, 0B), attains
its maximum at some —1 < ¢ < 1. Consider the function F(A\) = —logdist(a + Ab, 9T")
defined in the closed unit disc of the complex plane. Note that F'is subharmonic (because
T is pseudoconvex by Theorem 62), and F(A\) = f(Re)), so F' attains a maximum inside
T, so I is constant, so also f. This is a contradiction. |

3.6.4 Strongly pseudoconvex domains

We have already defined a strong notion of pseudoconvexity for C? opens. This notion
can be generalized to arbitrary opens in the following way. An open D C C™ is called
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strongly pseudoconvex if there is a neighborhood U C C™ of 0D and a strictly
plurisubharmonic function p on U such that D NU = {z € U : p(z) < 0}. Note that
a strongly pseudoconvex domain does not necessarily have a C? boundary (we did not
require dp, # 0 for p € D) as the example D = {z + /—1y € C : 22* — y? < 0} shows.

Theorem 64. (1) Every bounded strongly Levi pseudoconvex open of C™ has a strictly
plurisubharmonic defining function. (1') Every strongly Levi pseudoconvex boundary point
of an open of C™ has a strictly plurisubharmonic local defining function. (2) A bounded
open of C™ with C? boundary is strongly pseudoconvex if and only if it is strongly Levi
pseudoconvez. (3) Strongly pseudoconvezr opens of C™ are pseudoconvex.

Proof. (1) Assume bounded strongly Levi pseudoconvex open D C C™ with C? defining
function r. We will prove that for sufficiently large constant C' > 0 the function p :=
exp(Cr) — 1 is a strictly plurisubharmonic defining function. p is a C? defining function
because p < 0 is equivalent to r < 0, and dp = Cexp(Cr)dr does not vanish on the
boundary. A simple computation shows that

Ly(p;t) = Cexp(Cr) (C|Ory(t)]* + Ly(r; t)) .

The strong Levi pseudoconvexity condition exactly says that at least one of the summands
of L,(p;t) are strictly positive for each p € 9D and t € C™ \ {0}, so choosing C' large
enough makes p strictly plurisubharmonic on some neighborhood of 9dD. To see this
consider compacts

Ky =0Dx{teC": |ty =1}, Ky:={(p,t)€e Ky:Ly(r;t) <0},
and constants
Cy = min{|0r,(t)]* : (p,t) € Ky} >0, Co:=min{L,(r;t): (p,t) € K}

Choosing any C with C5 := CC} + Cy > 0 gives L,(p;t) > C4C5 on Ky, where Cy > 0 is
the minimum of C'exp(Cr) on dD. By homogeneity L,(p;t) > C,Cs]t|3 for every p € 0D
and t € C™. By continuity the same inequality holds on some neighborhood of 0D. For
the converse direction,

(1') The same proof of (1).

(2) The if part is immediate from (1). For the other direction, assuming a neigh-
borhood U C C™ of 0D and strictly plurisubharmonic function p : U — R such that
DNU ={z €U : p(z) < 0}, it suffices to show that dp never vanishes on dD. Let
r : C™ — R be a C? defining function for D. Note that both p and r are negative on
DN U, zero D, and nonnegative on U \ D. By the fundamental theorem of calculus
one can write p = fr for some f € C'(U). By contradiction assume p € D such that
dp =0 at p. Since dp = rdf at p it follows that f(p) = 0. Since f is nonnegative on U it
follows that df = 0 at p. But then all second-order derivatives of p vanish at p, and this
contradicts strict plurisubharmonicity.

(3) Let r be a C? plurisubharmonic function on a neighborhood U C C™ of D such
that that DNU = {z € U : r(z) < 0}. (We do not need strict pseudoconvexity.)
By Theorem 61 we need only check that D N B is pseudoconvex for every open ball
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B C C™ which is contained in U. Indeed, the plurisubharmonic convex hull K PS(DNB)
of every compact K C D N B is compactly supported in both B (because every open
ball is pseudoconvex) and D N U (because r < 0 on K but r > 0 on U \ D.). Another
argument when D is bounded. By a partition of unity we can assume r € C?(D) and

r < 0on D. Clearly, p := —log(—r) is a plurisubharmonic exhaustion function for DNU.
Then —log(—r) + (C + 1)|2|* where C' = inf{L,(p;t) : 2 € D\ U,|t|]a =1} > —c is a
plurisubharmonic exhaustion function for D. [ |

Example: (1) Open polydiscs in C™ are pseudoconvex (because they are products of
open subsets of the plane), but not strongly if m > 1.7?? (2) Every C? open subset of
the complex plane is strongly Levi pseudoconvex for the trivial reason that the complex
tangent spaces are all complex dimension 0.

3.6.5 Pseudoconvex domains with smooth boundary
Theorem 65. A C? open D C C™ is pseudoconvex if and only if it is Levi pseudoconved.
Proof. First of all since D has C? boundary it follows from the implicit function theorem
that
—dist(z,0D D
r(2) = —d(z) = { St 0Dz € , (3.23)
dist(z, D), zeC™\ D

is C? on a neighborhood of the boundary (page 52). Theorems 52 and 53 combined show
that Hartogs pseudoconvex opens are Levi pseudoconvex. Another argument. Assuming

that —logd = —log(—r) is plurisubharmonic on D we have
Pr o or or
—r! tal P ——t,l >0, VteC”
2 gy et T 2T o g tate 2 0 ’

for points in D sufficiently close to the boundary, so also for the points on the boundary
by continuity. Specializing to complex tangent vectors ¢, the second summand vanishes
and we have Y 0%*r/02,0Zgtats > 0.

If part. Assume D is not pseudoconvex. Since pseudoconvexity is a local property of
the boundary (Theorem 61) and § is C? near the boundary, there is a point z, sufficiently
close to the boundary such that

2
A= 0 —
ONON |\ —o

for some w € C™. By Taylor theorem

log §(z + Aw) > 0,

log §(z + Aw) = log §(2) + Re(BA + CA?) + AN + o(|A]*), A—0,

therefore . .
62 + Aw) > §(2)eReBAON) ANE/2 (3.24)

for |A| sufficiently small. Choose a € C™ such that z 4+ a € 0D and §(z) = |al2, and
consider the holomorphic curve

2(\) = 2 + w4 PN,
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passing through the boundary point z(0) = z + a. This is the point that the Levi
pseudoconvexity is violated, as follows. By the triangle inequality and (3.24) we have

5(z(\)) > 6(z + \w) — ‘aeB)\—i-C)\?’ > ‘abeBM-C)\Q (eA\)\P/Q _ 1) 7
2

for |\| sufficiently small. This shows that the C? function A — d(z())) has a strict local
minimum at the origin, so its real Hessian should be positive definite and specially its
Laplacian should be strictly positive:

9 o2
T sz(n)) =0, _
o, W) OAIN

5(z(\) > 0.

A=0

This means that ¢ := 9z/0A(0) € TS, is a complex tangent vector which violates the
Levi pseudoconvexity condition at z + a € dD. Another proof. The idea is to reduce to
the strongly pseudoconvex case. Let r be a local defining function for p € 0D. Consider

Dye:={z€D:r(z)+ez—p3 <0}, e>0.

Find a neighborhood U C C™ of p and ¢y > 0 such that firstly for every z € U and € < ¢
there exists w € 0D, N U such that dist(z,0D,.) = |z — w|z, and secondly for every
€ < ¢ and ¢ € 9D, NU the Levi form of r + €|z — p|3 is positive definite at ¢. Since
every point of 0D, .NU is a strongly pseudoconvex boundary point of D, . it follows that
—log dist(z,0D,,) is plurisubharmonic on D, N U. Since —logdist(z,dD, ) decreases
to —logdist(z,0D) as € — 0 it follows that —logdist(z,dD) is plurisubharmonic on
DNU, and we are done because pseudoconvexity is a local property of the boundary. Yet
another proof. Here is another proof for the only if part under extra conditions that D is
bounded and with C? (instead of C?) boundary [Ran, page 63]. Let r be a C? defining
function. Since dr, = 2Redr, # 0 on the boundary there exists a neighborhood U C C™
of the boundary such that 0r, # 0 for z € U. Every t € C™ has the canonical orthogonal
decomposition

t=t +t!, t. TS /=
<T§,T§>

where 7z denotes (9r/0z;(z)) € C™. Note that this decomposition varies C* with respect
to z. Levy pseudoconvexity says that L,(r;t.) > 0 for z € D and t € C™. Since the left
hand side of this inequality is a C* function in z, comparing the Taylor expansions of it
with that of 7(z) around boundary points shows that every z € 9D NU has neighborhood
V, C C™ and C, > 0 such that

L.(r;t) > —C,r(z)] for (z,t) eV, x{teC™:|t|=1}.
Since 0D is compact there exists C' > 0 such that after shrinking U we have
L.(r;t) > =Clr(2)||t.]* for (z,t) € (DNU) xC™.

Since L,(r;t.) is quadratic in ¢/, and t/ = O(|0r,(t)|) (note that Or,(t) is the notation
for the inner product (¢,0r/0z) = > 0r/0z;(2)t;) we have

La(r;t) = La(r; t) + O(L[[E2]) + O(I21*) = =Clr(2)[[t]* — Culor-(t)]]¢].
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Switching to p := — log(—r) we get

L.(p;t) = —r’lLZ(r; t) + r72|8rz(t)]2

o) . 0.0
> —COt]* - [or- ()] Cyt| +
=TT SR
A
> —Chlt]. AB < A* + (B/2)?

Finally, as in the proof of Theorem 64.(3), for sufficiently large Cy > 0 one can make
p + Cs]z|* a strictly plurisubharmonic exhaustion function for D. [ |

Theorem 66 (Narasimhan). A C? open D C C™ is strongly Levi pseudoconvex if and
only if it is locally biholomorphically equivalent to strongly convex opens, namely for every
p € 0D there is a holomorphic change of coordinates on some neighborhood U C C™ of p
such that D N U 1s strongly convex.

Proof. Recall that (strong) pseudoconvexity is a biholomorphic invariant notion weaker
than (strong) convexity (page 58). That gives the if part. For the other direction fix
p € D and a C? local defining functions 7(z) at p. Replacing r by exp(Cr) — 1 for
sufficiently large C' > 0, Theorem 64.(1") shows that we can assume r to be strictly
plurisubharmonic on a neighborhood of p. (Note that D might be unbounded.) After a
holomorphic change of coordinates we can assume p = 0 and dr, = dz; where x; = Rez;.
The Taylor expansion of r around p is given by

O*r
020z,

r(z) = Re <zl + (O)ijk) + Ly(r;z) +o(|z3), z—0.

1<j,k<m
Under the holomorphic change of coordinates

0%r

90 (0)zjzk, Wo =22, ..., Wy =2,
J

wy =21 +
1<) k<m

our defining function have the following simple Taylor expansion:
r(w) = Rew; + Lo(r(w);w) +o (jwf3), w — 0.

The real Hessian is now given by a strictly plurisubharmonic function on some neighbor-
hood U of the origin, so D N U is strongly convex. |

The following example shows that the theorem above fails if we drop “strongly”.

Example 67 (Kohn-Nirenberg [KN]). Consider the following open subset of C? with
real-analytic boundary:

15
D = {Z < C2 r:= Rezy + ‘21’8 + 72% 1:{62’5i < 0} .

The complex Hessian of r equals (1621|® + 15Rez%) dz;dz;, so is nonnegative Also, the
complex tangents are of the form (a, —2adr/0z,). Therefore all the points of the boundary
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of D are strongly pseudoconvex except for {z; = Rezs = 0}. Specially, the origin is among
these exceptional boundary points. It can be shown that for any holomorphic function
f on a neighborhood U of the origin such that f(0) = 0, the zero set of f meets both
UND and U\ D. This shows that there is no holomorphic change of coordinates in any
neighborhood U of the origin such that U N D is convex. 777 ]

Theorem 58.(1") combined with Sard’s lemma gives:

Theorem 68. Pscudoconvexr opens of C™ can be exhausted by strongly pseudoconvex open
with smooth boundaries.

We end this chapter with a motivation to the later materials.

Example 69 (Levi’s construction). Suppose an open D C C™ and fix an arbitrary
boundary point. If D is convex then we constructed in Example 45 a holomorphic function
on D which blows up at p; this shows that convex opens are (weak) domain of holomorphy.
This time let us assume that D is strongly Levi pseudoconvex with smooth boundary
and try to find again a function f, € O(D) which blows up at p. For the simplicity of
presentation assume p = 0. Let r be a strictly plurisubharmonic local defining function
(Theorem 64.(1")). The Taylor expansion of r around p gives

ReF(2) = r(2) — L,(r; 2) + o(|z]3), z—0,

where

F(z):=2 ) g—;(mzj+ > or (0)2; 2.

0z;zy,

The quadratic expression L,(r;z) dominates o(|z]3) on some sufficiently small neighbor-
hood U C C™ of p, so ReF never vanishes on D N U, hence the function

g = % cO(DNU)NC=D AU\ {p})

blows up at p. To prove that D is a (weak) domain of holomorphy we need to find a
modification f, of g, which is holomorphic on whole D and still blows up at p. Assuming
a smooth bump function ¥ compactly supported in U then g := 5(1/1%) = gpgw can be
seen as a O-closed (0, 1)-form living in C§4(D). If it is true that

For any g € C§5(D) with 8g = 0 there exists u € C*(D) such that du = g.

then
fo =g, —uec O(D)NC=(D\ {p})

works as our desired holomorphic function on D which blows at p. The statement in italics
above is a deep fact that will be proved in Theorem 110. So far we have shown that D
is a weak domain of holomorphy. Let us show directly (without using Cartan-Thullen)
show that D is a domain of holomorphy by constructing a function f € O(D) which can
not be extended holomorphically across any boundary point. Choose a sequence of points
p; which is dense in 9D, mutually disjoint line segments 7; normal to the boundary at
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pj, and let f; := f, O(D) be the blow up function constructed above. Choose nonzero
constants ¢; small enough such that

lc;fi(2)] <277 for z€{zeC™:dist(z,0D) >277} U U Tk

k<j
Then f := ) ¢;f; converges uniformly on compact of D, so represents a holomorphic
function on D. On the other hand since
dafuz)| <27+ 2F <2741, zeq,
k#j k>j
it follows that |f(z)| blows up as z approaches p; along ;. [ |
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Chapter 4

d-bar problem on pseudoconvex
domains (via PDE methods) with
applications

References: [Hor, chapter 4][Ohs, chapters 2,4,5]

The d-bar problem was introduced in Section 3.2.1, and we have seen so far numerous
applications of it in solving important problems of SCV, for example Hartogs extension
phenomenon (Theorem 24), Cousin problems (Theorems 19, 20) and interpolation prob-
lem (Theorem 21). In the first two section of this chapter we solve the d-bar problem on
pseudoconvex domains and discuss some of its applications. Later we use more sophis-
ticated d-bar techniques to solve some important problems in the function theory and
functional analysis of holomorphic functions of several variables including the division
and interpolation problems.

4.1 d-bar problem

We want to prove the following fundamental theorem:

Theorem 70 (d-bar problem; smooth solutions. Levi’s problem). For an open D C C™
the followings are equivalent:

(1) D is a domain of holomorphy.

(2) D is pseudoconvex.

(8) For every smooth (p,q + 1)-form f on D with Of = 0 there exists a smooth
(p, q)-form u on D such that Ou = f.!

(4) For every smooth (0,q 4 1)-form f on D with Of =0 and ¢ < m — 2 there ewists
a smooth (0, q)-form u on D such that Ou = f.> This is called Serre’s condition.

In cohomological terms: Dolbeault cohomologies HE?(D) vanish for 1 < ¢ <m and 0 < p < m.
2In cohomological terms: Dolbeault cohomologies Hg’g(D) vanish for 1 < g <m — 1.
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To solve Ou = f in the smooth category we use a method originally developed by
Hilbert to solve the Poisson equation Au = f in potential theory (A denotes the usual
Laplacian acting on functions), and later generalized by Hodge and Weyl to solve the
corresponding problem for the Hodge Laplacian acting on differential forms on oriented
Riemannian manifolds (the so-called Hodge decomposition theorem) [Don-GA, pages 4—
15][Don-RS, chapter 9][War, chapter 6][Tay, chapter 5][GH, pages 80-100][Wey1, Wey2].
This strategy is sometimes called the direct method of the calculus of variations
[Mor|[Dac][GM], and is a two-step procedure:

1. Step I: To solve the problem in some Hilbert space sense. The initial function spaces
involved in the statement of the d-bar problem, namely C7% (D), are merely Frechet
spaces [Rud-FA, chapters 1-4], hence lack a rich geometric theory (besides convex-
ity) contrary to Hilbert spaces. To fix we bring Hilbert spaces into the scene: For
every open D C C™ and f € C5, (D) one can find a large variety of smooth func-
tions ¢ such that f belongs to the Hilbert space Lf,’q +1,,(D) of measurable forms

square-integrable with respect to the Lebesgue measure multiplied by the weight fac-

tor exp(—¢). We now can look at Ou = f as a linear problem on Hilbert spaces.

Integration by parts is used to obtain an energy estimate (also called apriori esti-

mate); this is an inequality which controls some L? norm of f by the L? norms of

some differential operators applied to f. This energy estimate combined with some
standard geometric techniques of the theory of Hilbert spaces (orthogonal projection,

Riesz representation theorem, etc.) gives some solution u of ou = f.

2. Step II: Regularization. The energy estimate combined with standard regularity tech-
niques (mollification, Sobolev embedding, difference quotients, etc.) shows that (all or
some canonical) Hilbert space solution obtained in Step I is in fact a smooth differential
form, maybe after correction on some null set.

The long proof of Theorem 70 will be completed in page 94. We start by developing
some basic function theory (distributions) and functional analysis (unbounded operators)
needed for the proof.

4.1.1 Preliminaries: Distributions, Sobolev spaces

We review some basic notions and examples from the theory of distributions [Rud-FA,
chapter 6][Fol, chapter 9][Hor-PDE, chapter 1]. The fundamental theme here is that
sometimes in mathematics the dual notions, although more abstract at the first sight, are
easier to work with compared to original notions: Differential forms compared to vector
fields, cohomology compared to homology, and now distributions compared to integrable
functions. Let U C R" be an open. As usual D(U) denotes the space of smooth functions
compactly supported in U. A distribution on U is a C-linear functional F': D(U) — C
which is continuous in the following sense: For every sequence ¢; € D(U) compactly
supported in a compact K C U such that sup; |0%(¢; — )| — 0 for all multi-indices
a € N" and some ¢ € D(U) (we then write “¢»; — ¢ in D(U)”; necessarily, ¢ is
compactly supported in K.) we have that F'(¢;) — F(¢). Here 0 is an abbreviation for
the differential operator 0*'/0x{* --- 9% /0xo™, where a = (aq,...,qa,) and x1,..., 2,

n
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are the standard coordinates of R™. Later we will see that it is more useful to use the
pairing notation (F) 1) for the action of distributions on functions with compact support.
The space of all distributions on U is denoted by D’(U).

e A linear functional F' : D(U) — C is a distribution if and only if for every compact
K C U there exist C' > 0 and integer k such that [ (F,¢)| < C37,, <) supy [07Y)|
for every smooth function ¢ which is compactly supported in K. (Proof. The if part
is trivial. If the only if part is wrong then there exists a compact K C U and a
sequence (1;);>1 of smooth functions compactly supported in K such that (F,¢;) =1
but sup;; |[0*| < j~! for every positive integer j and multi-index . Then t¢; — 0
however F'(¢;) — 1.)

e Distributions are generalized functions in the sense that L. (U) can be canonically
injected into D’(U) by sending f € L _(U) to the functional ' : D(U) — C given by
(F, ) = fU fidu, where p is the Lebesgue measure. That this is an injection follows
from the Lebesgue differentiation theorem [Fol, 3.18, 8.15].3 If f is mapped to F as
above then F' is said to be represented by f, and denoted again by f. Example: The
distribution § given by (d,1) = 1(0) is called the Dirac unit mass distribution,

and can not be represented by any Ll . function.

e Given a smooth function ¢ and distribution F' on U, the product ¢ F' is the distribution
given by the pairing (pF,v) = (F,p1). Clearly, if F' is represented by a smooth
function then this definition reduces to the usual poitwise multiplication of functions.

e Given a distribution F' on U and a multi-index o = (aq,...,a,) € N the dis-
tributional derivative 0“F of F' is the distribution on U given by the pairing
(0°F, ) = (=1)(F,0%), where |a] = Y. a; The sign factor is there so that if
F is represented by a smooth function then this definition reduces (after applying in-
tegration by parts > a; times) to the usual differentiation of functions. If F' and 0*F
are represented respectively by functions f and ¢ then g is called the weak deriva-
tive of f. Example: The absolute value function | | : R — R has the weak derivative
dlz|/dx = 2H(x) — 1, where H = 1jg ) is the unit step function. The distributional
derivative of the unit step function is the Dirac unit mass distribution 9.

e The Leintiz rule holds for differentiation of the product:

0%(pF) = Z B‘(%LB)‘ (0%¢) (0°°F), YaeN'VF e D (U) Ve C(U),

where the summation is over all multi-indices 8 = (f1, ..., 8,) € N" such that 5; < «;
for all 7.
e Given s € {0,1,...,00}, the Sobolev space W?*(U) consists of all Borel measurable

functions on U whose all distributional derivatives of total order < s are represented

3Here is a direct argument. Assume f € LL (U) such that fU fidu = 0 for every 1 € D(U). Let n be

loc
a smooth bump function compactly supported in the open unit ball of R and normalized to have integral
1. Then the mollification f.(z) = f(x)* e ™n(x/¢) vanishes identically on {x € U : dist(z, 0U) > €}, and
it is famous that f. — f in LL _(U) [Fol, 8.14].

loc
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by L*(U) function. Note that W20(U) = L*(U). More generally, W;2*(U) consists of

all Boreal measurable functions on U such that ¢ f € W?#(U) for every smooth bump
function 1 compactly supported in U.

4.1.2 Preliminaries: Unbounded operators

We need some basic notions and facts from the theory of unbounded operators [Rud-FA|
chapter 13|[Wei, chapters 4-5][dOl, chapters 1-2|[Bre, section 2.6]. Let H; and Hsy be
Hilbert spaces over C. By an unbounded operator A : H; — H, we just mean a
C-linear map A : Domy — H, defined on some linear subspace Domy C #H;. (So every
bounded (= continuous) operator is an unbounded operator in this terminology!) A is
called densely defined if Dom, is dense in H;.

e A is called closed if the graph G4 = {(f, Af) : f € Domu} of A is closed in H; x Ha.
Equivalently, for every sequence f; in Domy such that f; converges to f € H; and Af;
converges to g we must have f € Domy and Af = g. (The closed graph theorem says
that an unbounded operator defined on whole H; is closed if and only it is continuous,
but when Dom,y # H; neither of the notions of closedness and continuity implies the
other.)

e If A is densely defined then the adjoint of A, denoted by A*, is the unbounded oper-
ator A* : Hy — H; defined as follows: Dom 4« consists of all g € Hy such that (Ah, g)
is continuous with respect to h € Dom,, namely | (Ah, g) | < C||h|| for some positive
constant C'. If so then the functional Dom, — C mapping h to (Ah, g) has a unique
continuous extension to H; by Hahn-Banach theorem, so by Riesz representation the-
orem there exists a unique f € H; such that (Ah,g) = (h, f), and we set A*g = f.
Equivalently, A* can be characterized by G- = (JGa)"™ where J(f, ) = (9, —f).

o If A is densely defined then A* is closed. (Proof. Ga- = (JG4)" and the orthogonal
complement of every subset of a Hilbert space is closed.)

e If A is densely defined and closed then so is A*, and we have A** = A. (Proof. Since
J? = —id and J commutes with the operations of closure and orthogonal complement
when applied to subspaces it follows that JG4. = —G4 = G4. To show that A* is
densely defined assume g € Domy.. Since (0,g) € JGi. = G4 it follows that g = 0.
This shows that Dom 4. is dense in Hy. Finally, Gaer = JG1. = JJGit = =G4 = G4
shows that A*™ = A.)

o If A is densely defined then Rany = Kery.. If A is densely defined and closed then
Ranj. = Kery, so Kery is closed. (Proof The first assertion is immediate from
definition. Replacing A by A* gives the second.)

e Staying in the framework of Zermelo-Frankel set theory (not using the axiom of choice)
one can not construct a noncontinuous unbounded operator H; — Hy which is defined
on whole #H; [Wri][Fol, page 179]. In other words, all concrete noncontinuous un-
bounded operators are partially defined. The most important examples of unbounded
operators are differential operators, specially the d-bar operator in our case.
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4.1.3 The proof of Theorem 70
Step 0: The basic setting

Our basic setting throughout this section is as follows. Fix open D C C™ and integers
p,q € {0,...,m}. Consider continuous functions ¢y, ¢3 on D. We will put more

restrictions on ¢; during the proof. The d-bar operator 0: qu o Lp 1.0k

bounded differential operator defined on the dense subspace D, ,(D) C Lf, g, Of smooth

compactly supported (p, ¢)-forms on D. Here LIQ) o0, denotes the Hilbert space of (p,q)-

forms with Borel measurable components which are square integrable with respect to the
Lebesgue measure p multiplied by the weight function exp(—¢;). We use the notations

is an un-

U) = Z U, KVILK, |u’2 = <u> U) ) (uav>¢j = / <u7v> e_SOjd,U7 ”uH?pj = (uau)tpja
LK D
for the pointwise and global inner product and norm of differential forms

u = Z ULKdZ[/\dgK, V= Z "U]’KdZ]/\de € L;7q7¢j(D).

LK LK
Let T and S denote the maximal closed extensions [BDT] of 0 acting on L2 (D)
and L2 ., (D) respectively:
S
L. (D) L2 2 ettn(D) = L2 o (D) (4.1)

This means that Domy consists of all u & Lz 4.0, Such that the distributional (or weak)

derivative Ou is represented by some f € L2 ., ., namely (f,1),, = (u, 5*@@1 for every
Y € Dy g11(D), where 9" is the formal adjoint of @ given by formula (4.2) below; in that
case we set Tu = f. It is a basic fact? that T is closed, namely if a sequence u; € Domy
converges in L2 (D) to some u and Tu; converges in L2 ., . (D) to some f then
u € Domy and T'w = f. Proof. For every ¢ € Dy .11 we have (f, 1)y, = lim(Tu;,v),, =

lirn(uj,g%)@1 = (u,g*w)m. Q.E.D. Similar remarks hold for S. Since 3" =0 it follows
that ST = 0, or equivalently Rany C Kerg.

Lemma 71 (Formula for the action of the adjoint). Assume f = Z/ fradzr Ndzy €
Domy-, for example f € Dy 441(D). Then:
(1) We have

T f = (=1 Z Z e““ (e frix) dzr AN dzZk |, (4.2)

[I|=p,|K|=q =1

where frp is defined for all tuples L C {1,...,m}?™ (shuffle or not) by declaring it to
be antisymmetric with respect to L. More precisely, fr1 = fr.e1 where €] equals zero if
L # J as sets and equals the sign of the permutation making L to shuffle J otherwise.

4And one of the motivations for the development of distribution theory
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(2) We have
T'f = (~1p1em9 (2 f) = (—1P1en % (0 +a) f,
where ¥ acting by

=3 Zaf“K der Az |

H|=p,|K|=q =1

1s a constant-coefficient differential operator obtained from T™* by assuming ¢1 = @2 = 0,
and a is a matriz multiplication operator with C* entries if p, € CF1.

(3) 92 = 0.

Proof. (1) We test the equation (T7f,u),, = (f,Tu)y,, by u = Z/ urgdzr AN dzg €
D, (D). Since

Tu=0u= Y ag”%r Adzp Adzyx = Z Zag;K (—1)Peyedzr A dZ,,
I,K j J

where .J is the shuffle made of j and K, the equation (T*f,u)p, = (f,Tu),, is expanded
as

! ! a_
/ > (T racirze™ dp = (—1)p/ Z > frix ;L,Ke‘@?du -
I.K j ya
0 [ 3 S (i)

where we have used integration by parts for the last equality. Since this is true for every
u we obtain the formula for (77 f); x given in the statement of the lemma.
(2) Immediate from (1).

(3)
9
cr= 3 Z afI;]L 2 Az
[I|=p,|L|=q—17.k=1 “ROZj

vanishes because f1 ;1 = — fr e and 02/02,.0z; = 0% /0202 [ |

Step I: Hilbert space solution

To find a smooth solution of Ou = f our plan is to first find a Hilbert space solution:
If ¢, are chosen suitably in a pseudoconvex domain D then for every f & Lp g+1.0m (D)
with Sf = 0 there exists u € L2, (D) with Tu = f; equivalently Kerg € Rang, or
even Kerg = Ranp because Kerg always contains Rany. To achieve this we will need the
second part of the following theorem. To motivate the statement of the theorem recall
that in finite dimensional linear analysis (namely linear algebra) we have Rany = Ker?.
for every matrix A, so that Au = f has a solution if and only if (f,g) = 0 for every g
with A*¢g = 0. In infinite dimenional linear analysis (namely functional analysis) we have
only Rany = Ker7y. for densely defined closed operators A. The following theorem says
how to deal with the closure in the left hand, and gives an if and only if condition for the
solvability of Au = f.
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Theorem 72 (Closed range theorem). Let A : Hy — Ho be a densely defined closed
unbounded operator between Hilbert spaces. Then:

(1) For every f € Hs, there exists u € Hy with Au = f if and only if | (f,g)| <
C||A*g|| for every g € Domy« and some C' > 0.

(2) For every closed subspace F' C Hy which F O Ranga, we have F' = Rany if and
only if ||g|| < C||A*g|| for every g € Doma- N F and some C' > 0.

(3) Rany is closed if and only if ||g|| < C||A*g|| for every g € Domy- N Rany and
some C' > 0.

(4) Rany is closed if and only if Rana« is closed.

Proof. (1) We only prove the if part because the other direction trivial. In accordance with
the general philosophy of the duality theory in functional analysis (namely understanding
a linear space through linear functionals living on it) one observes that our desired u
is exactly the element of H; which represents the anti-linear functional Rans« — C
mapping A*g to (f,g). This functional is well-defined and bounded by C according
to our hypothesis. By Hahn-Banach theorem it can be extended to a linear functional
on whole H; with the same bounded operator norm. (Another way: First extend by
continuity to Ran s« and then extend to whole H; by declaring the functional to vanish
on the orthogonal complement of Ranya«.) If uw € H; is the vector that represents this
extended functional according to the Riesz representation theorem then (f, g) = (u, A*g)
for every g € Domy-. It then follows by the very definition of the adjoint that v € Dom 4+«
and A**u = f. Since A is densely defined and closed it follows that A** = A, and we are
done.

(2) For the if part, fixing arbitrary f € F and g € Domy«, according to (1) we need
to show that | (f,g)| < C||A*g|| for some C > 0. Let g=¢' +¢", g € F, ¢’ € F*, be
the orthogonal decomposition of g. Since F' D Rany it follows that F'+ C Ranj = Kery«,
hence we deduce ¢” € Kery-, ¢ € Domy« and A*¢' = A*g. By applying our hypothesis
to ¢’ we have

(£ | =1L <AL < CUANA™g]-

Only if part. If for some g € Domy« N F we have A*g =0, then ¢ = Af € Rany = F
for some f € Domy and A*Af = 0, hence ||g||* = (Af, Af) = (f, A*Af) = 0, therefore
g = 0. As a result we need only show that

G :={g/||A%g| : g € Domy- N F, A*g # 0}

is bounded as a subset of the Hilbert space F'. For every h = Af € Rany = F the set
{(h,g) : g € G} is a bounded subset of C with bound ||h||. This means that G is weakly
bounded in F. It is famous that weakly bounded subsets of Hilbert spaces are bounded.
(This is immediate from the uniform boundedness principle [Fol, 5.13]. Refer [Jos-RS,
page 85] for a direct proof. Compare [Rud-FA, 3.18].)

(3) In (2) let F be the closure of the range of A.

(4) Tt suffices to prove the only if part because the other direction can be deduced
from this one by replacing A with A*. Let Rany be closed. Then (3) gives

lgll < Cl|A%g|l, Vg€ G, G:=Domu-NRany. (4.3)
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This inequality combined with a straightforward Cauchy sequence argument shows that
A* restricted to G has closed range. (Details: Assume a sequence g; € G such that A*g,
converges to f € H;. Since A*g; is Cauchy it follows from (4.3) that g, is also Cauchy,
hence convergent to some g € Hs. Since A* has closed graph it follows that ¢ € G
and A*g = f.) However the range of A*|s equals the range of A* because A* kills the
orthogonal complement of Ran,4. This proves the only if part. |

As mentioned before, in order to solve the d-bar problem in Hilbert spaces we want
to apply Theorem 72.(2) to A := T, introduced in (4.1), and F := Kerg. It suffices to
show || fl|,, < C|T*f]|,, for every f € Domp« N F and some C' > 0, or the following even
stronger energy estimate®:

1A%, < C AT fIZ, +1ISfI%,) . Vf € Domz. NDoms | (4.4)

This is proved conditionally in the following lemma assuming some control over the
growth of weight functions ¢;:

Lemma 73 (Energy estimate). (1) Let K; be an exhaustion of open D C C™ by compacts
and for each j let n; : D — [0,1] be a smooth function on D compactly supported in K
which equals 1 on some neighborhood of K;_i. Assume continuous functions @i, 2, 3
on D such that v, € C'(D) and

o2 |577j‘2 <e e ? |577j‘2 <e® onD, j=12,...| (4.5)

Then D, 4+1(D) is dense in Domp- N Domg with respect to the graph norm f — || fl,, +

1T fllor + 1SNl s -
(2) Assume ¢ € CY(D) and ¢ € C*(D) satisfying

|5nj‘2§ew onD, j=12,...| (4.6)
- Po | — 3,112 2
1,1, > 2 (|0yY]* +€”) |t|; on D, VteC™| (4.7)
e 02,07y,
and set
(1= -2, p2i=9p—1, @3:=0¢] (4.8)

Then the energy estimate (4.4) holds, hence Rany = Kerg.

SIntegrals of quadratic expressions is called energy. Example: The amount of energy dissipated in a
unit electric resistance in the time interval [0, 7] equals fOT i2dt, where i is the electric current passing
through the resistance. Another example: The electromagnetic energy saved in the volume V C R3 in
vacuum equals & [, (0| E|* + po|H|?) dy, where €, puo, E, H and p are, respectively, the permittivity
constant of vacuum, the permeability constant of vacuum, electric field strength, magnetic field strength
and Lebesgue measure [Jac, page 259].

87



Proof. (1) This is done in two steps. Step I: For every f € Domg N Domps we have
n;f € Domg N Domy- and n;f — f in the graph norm. By Lebesgue’s dominated
convergence theorem

Inif = fllg. =0 as j—oo, VfelL (4.9)

p,qt+1,p17

because |1, f — f| < |f]. For every f € Domg by Cauchy-Schwarz inequality we have
O, I = 10n; A f +m;0f1* < 200m*| f* + 2|m;1* |01,

so using e~%%|0n;|* < e~ #2 we have

1o H|2, <2112, +2(97]2,

©3

hence 7;f € Domg. Again by Cauchy-Schwarz

1S(n; f) = miSFIlz, = 1on; A FIIZ, < A1,

SO
1S(mif) = n;Sfllgs =0 as j— o0, Vfe Domg, (4.10)

by the dominated convergence theorem. Combined with ||7;Sf — Sf|,, — 0 we get
IS(m;jf) —Sfllgs =0 as j— o0, Vfe Domsg. (4.11)
For every g € Domp« the identity
(n;f, Tg) — ;T f.9) = (f. ;T — T(139)) = (f,—0m; A g),

combined with the estimate e™#2|0n;|> < e~# shows that (n;f,Tg) is continuous with
respect to g, hence n;f € Domyp-. Since ||n;T*f — T* f||,, — 0 it remains to show that

|T*(n; f) =0T flloy =0 as j— o0, Vfe&Domp, (4.12)
because then
N\ T*(n;f) =T fllpy =0 as j— o0, Vfe& Domps, (4.13)

and the combination of (4.9), (4.11) and (4.13) is the result we wanted to show. (4.12)
can be shown in the same way that (4.10) was proved having the explicit formula for 7*
at hand (Lemma 71.(1)). Here is another argument. For every u € D, , we have

(T (i f) = 0T )| = |(F, 77T — T(5w)) gy | = |(f, =075 A )y | =
< [1slullonle=dn < [ Ifllulnle % e

Since u was arbitrary it follows that
T f) = i T f1* e < | f?e %,
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and (4.13) follows by the dominated convergence theorem.

Step II: Regularization of those f € Domps N Domg which has compact support.
Choose a smooth bump function ¢ compactly supported on the unit ball of C™, and
scale it to have integral 1. Consider the mollification f. obtained by convolving each
component of the form f with the approximate identity ¥.(2) = e >™)(z/¢). Note that
fe is compactly supported in D for sufficiently small e. It is a standard fact that the
mollification of every function on C™ which is L” summable, 1 < p < oo, with respect to
the Lebesgue measure converges to the function in L? sense as € — 0 [Fol, 8.14]. Therefore
fe— fin L2 ., . For the same reason Sf. = (Sf). = Sf in L It remains to

P,q+2,p3°

show that T*f. — T*f in L2 . Recall the decomposition T* = (—=1)P"'e"~%2(0) 4 a)

obtained in Lemma 71. We are done by observing that

(79_’_ a)fe = (19f)6 +af = ((19 + a)f)e +afe — ((lf)e

converges (¥ +a)f +af —af = +a)f in L2 .

(2) Let d; denote the differential operator 9/0%;. In the course of the proof I, J,
L, K are shuffles of {1,...,m} of lengths p, ¢ + 1, ¢ + 1, ¢ respectively, and j, k,[ are
indices ranging on {1,...,m}. Since (4.6) and (4.8) imply (4.5), the density result of
the previous part reduces us to prove the energy estimate for every f € D, ,+1 assuming
(4.7). This is basically integration by parts as follows. Fix f = 3 frydzrNdzy € Dy gi1.
Since

Sf = Z ZdjfLszj /\dZ[/\dEJ,

I,J j
it follows that )
|Sf|2 = Z Zdij,JdlfI,LE{L]~
I,J,L 3,

We decompose this sum into two. When 7 = [, to get a nonzero summand we must have
J = L, so these summands sum up to

ZZ |d; fr.al*.

I,J j¢J

When j # [, to get a nonzero summand, J and L must be obtained from a common
shuffle K of length ¢ by adding [ and j respectively. These summands sum up to

/
- E E djfrixdefrix
LK j#l
j i IK K K :
because €7 = e;fKe{jKeli = —¢/i€), where as usual f;; is defined for all tuples J C

{1,...,m}?"! by antisymmetry. (More details is given in the statement of Lemma 71.(1).)
The whole analysis shows that

[SfI? = Z/ > ldjfral* = Z/ > difrixd;frax,
J

L] LK jk
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hence
ISfI2, = / SN ldifral’ e Fdp - / SN difrixd fraxe ?dp. (4.14)
IJ j ILK jk

Let —d; be the formal adjoint of d; : L?(C™) — L?(C™) characterized by

/wldnge“odu = — /(5jw1)wge“”du, Vwy, we € D(C™). (4.15)
Integration by parts shows that
0 ow Op
S = e —— R 2 I
v ¢ 82]- (we ) 8zj w82j7
oAl
0id — dpd;)w = ——— 4.1
( JUk k J)w aZjaka7 ( 6)

for every w € D(C™). Using 6;, the explicit formula for 7* obtained in Lemma 71.(1)
can be written as

/ ’ a
Z Z 5jf[7jKdZ[ A dEK = (_1)]?—161117"*]1‘ — Z Z f[’jKa_,:/}'dZI VAN dEK
LK j J

ILK j

Applying [, | — [*¢"?dp and using the parallelogram identity |[A — B|* < |A— B>+ A+
B|? = 2|A|* + 2| B|? gives

/ Z ZCijLjKCSkfI,kK@_SDd# < 2||T*f||z:1 + 2/ | fI?09 e ?dp. (4.17)

K jk

Estimates (4.14) and (4.17) combined gives

/ Z Z (8, frix0nfrer — difrjud; frrg) e Pdu+ / Z Z \d; fra? e Pdp <
I,J j

LK jk
2T FIE, + ISSI2, + 2 [ 1P0Pe “du. (418)
This combined with (4.15) and (4.16) gives
[ S g [ S Sl s
02,;0Z I

LK 4.k
2||T*f||il+||5f||i3+2/|f|2|5¢|26_“"dﬂ- (4.19)

Using the hypothesis (4.7) and dropping the second term on the left hand side gives

20£1%, < 20T 15, + 1SS

®37?

so the energy estimate holds with C' := 1. |
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Finally, we show that the hypothesis in the conditional Lemma 73.(2) is fullfilled in
pseudoconvex opens:

Theorem 74 (d-bar problem; L_2 solutions). Let D C C™ be a pseudoconver open. Then
for every f € L? (D) with df =0 there exists u € L?,..(D) such that Ou = f.

p,q+1,loc p,q,loc

Proof. Fix f as in the statement of the theorem. A straightforward partition of unity
argument shows that L2 ., ..(D) is the union of all L? ., 4(D), ® € C=(D). (Refer
Lemma 75.(2) for the proof.) Fix some ® € C*(D) such that f € L2 . 5(D). Again,
by partition of unity construct ¢» € C'*°(D) satisfying (4.6). (Refer Lemma 75.(3) for the
proof.) It suffices to construct ¢ € C*°(D) satisfying ¢ — 1) > ® and (4.7), because then
defining @1, @2, @3 as (4.5) and T', S as (4.1), we will have f € L2 ., (D) and the energy
estimate (4.4) holds by Lemma 73.(2), and then the closed range theorem (Theorem 72)
gives u € Liqm(D) C Lg,quc(D) satisfying du = f. We use the pseudoconvexity of
D to construct ¢ as follows. Fix a strictly plurisubharmonic exhaustion function p for
D. Since L(p;t) > 0 on D for all t € C™ one can find a positive-valued continuous
function ¢ : D — R such that L(p;t) > c|t|3 on D for every t € C™. Here L denotes
the complex Hessian. For every smooth increasing convex function y : R — R we have

L(p;t) > x'(p)c|t|3 where ¢ := x o p. We need to find x such that

X (p)e > 2(10¢|* + expyp),  x(p) = @ + ¢ (4.20)

Since  is increasing (4.20) is equivalent to

V(1) 2 alt) == sup 206 +expt) /e, x(t) 2 B(t) = sup (B +), ViR,

{p<t} {p<t}

One can easily find y satisfying these two conditions just because a and f are finite-
valued increasing function R — R which vanish on (—oco, minp). p has minimum on D
because it is a continuous exhaustion function. (Refer Lemma 75.(4) for the proof.) W

Lemma 75. (1) If « : D — R is a function on open D C C™ which is bounded above
on every compact then there exists & € C*(D) such that ® > «. (2) If D C C™ is
an open then L2 .\ 1,.(D) is the union of all L2 ., 5(D), ® € C=(D). (3) The exists
€ C™(D) satisfying (4.6). (4) If o, B : R — R are functions on R which are bounded
above on compacts and vanish identically on some (—o0, to) then there exists an increasing
convex smooth function x : R — R such that X' > « and x > f3.

Proof. (1) Choose an exhaustion K; of D by compacts, find nonnegative smooth bump
function 1; equal 1 on K; \ K;_; and equal 0 outside K1 \ Kj_o. Then ® := > ¢;1);,
where ¢; = supg \g,_, &, works.

(2) Clearly L2 (D) contains all L2 ., 4(D). Fix f € L2 1,,.(D). Choose an

p,q+1,loc

exhaustion K; of D by compacts, set ¢; := [, | f|*du, and by (1) find ® € C>(D) such
that exp(—®) < 1/(27¢;) on K; \ Kj_1. Then

/ |flPe %du = Z/ |f1Pe®du < ey + ZZ’j < 0.
j o EG\K—

j=2
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(3) By (1) find ¢ € C*(D) such that ¢ > |0n;|? on K; \ K;_;. Then e¥ > 1 > |0n;|?
on D for every j.

(4) One can assume o = (. For every integer j find nonnegative smooth bump
function v; which equals 1 on [j, j + 2] and compactly supported in [j — 1, j + 3], and set

P .= chwj, c; = sup a.

[7.7+2]

Clearly, ® > «a. Also, ffoo O(z)dx > «ft) for every t € R because

¢ j+1
/ O(z)dx > / cij(x)dr =c; > at), VjeZvte[j+1,j+2].
J

Therefore, the primitive xi(t) := ffoo O (x)dx of d satisfies:
Xll 2 «, X1 Z .

Applying the process a — ® above to |x”| gives nonnegative smooth function 7 : R — R
supported on some [t;,00) such that v > 7. Then x(t) := ffoo [* _~(y)dydz is our
desired function because

x() > / / " )dyde = (1) > alt),

X'(t) = /t v(y)dy 2/ X1 (W)dy = X1 (t) > a(t),

—00 —00

Step II: Regularization

Having a L? solution of du = f at hand we start the second step of our plan to prove
that u (or a canonical version of it) is in fact smooth after correction on a null set. The
proof is based on the following regularization lemma, the last part being a weak version
of the famous Sobolev embedding enough for our purposes [Fol, 9.17][Gri, 6.1].

Lemma 76 (Regularization lemma). (1) Ifu € L*(C™) has compact support and Ou/dz; €
L*(C™) for every j then u € W2YC™). (2) If u € Lf,’q((Cm) has compact support,
Ou € L2,,,(C™) and Yu € L2, (C™) then u € W2L(C™). (3) If u € WrSEN(U) for
some open U CR™ and s € {0,1,...,00} then u € C; (U).

Proof. (1) We need to show that du/9dz; € L? for every j. Let u, be the mollification of
u with some smooth bump function compactly supported in the unit ball of C™ which
has been normalized to have integral 1. For every v € D(C™) doing integration by parts
twice shows that ||0v/0z;|| 2 = ||0v/0%Z;|| 2. Applying this equality to u. —us shows that
Oue/0z; converges in L?. Since u, — u in L? it follows that du/dz; € L%
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(2) (4.19) for p = = 0 gives
/%%

Let u, be the mollification of u with some smooth bump function compactly supported
in the unit ball of C™ which has been normalized to have integral 1. Applying (4.21) to
ue — ugs shows that d(uy ;). /0z; converges in L?. Since (us ). — ur,y in L? it follows that
Ouy y/0z; € L. By (1) we have duy ;/0z; € L* so uyy € W

(3) One can assume p = ¢ = 0 because the general case follows by applying this
special case to components. One can assume s = 0 because the general case follows by
applying this special case to the weak derivatives of u of total order < s. One can assume
that u is compactly supported in U because the general case follows by applying this
special case to u multiplied by smooth bump functions compactly supported in U. For
every v € D(U) the fundamental theorem of calculus gives

ovr s |? _ -
S22 du < 2000]3+1B0], Yo € Dy (C). (4.21)

9"v(y)
v(r) = ———du(y), Vrxel,
( ) /(oo,zl]x---x(oo,:vn} 8y1 e ayn ( )
hence 3 5
" "
sup (e SH— g(]”— , 122
zeU | ( )| ayl e ayn LY(U) ayl T ayn L2(U) ( )

where the constant C' is the square root of the volume of U. Let u, be the mollification
of u with some smooth bump function compactly supported in the unit ball which has
been normalized to have integral 1. Applying (4.22) to u. — us shows that u. converges
uniformly on compacts of U to some continuous function w. On the other hand v, — u
in L?. Therefore u = w almost everywhere. |

Theorem 77 (d-bar problem; L? Sobolev solutions). Suppose an open D € C™. (1) If
D is pseudoconvez then for every f € W>* (D), s €{0,1,...,00}, with Of = 0 there

i p,q+1,loc
exists u € W;;E(D) such that Ou = f. (2) If ¢ = 0 then every u € L2 ,,.(D) solution
of ou=f € WZ@;UOC(D) satisfies u € Wi’;j;lc(D).G

Proof. Note that if D is pseudoconvex then we have a solution u € W; ﬁloc according to
Theorem 74.

Case ¢ = 0. Assuming a solution u = Z urdz; € W7 for some 0 < o < s, we

p7q7]‘OC
need to show that u € Wj;fgi The equation du = f means dur/0Z; = fr; € W}72,718,10C
for j =1,...,m. That u € W; ;gi is immediate from the regularization lemma 76.(1)

applied to the derivatives of total order o of 1u;, where 1 is an arbitrary smooth bump
function compactly supported in D.

Case ¢ > 0. As Remark 79 shows there might be u € Liq’loc solutions of Ju = f €

2 . 2,541 : : o
W, 1 1oe Which u & Wp;foc, so we need to search for a canonical solution. The intuition is

6More generally, using Sobolev spaces with negative s one can show that every distribution u €
D, ,(D) satisfying of du = f € W;’(‘;LIOC(D) satisfies u € W;;Jﬂjlc(D) Refer [Rud-FA, pages 219-

22][Fol, pages 307-8].
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that when ¢ > 0 then the kernel of 7' contains many non-smooth solutions, so returning
back to the proof of Theorem 74 which was based on Theorem 72 we find a solution
Tu = f with restriction that u € Ker% = Rany. = Rang.. (Since Rany = Kerg is closed
it follows by Theorem 72.(4) that Rang- is also closed.) This restriction gives another
partial differential equation satisfiesd by u which together with du = f forces u to live
in WZ;IOC, as follows. Let u = T*v. Then u = (—1)P"'e®*d(e *2v), so ¥(e ?u) = 0
because 9?2 = 0. Therefore Yu = bu for some multiplication matrix b with smooth entries.

. . . . . . 2
Assuming that this canonical solution u lives in Wp l;gloc for some 0 < o < s, we need to

show that u € V[/p2 qgfgi This is immediate from the Regularization lemma 76.(2) applied
to the derivatives of total order o of Yu, where 1 is an arbitrary smooth bump function

compactly supported in D. [ |

Step 11I: The proof

The proof of Theorem 70. (1)=(2) Theorem 62.

(2)=(3) Theorem 77 combined with the Sobolev embedding (Lemma 76.(3)).

(3)=(4) Trivial.

(4)=(1) We apply induction on m. The base of induction m = 1 says: Every open
of C is a domain of holomorphy. This was shown in Example 45. Let D be an open
of C™ satisfying Serre’s condition. To prove that D is a (weak) domain of holomorphy
it suffices to just check that for every open ball B C D such that some a € 0B is in
0D there exits a holomorphic function on D which cannot be continued holomorphically
across a. Proof. If D is not a domain of holomorphy then every holomorphic function in
D can be extended holomorphically to a neighborhood U of some a’ € 0D. Let the open
ball B(a',2r) be contained in U. For every a” € B(d',r)N D, setting r’' := dist(a’,0D) we
have B(a”,7") C D and dB(a”,7")NOD # (). For every a in this latter nonempty set every
holomorphic function on D can be extended holomorphically across a. Q.E.D. After a
holomorphic change of coordinates one can assume a = 0 and By := BN {z, = 0} # 0.
Since B is convex it follows that 0 € 9By, so 0 € 0A where

A :=DnN{z, =0},
is the open of C™~! which we want to apply the induction hypothesis on.
TN

Next we prove the following extension theorem:
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For every f € Cg5(A) with Of =0 and0 < q < m—2 there exists F € Coo (D)
such that OF =0 and f = i*F, where i : A < D is the inclusion.

Proof. As usual we first solve the problem in the smooth category and then do the
required modifications by the d-bar problem. Let 7 : C™ — C™ ! be the canonical
projection dropping the last coordinate. The most natural idea which comes to mind is
to extend f to {z € D : mw(z) € A} by 7*f and set is zero elsewhere. Here is the way to
implement this idea. Since A and M :={z € D : 7(z) ¢ A} are disjoint and closed in D,
one can find a bump function ¢ € C*°(D) which equals 1 on some neighborhood on A
and equals 0 on some neighborhood on M. The form ¢7* f, defined to be zero wherever
1 vanishes, lives in Cg% (D) and i*y7* f = f because m o7 = id. Set

F =y f—z,v,

where v € Cg% (D) is chosen to make OF = 0, namely Ov = z;'0y An* f. This is possible
by D satisfies the Serre condition. Clearly, i*F = f. Q.E.D.

Using this extension theorem we can show that A satisfies the Serre’s condition,
namely for every f € C75 ., (A) with 0f = 0and g < m— 3 there exists u € Cro(A) such
that Ou = f. Proof For such f find F € C5o41(D) by the extension theorem above.
Since D satisfies the Serre’s condition and ¢+ 1 < m — 2, one can find U € Cg% (D) such
that OU = F. Setting u := ¢*U we have 0u = i*0U = f. Q.E.D.

By the induction hypothesis A is a domain of holomorphy, so there exists f € O(A)
which cannot be extended holomorphically across 0. The extension theorem above gives
F € O(D) which can not be extended holomorphically across 0. Another argument.
[Ohs, 2.12]. [ |

Other proofs are given in [Nog, 4.4.20, 7.4.10][Kaup, 63.7] (in the language of sheaf co-
homology) and [HL, page 85] [Ran, pages 196, 223] (by integral representations method).

Remark 78. During the proof of (4)=>(1) in Theorem 70 we in fact showed that for
every open D C C™ and A := DN {z, =0} C C™! with inclusion i : A — D:

HZY(D) = 0 for some q =

Vf e Gy (A) with df =03F ¢ Cog(D) with OF =0and f =i"F =
H3H(A) = 0,

Repeating this argument proves the following canonical extension theorem from linear
complex submanifolds sometimes called Serre’s criterion: Let D C C™ be open and

A:=DnN{z ==z, = 0} be a linear complex submanifold of D of codimension k. Let
D has the property that for every f € C55 (D) with Of =0 and 0 < q < k there exists

u € C5% (D) such that Ou = f. (In cohomological terms: Dolbeault cohomologies HY(D)
vanish for 1 < q < k.) Then every holomorphic function on A can be holomorphically
extended to D. Example: If D is Hartogs Hy (Theorem 1) then f(z, 22) :=1/(22 — 1/2)
is holomorphic on the complex linear complex submanifold M = D N {z; = 0}, but can
not be extended holomorphically to D because of the Hartogs extension phenomenon. B
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Remark 79. The second statement in Theorem 77 is never true if ¢ > 0, because of the
following type of examples. On C? consider

u = |$2| (2H(I‘1) — 1) d?l + |$1| (2H($2) — 1) d?g,

where z; = Rez; and H : R — R is the unit step function 1y ). Since 0|z;|/0x; =
2H(z;) — 1 in the distributional sense it follows that

Ou = (2H (x3) — 1)(2H (x1) — 1)dZy A dZy + (2H (z1) — 1)(2H (z3) — 1)dZ; A dZy = 0.

Note that u € L§ ; ,. but u ¢ W(i ’11710(;, because the Dirac unit mass distribution appears
in the first distributional derivatives of u. Those differential operators P with smooth
coefficients such that all distributional solutions of Pu = f are smooth functions if f is so
are called hypoelliptic [Fol-PDE, pages 63, 216]; most important examples are elliptic
operators, for example 0/0%Z acting on functions on C, Hodge Laplacian (dd* + d*d) and
de Rham operator (d+d*) acting on differential forms on oriented Riemannian manifolds,
Kohn Laplacian (99 +8 9) and Dolbeault operator (948 ) acting on differential forms on
Hermitian manifolds, and Dirac type operators on spinors on spin manifolds [Tay, chapter
10]. Every standard PDE textbook proves the hypoellipticity of elliptic operators under
the name of “interior (or local) regularity of linear elliptic equations”: [Tay, volume I,
page 442|[Fol-PDE, 6.34][Jos-PDE, 9.3.2][Bre, 9.25][Eva, 6.3.1][Hor-PDE, 4.1.7], etc. The
interior regularity of constant coefficient elliptic equations is even proved in some of the
graduate level real analysis textbooks [Rud-FA, 8.12][Fol, 8.14][Jos, 23.7]. [ |

Exercise: (1) Hérmander proved [Fol-PDE, 6.36]: A constant coefficient differential
operator P € C[0/0x1,...,0/0x,] is hypoelliptic if and only if |Im&| — oo as || — oo
inside {£& € C™ : P(v/—1&1,...,v/~1&,) = 0}. Using this criterion show that 9/0%;,
the Laplacian A =37, . 92/ 81’? and the heat operator A — 0/0x,,,; are hypoelliptic
but not the wave operator A — 9%/dz2, ;. (2) Find a nonsmooth function f = f(z1, z2)
which satisfies the wave equation 0 f/0x? = 0*f/0x3 in the distributional sense. (Hint.
Consider functions of the form f = g(z1 — 23).)

4.2 First corollaries of Theorem 70

Theorem 80 (Behnke-Stein). The union of an increasing sequence of domains of holo-
morphy is a domain of holomorphy.

Proof. The union of an increasing sequence of pseudoconvex opens is pseudoconvex
(evident from several different characterizations of pseudoconvexity given Theorem 58,
say Hartogs pseudoconvexity, or the plurisubharmonicity of — logdist), so we are done
by Levi’s problem. For a direct proof which does not use Levi’s problem refer [Nog,
5.4.10][Bers, Theorem 38]. [ |

Theorems 61 and 70 combined gives:

Theorem 81. Being a domain of holomorphy is a local property of the boundary in the
sense that an open D C C™ is a domain of holomorphy if and only if every point in 0D
has a neighborhood U C C™ such that D NU is a domain of holomorphy.
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Another proof in the language of sheaf cohomology is given in [Kaup, 63.7].
Pseudoconvexity can not be characterized topologically (because: Hartogs H and the
unit ball are homeomorphic) but here is a topological restriction on this notion:

Theorem 82 (Serre). The de Rham cohomology of a pseudoconver open D C C™ can be
computed by holomorphic forms in the sense that the natural coset enlargement map

{fGC;%(D):gf:O,ﬁf:O} {fEC;D’O(D):df:()} - |
{dg "9 € 01?31,0<D)759 - 0} - {dg rg € 0531(1?)} = HanlD:C),

is an isomorphism of vector spaces for every p > 0. (Note that the de Rham cohomology
HE.(M;C) of a smooth manifold M is isomorphic to the singular cohomology of M
[Lee, 18.14][War, 5.86], hence a topological invariant, and can be computed efficiently
by simplicial [Hat, 2.27][Mun, page 103], cellunar [Hat, 2.35][Mil, page 36] or Morse
theoretic [Mil, pages 20, 36/[AD, 2.7.3] means. A good reference is [BT].) Specially,
H.(D;C) =0 for p>m.

Proof. The map is clearly a homomorphism of vector spaces. Its surjectivity and in-
jectivity follows immediately from the following assertion: For every f € C°(D) with
df € CX,4(D) there exists f' € C23(D) such that f — f" € dC2° (D). We prove the
assertion inductively by restricting to those f = Zogqgr Jr—aq> Jr—qq € C72, 4 such that
fr—qq = 0 for some k € {0,1,...,r} and every ¢ > k. The initial case £k = 0 is true by
setting f':= f. Since df € C2Y,, it follows that 5]‘,,,167;C = 0, so by Theorem 70 we can

write f,_j, = dg for some g € C® kx—1- Lhe induction hypothesis applied to

f_dg = Z frfq,q _aga

0<q<h-1
gives f —dg — f' € dC°, for some f" € CF. [ |
Another proof in the language of sheaf cohomology is given in [Nog, 4.4.29].

Example 83. This example shows that in Theorem 82, HY;(D;C) can be nonzero for
p <m. Consider D :={z€ C":1/2 < |z;| <2,Vj}. D being a product of opens of the
complex plane is pseudoconvex. Consider the smooth form f := (21 -+ 2,) 'dz1A. .. Adz,
of degree p € {1,...,m}. Clearly, df = 0 but the following argument shows that there
is no smooth form g of degree p — 1 such that f = dg, hence Hi,(D;C) # 0. If such
g exists then by Stokes’ theorem the integral of f over the p-dimensional torus {|z;| =
<o =|zp| = 1,2p41 = -+ = 2, = 1} vanishes, however a direct computation shows that
this integral equals (27/—1)P. [ |

4.3 d-bar problem with L? estimates

A careful analysis of the argument used to prove Theorem 74 gives the following strength-
ening:
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Theorem 84 (d-bar problem; L? estimates). Let D C C™ be a pseudoconvex open.
(1) For every plurisubharmonic function ¢ on D and f € L? (D) satisfying 0f =0

- p,q+1,p
there exists u € L2 1,.(D) such that Ou = f and

-2 _ _
[P 1) et < [ JpPe v
D D

(2) If D is bounded then there exists a positive real number C' depending only on m and
the diameter of D such that for every f € Lz,q+1(D) with Of = 0 there exists u € Lf),q(D)

such that du = f and ||ull, < C|f|,-
To prove this theorem we first show:

Lemma 85. Suppose pseudoconvex open D C C™, C? function ¢ : D — R satisfying

- 8230 I 2 m
E —tt, > c|t|; on D, VteC™, (4.23)
: 02;0%y,
J.k=1
for some ]iositive—valued continuous function ¢ on D._ Then for every f € L;QHM(D)
satisfying Of = 0 there exists u € L2, (D) such that Ou = f and

[ (e 1B) e vdn <2 [ 7Pt v
D D

Proof. [ ]

Proof of the Theorem 84. (1)
(2) Immediate from (1). [

4.4 Interpolation problem

Theorem 86 (Interpolation problem). An open D C C™ is a domain of holomorphy if
and only if for every sequence of complex numbers q; and every sequence p; of points of
D which does not accumulate anywhere in D there exists a holomorphic function f on D
such that f(p;) = q; for all j.

Proof. If the interpolation problem is solvable in D with ¢; = j then condition (4) in
Theorem 44 (Cartan-Thullen) is satisfied, so D is a domain of holomorphy. For the other
direction refer [Ohs, 5.3]. [ |

Another proof in the language of sheaf cohomology is given in [Nog, 4.4.21]. A gen-
eralization is Theorem 106.
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4.5 Division problem

We aim to prove the following theorem:

Theorem 87 (Division problem; Oka). For an open D C C™ the followings are equiva-
lent:

(1) D is a domain of holomorphy.

(2) If f1,..., fx is a finite collection of holomorphic functions on D with no common
zeros then there exists holomorphic functions g1, ..., g, on D such that 1 = f;g;.

(2) If f; is a sequence of holomorphic functions on D with no common zeros then
there exists holomorphic functions g; on D such that 1 =), f;g;, the uniform convergence
on compacts.

(3) The (closed) mazimal ideals of O(D) are given by m, := {f € O(D) : f(a) =
0}, a € D. (Here closedness is with respect to the topology of uniform convergence on
compacts.)

Proof. (1)=-(2) [Ohs, page 90-92].
(2)=(3) Every m, is maximal because for every g € O(D) \ m, the identity

_ fla) ~ fla)
f= g(a)gJr (f g(a)g) . fe o),

shows that O(D) is the only ideal containing m, U {g}. Let m be a maximal ideal not
of this form. Then assuming a dense sequence p; of points of D, one can find f; € m
which is nonzero on p; hence nonzero on some neighborhood of p;. This sequence f; has
no common zero so 1 =Y f;g; for g; € O(D). We have the contradiction 1 € m.
(3)=(1) Assuming p € 0D we will find a holomorphic function f, on D which can not
extended holomorphically across p. The ideal generated by z; — p;, 7 = 1,...,m, is not
contained in any maximal ideal, so by Zorn’s lemma it should be the whole algebra O(D).
This means 1 =3, (2; — b;)g; for some g; € O(D). Set f,:=1/>(z; —p;)g;- M

Another proof in the language of sheaf cohomology is given in [Kaup, 63.7].

4.6 Cousin problems

4.7 Other applications of the d-bar technique

Theorem 88. An open D C C™ with C' boundary is a domain of holomorphy if and
only if it carries a complete smooth Kahler metric.

Proof. Only if part was proved in Theorem 54. For the other direction refer [Ohs2]. W
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Chapter 5

d-bar problem on strongly
pseudoconvex domains (via integral
representations’ methods) with
applications

References: [Ran, HL, LM, CS, Adal.

With integral representation we can prove LP, p # 2, estimates for the d-bar problem
which can not be done by the Hilbert space methods of Chapter 4.

Theorem 89 (d-bar problem; L” and Lipschitz estimates. Kerzman-Qvrelid). For ev-
ery bounded strongly pseudoconver open D C C™ with C® boundary there exist bounded
operators S : Lé,q(D) — L(llq(D), q=1,...,m, such that if f € L' satisfies Of =0 (in
distributional sense) then f = 0S,f. Furthermore:

|’S(1HLP*>LP <00, pe€& [1700]7
|Sylliene <00, a€ (0,1/2], A*= {f : supw < oo} |
fel'nC"=S,fel'nC* kel 0.
Since A*(Q) C C(Q) [Ada, 3.6]) it follows that

feL®NC™ = S,f € C™(Q)NCQ).

Theorem 90 (Henkin). Let D C C™ be a bounded strongly pseudoconvexr open with C?
boundary. Then every element of O(D)NC(D) (respectively the weighted Bergman space
O(D)NLP(D), o« > —1, p € [1,00)) can be approximated uniformly (respectively in LP
norm) by elements of O(D).
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Chapter 6

Boundary values of holomorphic and
harmonic functions (Hardy spaces)

References: [Ste|[Kra, chapter 1, 8][Rud-SCV].

6.1 Green and Poisson kernels
6.2 Bergman kernels

6.3 Szego kernels
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Chapter 7

Coherent cohomology of complex
spaces

References: [Hor, Nog].

Oka was the first who proved that the obstruction to Cousin problems are purely
topological in the sense that if the problem admits a continuous solution then it admits
a holomorphic solution.

7.1 Weierstrass preparation theorem

References: [GH, chapter 0].

A holomorphic germ f € Ogm g is said to be regular in z,, of order k (k a positive
integer) if f(0,...,0, z,,) has 0 as a zero of order k. It is straightforward to show that every
holomorphic germ which vanishes at the origin becomes regular in z,, after a complex
linear change of coordinates. A holomorphic germ W € Og¢m  is said to be a Weierstrass
polynomial in z,, of degree k if it has the form W = 2% + 2*~lw, | + .-+ + wy where
w; are holomorphic germs in variables 2, ..., 2,,—; which vanish at the origin.

Theorem 91 (Weierstrass preparation and division theorems). Let f € Ocm o be a holo-
morphic germ reqular in z,, of order k. Then: (1) f can be uniquely written as f = Wy
where W is a Weierstrass polynomial in z,, of degree k and g is a unit germ in Ocm g
namely g(0) # 0. (2) Every holomorphic germ h € Ocm can be written uniquely as
h = fq+r where r € Ocm-1[2m] is polynomial in z, of degree less than k.

Proof. Use z = (2, z,,) to coordinate C™ = C™~! x C. Find positive numbers R and r
such that

0<|zm| <R= f(0,2,) #0, |Zm| = R, |22 <7 = f(2,2m) #0.
(1) For every |2|; < r the function f(z) has exactly k zeros z,, = o;(2'), j=1,...,k, on
|zm| < R because the expression
1 Of /0zm(2)

-~ — dm7
orv/ 1 )n )
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is a continuous (even holomorphic) integer-valued function hence equals its value at the
origin which is k. We assert that

k
W(z) =[] (o — () = 25 + wrea (2257 4w (2)

j=1
works. All functions w;(2’) are holomorphic vanishing at the origin because
k
1 2L Of |02 (2)
wi(Z) = (a;() = EmZI L) e, L =1,2,. .
Z ! 21/ —1 |zm|=R f(Z)

J=1

are holomorphic and each a; is a polynomial in w;’s (say by Waring’s second formula).
Consider the partially defined function g := f/W. For every |z'|a < r remove the
singularities of g and denote the resulting function again by g. The formula

_ 1 9(z',¢)
g(Z) N 271'\/—_1 I¢|<R Zm, —C

show that ¢ is holomorphic in z’. This proves the existence. For uniqueness, assuming
f = Wig1 = Wags, for every fixed |2'|s < r the roots of the monic polynomials W; and
W, are the same, so they are identical. Since (g3 — g2)W; = 0 it follows that the Taylor
coefficients of the holomorphic function g; — g are all zero.

(2) By (1) we can assume f is a Weierstrass polynomial in z,, of degree k, say f =
2Pt (2R o+ fo(2)) . We assert that

a(2) = —— M)l
20V =1 Jigu=r f(Z Gn) G — 2

dCa ‘Z/b <, ”Zm’ <R

lzm| < R, || <,

works. Indeed

)
h— fq= dc.
1= 73 ) 7660 Guom ¢
_ 1 h(2, ) CE = 28 4 Frea () (CE7F = 2E1) "
N ) Cn — Zm m
)

271271 + me2(2/7 Cm)z1]§;2 + ) de

N\
I
3
~—
—~

2m/—1) f

is a polynomial in z,, of degree less than k. For uniqueness, assuming two representations
h = fq1+711 = fgo+r2, comparing the number of zeros in two sides of f(q; —gq2) = ro—r1
for every fixed |z/|s < r shows that that ¢ — go =re —r; = 0. [ |

For other proofs refer [Bers, page 40|[KP, 6.1.3|[Hor, 6.1.1]

7.2 Stalk study of the sheaf of holomorphic functions

Theorem 92. The ring of germs of holomorphic functions Ocm o is a Noetherian normal
unique factorization domain.
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7.3 Local study of the sheaf of holomorphic func-
tions: coherency

Proposition 93. The class of coherent sheaves on an open D C C™ is closed under

Theorem 94 (Coherence theorems of Oka and Cartan). Let D C C™ be open. (1) The
structure sheaf Op of holomorphic functions on D is coherent analytic. (2) The sheaf of
1deals Iy of every analytic subset’Y of D is coherent analytic.

7.4 Sheaf cohomology and its universal role among
cohomology theories

[War, Chapter 5]

Theorem 95 (Ubiquity of the sheaf cohomology). (1) If X is a topological manifold
then the singular cohomology Hé“ing(X, C) is given by the sheaf cohomology H1( X, C) with
respect to the sheaf of locally constant functions. (2) If X is a smooth manifold then the de
Rham cohomology HEy (X, C) is given by the sheaf cohomology H*(X,C) with respect to
the sheaf of locally constant functions. (3) If X is a complex manifold then the Dolbeault
cohomology HE(X,C) is given by the sheaf cohomology HY(X, O™ with respect to the
sheaf of holomorphic forms.

Proof. (2) Let Q2 be the sheaf of germs of smooth differentiable forms of degree k on X.
Then the complex of sheaves

05 Co bt d. . 4 qimeX g

is fine (by partition of unity) and exact (by the Poincaré lemma). Apply de Rham-Weil.
(3) Let QP9 be the sheaf of germs of smooth differentiable forms of type (p,q) on X.
Then the complex of sheaves

0— O < Q@O 2 . 2 opdimeX) _,

is fine (by partition of unity) and exact (by Dolbeault-Grothendieck lemma, Theorem
25). Apply de Rham-Weil. [ |

7.5 Global study of the sheaf of holomorphic func-
tions: Cartan B

Theorem 96 (Cartan B). An open D C C™ is a domain of holomorphy if and only if all
the sheaf cohomologies H1(D,F), q > 0, of D with respect to coherent analytic sheaves
F vanish.
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Chapter 8

Holomorphic approximations of
functions

References: [Hor, Ran].

For two subsets A C B of C™, (B, A) is called a Runge pair if O(B) is dense in
O(A) in the sense that every holomorphic function on A can be uniformly approximated
on compacts by holomorphic functions on B. A is called Runge if (C™, A) is a Runge
pair. Theorem 12 gave a topological characterization of Runge pairs (D, K), open D C C,
compact K.

Example: The power series representation of holomorphic functions on polydiscs
shows that polydiscs are Runge. Therefore, by Hartogs extension theorem, Hartogs H is
also Runge.

Theorem 97. For two opens D C D' in the complex plane, (D', D) is a Runge pair if
and only if any of the following equivalent conditions hold:

(1) If D"\ D can be written as the union of a closed F C D' and a compact L such
that FONL = () then L = ().

(2) For every compact K C D we have K@(D/) = KO(D).

(8) For every compact K C D we have K@(D/) NnD= KO(D).

(4) For every compact K C D we have IA(@(D/) N D is compact. [Hor, 1.8.4]

Example: Open D C C is Runge if and only if C\ D is connected.

Exercise: Show that Runge subsets of C™ remain Runge under biholomorphic maps
Cm — Cm.

Contrary to such topological characterization in the plane, in higher dimensions there
is not even a biholomorphic intrinsic characterization of Runge opens, as shown by the
following example.

Example 98 (Wermer [Wer2, Wer3, Kaup|). Consider the map
F:CP—=C 2+ (21,2122 + zg,zlzg — 29 + 222z3) )

The determinant of the Jacobian of F' equals 1 — 223, so F' is locally biholomorphic on
every point of the polydisc P. := {|z1] < 14 ¢€,|za] <14 ¢, |23] <€}, 0 <e<1/2. We
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assert that I : P, — F(P,) is biholomorphic for sufficiently small . If F is not injective
on any P, then there exists two sequences of points p/ = (p], p3, p3) and ¢/ = (¢, 3, @) in
P, j; such that p? # ¢/, F(p?) = F(¢/), p} — 0, ¢ — 0, and after passing to a subsequence
we can assume that both sequences converge. It is straightforward to deduce that | p% —q§|
and | pg — qé\ both tend to zero, namely p/ and ¢’ converge to a common point, but then
F' can not be locally injective on this common point of convergence. From now on fix
some € such that F' : P. — F(P,) is biholomorphic. The power series representation of
holomorphic functions on polydiscs shows that P. is Runge, but assuming D := F(F,)
Runge leads to a contradiction as follows. Consider

K ={(w,1,0) € C*: |uy| =1}, D' ={(wy,1,0) € D}, [f=projyoF .
Note that K C D’ C D because
F(21,1/21,0) = (21,1,0) for |z =1

Also, || f|lx = 1 because f restricted to D’ is given by f(wy,1,0) = projy(wy, 1/w;,0) =
1/w;. Every polynomial p in three complex variables according to the maximum principle
satisfies p(wy,1,0) < ||p||x for |wy| < 1, and since f can be uniformly approximated on
compact K C D by polynomials we have f(w1,1,0) < || f||x for |w;] < 1. Since D C C?
is an open containing K so there exists w € D’ with |w;| < 1, but then for any such
point according to the estimation above we get the contradiction 1 < |w|™' = |f(w)] <

1fllx=1. u

Theorem 99 (Oka-Weil). A compact K C C™ is Runge if it is polynomially convex [Hor,
2.7.7]. The converse is also true if K is a Stein compactum [Ran, page 219].

Here is a generalization.

Theorem 100. For domain of holomorphy D C C™ and compact K CD, (D,K) is a
Runge pair if K is plurisubharmonically convex in D, namely K = Kpg(py. [Hor, 4.3.2]

Theorem 101 (Behnke). For two domains of holomorphy D C D" C C™, (D', D) is a
Runge pair if and only if any of the following equivalent properties hold:

(1) For every compact K C D we have Kopry = Ko(p).

(2) For every compact K C D we have K@(D/) ND = K@(D).

(8) For every compact K C D we have k@(D/) N D is compactly supported in D'. [Hor,
4.8.3]

Theorem 102. For domain of holomorphy D C C™ and compact K C D we have
Koy = Kpsp). [Hor, 4.8.4]

Theorem 103. FEvery domain of holomorphy can be exhausted by domains of holomorphy
D; such that all (Dj1,D;) and (D, D;) are Runge pairs.
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Chapter 9

Holomorphic extensions of functions

9.1 From complements of thin sets

References: [Kaup, Gun, Ohs|

Theorem 104 (Riemann’s removable singularities). Consider an open D C C™ and a
subset A C D.

(1) If A is a closed subset of a proper analytic subset of D then every holomorphic
function on D\ A which is locally bounded on A (namely every a € A has a neighborhood
U C D such that the function is bounded on U \ {a}) can be extended holomorphically to
D.

(1) If A is thin then every holomorphic function on D\ A which is locally bounded on
A can be extended holomorphically to D.

(2) If A is an analytic subset then every LP function on D\ A, p € [2,00], can be
extended holomorphically to D.

(3) If A is an analytic subset of codimension > 1 then any holomorphic function on
D\ A can be extended holomorphically to D.

Theorem 105 (Rado). If a continuous function f on open D C C™ is holomorphic on
D minus a smooth real hypersurface S C C™ then f is holomorphic on D.[CS, page 37]

9.2 From complex submanifolds
References: [Ohs, ELE]
Theorem 106 (Extension from complex submanifolds). An open D C C™ is a domain

of holomorphy if and only if every function holomorphic on a complex submanifold of D
can be holomorphically extended to D.

Proof. [Ohs, 5.6]. [ |

107



Another proof in the language of sheaf cohomology is given in [Nog, 4.5.11]. The
theorem remains true if “submanifold” is replace by “analytic subsets” [Hor, 7.4.8][Nog,
6.12.7]. Note that submanifolds of dimension zero are just discrete subsets, so this The-
orem solves the interpolation problem 86. Normed controlled versions are given in [Ohs,
section 5.3].

9.3 From real hypersurfaces.

References: [KR, CS, EE].

Theorem 107 (Bochner). If D C C™, m > 1, is a bounded domain with connected
C' boundary then every C' function on the boundary which satisfies tangential Cauchy-
Riemann equations can be extended to a function holomorphic on D and continuous up to
the boundary. Moreover, if the boundary is C*, and f € CY(D), | < k, then the extension
in is O(D) N CY D). [Ran, page 165][CS, page 38][Hir, page 31]

Lemma 108 (Jump formula for Bochner-Martinelli integrals). Assume bounded open
D C C™, m > 1, with connected C* boundary and f € CY(OD). Define F(z) =
Jop F(Q)Ko(¢, z) on C™\OD where Ky is the Bochner-Martinelli kernel for functions, and
set F_(z) := F(2) for z € D and F\(z) := F(z) for € C"\ D. Then F_ and F, have
C* extensions to the boundary for every 0 < a < 1, and we have f(z) = F_(2) — F(2).

108



Chapter 10

Special topics

10.1 Zero sets of holomorphic functions

References: [Rud-SCV, chapter 17].

10.1.1 The local geometry of analytic varieties

Theorem 109 (Henkin-Skoda).

10.2 Hermitian symmetric spaces, Kahler manifolds,
Einstein manifolds

References: [Helg, chapter 8§].

10.2.1 Biholomorphic-invariant metrics

Bergman metric as the first Kahler metric and a generalization of the Poincar metric on

the unit disk), KobayashiRoyden metric, Sibony metric, Caratheodory metric
Fefferman used the Bergman metric to prove his extension theorem. An accessible

proof sketch is given in [Ohs|. More details are in [Ran, 7.8].

10.3 Classification of domains up to biholomorphism

References: [BFG].
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10.4 Neumann d-bar problem on strongly pseudo-
convex domains with applications

References: [FK, CS, Tay, BS].

1. More general problem than du = f is Ou = f, which is a BVP, because to make
formal adjoint & a true adjoint (or make [J true SA), the right hand side of inte-
gration by parts formula (u,v) — (p, dv), which is /. 50 Symbols should vanish, and it
gives Neumann BCs. Spencer, based on works of Hodge (closed Riemannian), Weil
(closed Kahler), de Rham and Kodairo (complete Riemannian), asked whether the
linear algebra fact: For SA matriz A, the equation Au = f is solvable exactly when
f L ker(A); if so there is a unique solution being orthogonal to ker(A); in other words,
for any f, if u = N f denotes the unique solution of Au= f — H(f) being orthogonal
to ker(A) (H is the orthogonal projection onto ker(A)), then we have Hodge decom-
position f = AN(f) + H(f). The main issue for the Hodge orthogonal direct sum
decomposition H = ker(A) @ im(A), for a formally SA diff operator is to first find a
truely SA extension of A (also denoted by A), and then ask whether A is closed range
or not, because if A is closed range then ker(A)t = im(A) = im(A4). By the famous
closed-range theorem of FA, this reduces to proving the fundamental estimate that A
is bounded below ||Au|| > C||u|| for u L ker(A), because then if Au; — f, then Au,
is Cauchy, so u; is Cauchy, so u; — u, so f = Au.

2. In case of manifolds for solvability of Ou = f, f need to satisfy 9f = 0 and f L ker(O),
or equivalently just f L ker(8").

3. On a smoothly bounded strongly pseudoconvex domain 2 C C™, O (or better say
its Friedrichs extension denoted by F' in Folland-Kohn or £ by Taylor) is invertible
when ¢ > 0, with compact inverse N = 07! called Neumann solution operator.
w=0Nu=090u+ 0 du is Hodge decomposition.

For ¢ = 0, [J has large kernel.

For p = ¢ = 0, we have orthogonal decomposition u = (u— E*Ngu) +d'N Ou, so the
formula Bu = u — & Ndu for Bergman projection on functions.

4. In case of manifolds for solvability of Ou = f, f need to satisfy f L ker(Od). If so, one
gets f=0ONf+ HFf.

Theorem 110 (d-bar problem; smoothness up to the boundary). Let D C C™ be a
bounded strongly pseudoconvex open with smooth boundary. Then for any f € C3%. (D)

with Of = 0 there exists u € C’gz(ﬁ) such that Ou = f.

10.5 Worms

References: [CS, 6.4].

Let n: R — R be a fixed smooth function with the following properties:
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1. n is nonnegative, even and convex.
2. n7H0) =[-8 +7/2,8 — /2] for some fixed B > /2.
3. there exists a > 0 such that n > 1 outside [—a, a].

4. n'(z) #0if n(z) = 1.

For each

Wy = {(Zl,?«?) € C?: |z + eV gl

2
<1-1/(log |22|2)}

Proposition 111. Wy is a smooth bounded pseudoconver domain in C?.

Theorem 112. There is no C? global defining function for Ws which is plurisubharmonic
on the boundary.

Theorem 113. For 3 > 371 /2 there does not exist a sequence D; of pseudoconvex domains
in C? such that the closure of Wy equals () D;.

Theorem 114. For 3 > ©/2 the Bergman projection of Wy does not map W* — W¥*
when k > /(26 — ).

10.6 Biholomorphisms C" — C™

References: [Fors, chapter 4].

10.7 Corona problem

References: [Gar, chapter 8][DKSTW]

Theorem 115 (Corona problem; Carleson). Let D be the open unit disc of the com-
plez place, and let H*®(D) be the (commutative Banach) algebra of bounded holomorphic
functions on D. Then:

(1) D is dense in the mazimal ideal space of H*®(D);

(2) For every fi,..., [, € H>®(D) satisfying max|f;(z)| > 6 for some d > 0 and every
z € D, there exists gi,...,g, € H®(D) such that 1 =Y f;g;;

(8) For every positive integer n and positive real & there exists positive real C' such
that for every fi, ..., fr, € H®(D) satisfying max | f;(z)| > § for every z € D, there exists
915, gn € H®(D) such that 1 = f;g; and ||g;]] < C.
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