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Abstract Among all the mathematical frameworks used in
the control and robotics communities to handle uncertain-
ties, the stochastic variants of optimal control frameworks
are appealing, in particular because of the existence of effi-
cient tools to solve them computationally, such as dynamic
programming. However, in many cases, because of their
formulation as a classical optimization problem, it may be
difficult to ponder the expected solutions for a given choice
of the objective function to minimize. In this paper, we per-
form an in-depth analysis of the behavior of the policies
obtained from solving Stochastic Linear Quadratic Gaussian
problems, thinking in particular in robot motion planning
applications. To perform this analysis, we assume simplified
linear systems perturbed by Gaussian noise, with state-
dependend and control-dependent components, and objec-
tive functions summing up control-related and state-related
costs. We provide (1) useful bounds for understanding the
effect of the objective function parameters, (2) insights on
what the expected paths of system should be and (3) results
on the optimal choice of the planning horizon.
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1 Introduction

Dealing with uncertainty has always been an important
issue in mobile robotics [2, 5, 7-9, 11, 14]. After the pio-
neering work of [9], where the authors have introduced
a probabilistic framework for formally modeling spatial
uncertainty, many approaches have been proposed to gener-
ate motion strategies for a given robotic task while taking
into account uncertainties. A common and important task in
robotics is navigation, where a robot must reach a given goal
configuration even under uncertainty on states, controls and
observations [5, 8, 14].

One common class of solutions for this kind of problems
is given by optimal control, which has been the focus of
attention in several scientific communities over the years,
from robotics to control. Numerous algorithms and method-
ologies have been developed in fields such as biomechanics,
robotics, economics, etc. based on optimal control to solve
complex problems [4]. The mathematical tools it provides
are well adapted to determining the optimal policies a sys-
tem should follow, even under uncertainties on the effects of
the control and/or on the state estimate.

Stochastic variants of dynamic programming and opti-
mal control [1, 3-5, 8] have been recurrent tools used
to generate motion strategies in the form of policies, that
map states to controls. Previous works in the fields of
robotics, control and artificial intelligence [2, 12, 14] have
adapted the dynamic programming framework to partially
observable Markov decision processes (POMDP) [6, 11], in
order to solve optimal control problems and simultaneously
handle uncertainty on states or controls. These algorithms
have been applied, for example, in [12], where the authors
propose an approach to find the optimal controls for non-
linear systems under the Markov decision process (MDP)
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framework. In particular they apply this algorithm to biome-
chanical models. In robotics for instance, one can find in the
literature different algorithms for complex robotic systems
[13, 14]. In these papers the main idea is to extend the results
of [12] for a partially observable Markov decision process
(POMDP) and apply it to practical robotic problems.

However, the complexity of these algorithms makes it
difficult to assess quantitatively the solution when the inher-
ent system conditions change. Assume for example, that one
can predict the variations in the solutions for differents lev-
els of noise. It would then be possible to make decisions
on other aspects of the system or even of the admissibil-
ity of the solution. Also, because of their formulation as a
classical optimization problem, it may be difficult to pon-
der the expected solutions for a given choice of the objective
function to minimize.

In this work, we present the conditions for the opti-
mal cost-to-go function and optimal control parameters to
converge to finite values when the horizon increases. This
implies that the cost associated to the optimal motion policy
is bounded by a finite value, when considering a bounded
domain for the initial state. Therefore, one knows whether
or not the resulting cost is affordable. We introduce a
quantitative and qualitative analysis of the expected solu-
tions to the Linear Quadratic Gaussian (LQG) problem with
control-dependent noise. In particular, we analyze how the
system trajectory changes when one varies the weights of
the immediate costs, control costs and costs associated to the
final configuration, thus understanding the effect of these
parameters in the objective function.

Finally, it is important to stress that dynamic program-
ming and related methods deliver the global optimum (min-
imum) for a specific horizon. However, such a minimum
might be improved with another planning horizon. In this
work, we determine the optimal planning horizon K for the
overall cost used to assess the motion policy, under control-
dependent uncertainty. The optimal horizon K can be of
finite nature, or be reached asymptotically when K — oo.
Our analysis allows us to determine from the initial condi-
tions of the system, which of these two scenarios will occur.
In practice, this means that it is feasible to determine, for any
system configuration, whether it is possible to find a finite
horizon with an optimal that guarantees the lowest overall
cost.

2 L.QG with State- and Control-Dependent Noise

In this section, we review the general formulation of the
LQG problem (Section 2.1) and the general form of its solu-
tion (Section 2.2) when state- and noise-dependent noise
add up as the result of the application of a control.
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2.1 Problem Statement and Notations

Let x; € R” be the state of a linear stochastic system at time
index k, controlled through a control vector u; € R™.

In this work, we consider the following LQG problem
associated to this system

K-1
min Eg, e g b (Z L (xpe, wg) + IK(XK)>

up:x—1 k=0
()
with:
Xp+1 = Axi + Buy + &y, + &,
Su, Ly(ui)N(, 1)
e, Ly(x¢)N(O,T)

t(x,u) = 3xTOx + JulRufor0 <k < K
tk®) = 3&x—xpTQrx—xp).

In these equations, A € R"*" and B € R"*™ are respec-
tively the dynamics and control matrices that characterize
the linear stochastic system, &,, € R", &, € R" are inde-
pendent Gaussian noises that add up to the state at each
time step k, and Q € R"™ R € R™™ Qr e R™
are three positive semi-definite matrices describing the cost
function. Finally, N (0, I) is the normal distribution in R"
and L, (ug), L, (X;) two matrices described below.

This is a simple but very typical LQG system in robotic
problems, encoding the search for an optimal control in the
case of a linear stochastic system described by the first equa-
tion above, and that can be associated to a Markov Decision
Process. Its instantaneous cost function /i (x, u) is described
in the fourth equation above and includes two terms: One
quadratic term in the state x that should favor solutions driv-
ing the system close to the minimal value of the quadratic
function, which is the origin in that case, and one quadratic
term in the control u that favors solutions with controls of
small amplitude. Finally, the term /g (x) corresponds to a
constraint imposed to the last position of the generated path
and is used to drive the system close to some configuration
of interest, Xy € R”, at time K. Note that the goal configu-
ration X s is not reached precisely, since the robot objective
is to minimize the overall cost function, so that in some sit-
uations it may result better in terms of the cost, not to reach
exactly the goal configuration.

Now, one important characteristic that we will assume
is that the uncertainty applying on this system comes from
two separate terms &y, , &x,. The variance of the additive
noise &y, is a function of the control, and the variance of
&x, depends on the state. More specifically, in this analysis,
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we choose the following forms for the scaling matrices
L,(u;) € R"™" and L, (x) € R™":

Lu(uk)i = Fu,-uk (2)
Lx(xk)i = inxk (3)

where the index i refers to the i-th column and where we
introduce two matrices F,, € R"*", Fy, € R"*". In other
terms, the noise has two independent Gaussian components
with individual standard deviations linear in the control and
state components, respectively. It is straightforward to verify
that the variance of &,, and &, at time k are respectively
givenby Y 7 Fywuf FFand Y0 Fyxex| Fl

Our objective is to understand the behavior of the solu-
tions under varying cost functions parameters.

2.2 General Solution of the System

In this sub-section, we describe the general solutions to
problem (1).

First of all, given the nature of this system, one can show
that the optimal cost-to-go function at time k (i.e. the func-
tion giving the value of the minimal possible cost attainable
starting at time k up to time K, by a sequence of optimal
controls) is quadratic in terms of the state [4]. Namely, if we
denote the optimal cost-to-go function starting from time &,
at state xy, as v,’{" (Xr), we can write it as

1
Vi (Xg) = sk + XkTSk + EX,(TSkxk,

with s; a scalar, s; € R" a vector, and Sy an n X n
matrix. The matrix Sy can be expressed by the principles
of Dynamic Programing (DP) into a stochastic form of the
Riccati equations as follows. The control-dependent cost-to-
g0 Vi (Xk, ug) is given by the sum of the control-dependent
instantaneous cost plus the expected value of the optimal
cost-to-go function after this control is done:

1, 1,
Uk (Xke, ) = 7% Oxy + > %% Ruy,
+ Eg, & [Vig1 (A% + Bug + &u, + &x) ]

1 7 [
= —x; 0Xx —u; Ru
2ka+2k k

1
+ 5 (A% + Bup) Spi1(Axg + Buy)
+ (Ax + Bllk)TSk_H + Sk+1
1 1
+5 By [, St ] + 5 Esy, [, Set18u],
)

where the expectation is taken over the possible realizations
of &y, &x,. Let us analyze the expectation terms. Since for

any pair of matrices X, Q € R"*", we have Tr[XT 0 X] =
> X lT QX; where X; are the columns of X, then,

Eg, (&4 Skt1w] = Tr(Skp1 Lu(u) Ly (up)”)
= u,{ (Z F,};Sk+1Fui) ug.
i

Similarly for Eg, (£ Sk+16x,] we have:

Eng [5,5{ Sk+18x,] = X/{ (Z Fx];Sk+1 in) X.

l

Replacing the previous two equations into Eq. 4, we have

1
vk (X, uk)zixz <Q+ATSk+1A+Z Fx{Sk_,_lin)Xk

1

1 T T T
+5u (R+B Sk+1B+ZFu[_Sk+1Fu[ uy

l
+x! (A Tsk+l) +u/ (B Tsi1+BT Skt Axk)+sk+l .
()

Differentiating Eq. 5 with respect to u; and equating the
derivative to zero, we get the optimal control uj as an affine
function of the state x;

ult = — k_lgk - Hk_]Gka, ©6)

with

H; £ R+BTS]¢+1B+ZFMTI.SI¢+1FM,-, )
i

G = BTSk+1A, 3

Sk £ BTSk_H, (9)

where H, € R™*™, Gy € R™*", g, € R™. By replacing
u; into Eq. 5 we get the corresponding Riccati recursive
equations that give the coefficients of the quadratic optimal
cost-to-go function v (X)),

Si=0+ATSi 1 A+Y  FLSi F—GlH Gy, (10)

1

sc=A"si 1 —G] H g (11)
1 _
Sk=Sk+1—§ngHk 'g. (12)
To solve the recursion, we start at K with
Sk =0y,
sk = —QrXy,
1 7
SK = EX‘foXf (13)

and apply Eqgs. 10, 11, and 12. This is the general form of
the solution, as used in several optimal control problems.

@ Springer
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3 Behavior of LQG Solutions on a Simplified
System

To give an insight to the behavior of the general solutions
presented in the previous section, we consider in this section
a simplified version of the described system and analyze
its solutions in terms of the different parameters involved
in the optimal control formulation. The parameters that we
analyse are: A , a factor weighting the importance of reach-
ing the goal configuration; A, a factor weighting the cost of
the state; u, a factor that weights the control cost; oy, the
standard deviation factor of the state-dependent noise; oy,
the standard deviation factor of the control-dependent noise
(the larger these two parameters are, the more imprecise the
robot is). These factors define the costs £ (x, u) and £g (X)
in the simplified system derived from Eq. 1 and we analyze
them hereafter.

3.1 Simplified System

To perform our analysis further, we will suppose in the fol-
lowing sections that the state and control dimensions are the
same, m = n, that A = B = I, for the dynamic sys-
tem equations, and that O = Alyxp, O = Aplyxn, R =
Wl xm for the individual terms of the quadratic cost func-
tion, where as it was mentioned above, A, A 7, u are scalars
that weight the importance of each of the three components
of the cost function described in the previous section. The
matrix I,x, refers to the identity matrix in dimension n.
When clear from the context, we will denote it simply as /.

Moreover, we will assume that the noises &, and &,
have their standard deviations given by the matrices of the
following form specifying Eqs. 2 and 3:

L,(u) =o0,D(), Ly(x) =o0,D(x),

where D(a) is the diagonal matrix with its diagonal ele-
ments being the entries of the vector a. Hence, the corre-
sponding covariance matrices are diagonal with diagonal
elements Uazaiz, i.e. the noise vector &, (resp. &, ) has inde-
pendent components on each direction of the control (resp.
the state), with the variance being proportional to the square

of the control (resp. state) components. For example:

u? 0 ... 0

2
us ... 0

Eg, [Enéa] =0, 2
0 0 ...u2

For the particular case of the control, such a form means
that the noise amplitude increases with the absolute value of
the control.

@ Springer

3.2 Optimal cost-to-go Function

Under the assumptions presented above, the terms Sk, si
and s that correspond to the coefficients of the cost-to-go
quadratic form can be written as:

Sy = md, (14)

Sk = Pk (K + 02Nk 1)Sk+1, (15)
1 T

Sk = Skl = 5P ISc 1Sk (16)

where 7 and p are scalars such that

N 1

o ———
w+ 1+ o)

Note that under the assumptions of this section, we have
Sk =Agl,sg = —AgXy and sg = %X?Xf

To derive the equations 14, 15 and 16, we have used
the simplified forms of A, B, O, Qr, R explained above,
and have plugged them into Eqgs. 10, 11, 12. Using the

aforementioned form of the covariance matrices,

Z FZSk+1 Fy, = o;diag(Si+1),

1

where diag(M) takes a matrix M and outputs a diagonal
matrix with the same entries as M on its diagonal. Then,
since Sk is a multiple of the identity, an inductive rea-
soning with Eq. 10 shows that S; is also a multiple of
the identity for any 0 < k& < K, for each one of the
four terms in Eq. 10. i.e. S; has the form n; /. We deduce
H, =@+ 0+ of)nkﬂ)l and by plugging the derived
expressions into Egs. 11 and 12, we deduce Eqgs. 15 and 16.

Let us solve the expressions (14)—(16). Observe that by
using the Eq. 9, one can express the scalar n; recursively
from the following expression

{UK = Af

2
n
o=t (L 02) — e

Similarly, if we solve the recursion in s;, we get:

K
s =| J] pite+oim) | sk
i=k+1

2 o uxy. (17

The initial value of ¢ is px =
resolved in the same way as:

1. The scalar s; is

K
A
Sk = %X?Xf I—Ay Z ,Oi(Piz
i—k+1
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Finally, the optimal cost-to-go function at state x; is
given by

K
A
V(%) = %x?xf L=ap | > pig?
i=k+1
—)qukaka—i- 2Xka (18)

To understand the behavior of this optimal cost-to-
go function and of the corresponding optimal control,

observe first that if 1 < £k <« K then we get ¢ =

p,+o ni ~ 0. This i .
. is is because we can write as
M et (o)n; P

K—k
K 1 1
bk = 1_[ " ; 1
=1 LT I + e

by using the inequality n; > X fori > 0. Note thatas K —k

K—k
increases the term +> is smaller. This means
Lis2
A u
that when the horizon is large enough, the linear terms
in the beginning of the planning horizon tend to fade off.
This has consequences on the associated optimal control, as
described below.

Fig. 1 Paths with optimal
controls for different values of
the planning horizon, with
parameters Xo = (-5, 5),

Xy =(8,5), Ay =10,0, =0.0,
o, =0.1, A =0.01 and

© = 1.0. The color map for the
cost:

axTx + Ap(x— Xf)T(X —Xy)
identifies the states with high
costs

3.3 Optimal control
Note that from the results presented above, one gets Hy =

pk+11 and can also write the optimal control as the follow-
ing affine function of the state:

W = APk 1 Dk+1Xf — Pk 1 Mk 1%k, (19)
which can also be written as:

uy

— Pk 1Pk 1A F Xk — X£) — Pkt M1 — D1 A f)Xp
a1 [Ap Ok — Xp) ] + Bt [Axi] (20

The above equation represents the system optimal con-
trol, which is written as a positive linear combination of two
gradients: 1) the one of the final cost function A ¢ ||x — x|
(driving the system close to the final position X r) and 2) the
one of the instantaneous cost function A|/x||% (driving the
system close to the origin). Note that the contributions of
each term in the optimal control depends on the following
scalar values: A, A, u, 0y, and oy. Also note that a; and B
vary with k. There are a few observations that can be done
on these two terms. First, when the control time is far from
the horizon (i.e., during the first executions of the planned
controls 1 < k « K), the first term (depending on ¢y ) gets
smaller, because ¢ tends to zero while py is bounded by
L This is consistent with the idea that, far from the final
position, the constraint pulling the robot toward the goal
does not apply. In that case, the second term will be close to

5400
4800
44200
43600

43000

Cost

42400

1800

1200

600
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— Pk+17k+1Xx- Note that this instantaneous cost-related gain
satisfies:

1
l+o2

0 < prt1me+1 <

Hence, when 0,42 > 1, which means that the control
amplitudes induce large values of noise, a conservative
behavior is being applied, by reducing the gain.

In Fig. 1, one can observe the behavior described previ-
ously for one system, and under several different horizons
K. We have chosen the values of A ¢, oy, 0y, A, p in such a
way that each term could have a similar importance in the
total cost. With short horizons, the system is immediately
brought to the desired final configuration, along a straight
line. But as the planning horizon gets longer, the optimal
controls first lead the system near the origin. If the planning
horizon is long enough to achieve the condition ¢ =~ 0, the
state will remain at the origin for several consecutive time
steps. This is because the term A pr 1@+ 1Xr ~ 0 and is
negligible as compared to px41nk+1Xk, Which is precisely
the one that guides the system to the origin. Once ¢y ~ 0
and x; = 0, it is important to note that the control keeps the
system close to the origin and the cumulative cost tends to
remain constant (see Figs. 2 and 3).

To further analyze Eq. 20, let us define wy = "—"f Then

%
Eq. 20 can be written

W = — i1 A [(Xe — Xp) — (Wi — Dxel.

Path

43600
43000

42400

| 11800

1200

600

R
1
1
1
1
1
1
1
0

8

Cost

Now let us examine the term wy carefully. We have

2
Mi+1
uA1+02)ng 1
UAO2 Nkt 1 ’
(ot

o _k+nk+1(1+0x2)—
iy

Wi
Dr+1

This expression can be split in three

2

M+1

2 _———

wi = A L T L T ) P
Dihf Qi s HAOF k41

Pt o men

which can be transformed into

_ A
Oih s

We deduce:

M+l A
Qrr1rhf  PrAf

7)k+10x2
Qi) s

77k+157x2
Oih s

Wk

=i[i+L...+ : }
Af Lok dr+ bk -1
sz Nk+1
E[m

Now, as we saw above,

w

1K

2
M2 oy
Pk -1

Drr1

]+wk.

K—k

<¢k< _—
1+

30 CumuIaFlve cost

I Control
[ State
Il Total cost

25F

20F

k

+wy

+1-

@2y

Fig. 2 System behavior, for K = 200. The parameters have the following values: xg = (=5,5), xy = (8,5), Ay = 10, 0y = 0.0, 0, = 0.1,
X = 0.01 and p = 1.0. Left: path and color map for the costs: axTx + Ap(x— xf)T (x — xy). Right: accumulated cost
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Fig. 3 System behavior, for K = 200. The parameters have the following values: xo = (=5,5), Xy = (8,5), Ay = 10, 0,y = 0.0, 0, = 0.1,
A =0.01 and p = 1.0. Top: behavior of the optimal controls (in x and y). Bottom: trajectory for x and y

Also, in situations where o, is not too large (as we will
see in the next Section), for all k, 1, is bounded, i.e. there
exists values =, n* > O such that forallk, n~ < nx < ™.
With these elements in mind, and after some developments,

)\—i-axzn’ (M 2 1 K=k
— (= 1) 1+ -—— -1
Ay A Tt iy

A

A +oZnt 1\ K+
<wk—1<k—;(a,42+1) I+— -1].

u

This last equation shows that wy grows exponentially
with K — k, and gives a lower and an upper bound by two
exponential functions. This means that, in Eq. 20, the pro-
portion of the goal-driven control (the term in x; — X ¢) with
respect to the second term goes shrinking exponentially as

wkl_l . In particular, for k = 0,

A+oln” 1 K
T”(%+a§+1) <1+M 2) 1
f T+Gu
1\% X
o2 )

A 2.+
<wp—1< ++;"(03+1) [(1+
(22)

3.4 Variations of n; with k

At this point the reader could note that 1; has a classical
formulation as the iteration of a recursive function nxy+; =
J (i), with

2
n
=r+nl+oh) - ———. 23
J@ n(l+oy) i oD) (23)
This equation can also be written as
+ no?2
F ) =4 no? 4 N (24)

pAn+od)

It should also be noted that its derivative is

(1 +noH)? +o2n?
(m+n+o7)*

so f is a strictly increasing function. A natural question to

answer is whether this function admits a fixed point (i.e., a

point of convergence for n; when considering K — 00);
this point is examined in the next subsection.

'y =07+

3.5 Convergence Properties and Steady State
Values for 7y

An interesting question to answer is whether a fixed point
n* exists for f, which has an important implication on the
cost related to a motion policy. If a fixed point exists then the
cost is bounded by a finite value for states within a bounded
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domain and hence one can evaluate whether or not, we can
afford to pay it.

A sufficient condition for the existence of n*, is that
f is Lipschitz continuous with a Lipschitz constant infe-
rior to one, i.e. there should exist L such that Vi € RT
|f'(m)| < L < 1, which also means there should existe > 0
such that V € R™ | f/(n)| < 1 — €. Note that from the pre-
vious subsection, > 0 and f’(n) > 0. With the previous
expression for f'(n), the sufficient condition translates into

_ (wt o))’ +ogn’
(w+n+07)?

Je >0 Vn 03+e§1

and finally

2+ (1 + cruz)n
(n+ (1 +02)n)?

Je>0 Vn o2+e<y (25)

Proposition 1 When o, > 0, a sufficient condition for the
sequence of ni’s to converge to a finite value when k goes
to infinity is

2
0<ze<)» 2u+ (4 +0,)0 .
(n+ (1+02)A)?

(26)

Proof First, note that ny > 0 for all k > 0. Also, from
Eq. 24, one can show that n; > A for all K > 0. Also, the
function on the right term of condition (25) is increasing

on RT. Since for all k > 0, n; > A then the right term is

i : : 2ut+(1+a2)r
always superior to its value in A, A—(IH_ ey Note that
2ut(tod  _ pP2u(4oDi+(4+0D?2
(u+(1+07)2)? (ut+(1+oD)1)? = I'sothat 1 >
2u+(1402)A 2 e , 3
Grson? = Ox This implies | f'(n)| < 1 — € where
_p2utlioph oo : , iy
€=21 Grron? O The assumption of this proposition
ensures the convergence of the recursion nx+1 = f(nk) to a
unique value n*. O

Corollary 1 When o, = 0 (no additive noise depending on
the state), the sequence of ny’s converges to a finite value
when k goes to infinity.

Proof In that case, we have | f'(n)| < | — € where € =

2u+(1+02)r .

—_— <

G AToDn? 1, which ensures convergence of the
iterative procedure. O

Note that the sufficient condition of Proposition 1 also
implies:
1
O<o )62 < TS
(I+07)
From now on, we will suppose that the condition
enounced in Proposition 1 is satisfied. If the fixed point of
f exists then it satisfies the second degree equation in 7
induced by the recursion, so it has to be n = n* with:

27)

Gk o)+ o) + /Ol +02) +02w)? +4au(l — o2(1 +02))

2(1 —o2(1+02)

(28)

Note that from the comments above, axz(l + auz) < 1,
hence both the numerator and denominator in the expression
above are positive. Also, we have bounded values for o2.
Observe that if auz becomes larger, then the upper bound
value for o> decreases and may tend to zero.

Figure 4 shows the growing trend of n* as o, approaches
its upper limit. This means that, when considering an inifi-
nite horizon, the quadratic coefficient of the cost function is
unbounded while o is increased.

In addition, because f is increasing, there are only two
cases of evolutions of the sequence 7y, provided that the
previous sufficient condition is satisfied. Recall that the first
value of the sequence is nx = Ay, i.e. the term associ-
ated to the quadratic cost at the final position. Two cases
are possible: (1) for low values of the final quadratic coeffi-
cient Ay (Ay < n™), the cost-to-go quadratic coefficient n;
goes increasing up to convergence; (2) for large values of

@ Springer

Fig. 4 Behavior of n* for increasing values of o2 with o2 = 0.1
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the final quadratic coefficient A ¢ (Ay > n*), the values of
Nk decrease over time. In each of these cases, the interval of
the possible values of 7 is bounded according to:

2

nelre, n*lif 1> —afkf+ (case 1),

M
u+(1+02)h s (29)
neln®, Ay] otherwise (case 2).

Note that we have here the bounds n~, n* mentionned
above in Eq. 22. Until now we only provided sufficient con-
ditions for the existence of the fixed point. If the fixed point
exists, then it is also important to estimate its rate of con-
vergence. We want the minimum number of iterations k*
needed to get:

[k — ™| < 7,

where 7 is a given bound. Using the Contraction Mapping
Theorem, we can write:

e — n*ll < L [|IAy — ¥l < .

Applying the logarithm to the left side and defining L as
the upper bound on f’(n) defined in Proposition 1, one can
estimate a lower bound k*

In (L
g > AT (s ‘Af'>. (30)
In(L)

In Fig. 5, we can observe the two convergence behav-
iors for ng. Although f(n) is increasing with n, f (1) could
be either increasing or decreasing with k. In Fig. 5, left,
nx decreases with k£ while in Fig. 5, right, f (1) increases
with k.

N i i N N

0 10 20 30 40 50 60 70 80

k

0.0

3.6 Implications of the Convergence

Consider the optimal control (20). AS pr+1Mk+1 =

Nk+1
——*_ one can deduce, that, when the convergence
i (oD mice s - that, g

conditions described above hold, then if we consider large
enough horizon values, we will have for the first planning
steps

*

n
———X}.
w+ (1 +od)m*

*

u; X (€28

This means that, in the case the convergence sufficient
conditions are met then it is possible to have a good approx-
imation of the function value and of the optimal controls for
large enough horizon values.

Hence, there are two significant advantages in the con-
vergence of the value function coefficients. First, we have
numerically bounded costs when considering a bounded
domain, and, second, we can estimate in advance the behav-
ior of the optimal controls at the convergence horizon. Given
these advantages, one can make decisions on the planning
horizon and for example rule out the horizons K > k*.
Another natural question is which of these horizons is the
most suitable in terms of the obtained final cost. This will
be the object of Section 4.

3.7 Behavior of the Solutions in Extremal Cases
The system introduced in Section 2 includes different cost

terms: one depending on the state values, one depending on
the control values and one on the final state values. For the

ntl

- - Estimated fixed poi
T T
5 10 15 20

k

0.10
0

Fig. 5 Convergence cases: (Left) in interval [*, A ], (Right) in interval [A 7, n*]
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complete understanding of the system and of its solutions,
we study here the behavior of the system for extremal values
of its different parameters.

3.7.1 Predominant Instantaneous State Cost

In this section we consider the case where the value of the
costs associated to the system states are high compared to
the other terms. To quantify this notion properly, let us come
back to Eq. 20. According to Section 3.3, when k grows, the
term wy — 1 will be smaller. This means that in the latest
steps of our plan, wy — 1 will have its lowest values. To
ensure that the term associated with the state dominates the
goal-related term throughout all the plan, we should have:

lwg—1 — 1] > 1.

A sufficient condition for this to occur can be derived
from Eq. 22:

Aoy

- | \K-K-D
= (Zo+1) (1+ 2) —1 >,
)Lf A 5 Eto

which leads to:

w+ Ao+ 1))

2 —
Ao >>Af< PESY
u

To get this condition verified, we may set for example:

7 1
A —, A 14+ — , 32
>>“‘a"<ou2 f( %z)) G2)

which intuitively means that A should be much larger than
both u and A ;. If the above condition is satisfied, then, after
some algebraic manipulations, it is equivalent to:

1<K Aol < o,

then u < (1 + auz). Note that this condition is inde-
pendent of the selected planning horizon. From Eq. 20, the
control in that case takes the simple form:

M “
w+ (1 +02)

* A~

ukN_

As nr > A, then u < ni(1 + auz) and the control can be
approximated by:
uj ~ —;x (33)
k o2 ©
which means that the state is driven to the origin, i.e. to
the lowest values of the instantaneous state-dependent cost
function. Note that the corresponding gain is 5 +1 5, which
only depends on the control-depending noise level and
which takes lower values with higher noise coefficient, i.e.,
for large o0, smaller motions are preferred so as not to incre-
ment the cost function because of risky controls. Note that

@ Springer

the optimal policy of Eq. 33 is the same as the one resulting
from:

K—1
mln ES“O ExgrmBug_ybxg (Zxk ka)

k=0

3.7.2 Predominant Goal Cost

Again, if one refers to Eq. 20 above, one can see that to have
a significant part of the goal cost in the overall cost since the
beginning of the planning horizon, then the proportion of the
optimal control arising from the goal cost should dominate
the state dependent cost term, starting from & = 0. This
implies:

lwo — 1] < 1.

Because of the exponential nature of wy with respect
to K — k, and by taking into account Eq. 22, we have a
sufficient condition for this to occur, which is:

2.+ K
Mo 2y 1)[<1+i2> —1} <1
rf oy

This may be satisfied by taking large enough values for
Af:

2+ 2 1 K
hp > i+ oinog +1) (1+ )
u
The control under these conditions will be:
1

U A — 1 P h (X —Xp) = (Xk—Xr).

i 2
Nk+1 + 1 +o
When we have also A > (5—2, then one can use Eq. 24 to

show that:

so that the optimal control expression can be approximated
by
U & — ! (X — Xf) (34)
k 1+02 A

Note that the solution for this case corresponds to lead-
ing the system states to the final configuration. Again, the
weight associated with the optimal control depends on the
noise coefficient auz. If it is null, the computed control leads
the system to the final configuration, which remains there
until the end of the planning horizon. Otherwise, the system
gets closer to the final configuration at slower rates.

These high values of A ¢ correspond to the minimization
of the cost function:

mm
uo:x —

5“0*5"0 vvvvv E“K—I’le{—l (IK(XK))
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3.7.3 Predominant Control Penalty Cost,
Without State-Dependent Noise

Again, the optimal control expression of Eq. 20 can be
written as

W1 —1
(Xk—Xf)— +—Xk:|.

W= — Ok 1Pk 1A f Wi 1 [
Wk+1

W41

The weights in the sum are between 0 and 1, and the term
Pk+1@k+1A fwi41 is a global factor over this control. Now
note that when considering 03 = 0 (no state-dependent
noise), we get from Eq. 22:

1 A
Pk+1Pk+1A fWky1 < —Ay <1 + (o + 1)
Iz Ay

[Ce) ™)

Hence, with large enough values of u:

Ao 1\ K-
A1+ — 1 1+ — =11,
w>Ap|l+ ir (o, +1) ( + %2>

the optimal control can be made as small as desired
uf — 0. (35)

This control keeps the system in its initial configuration and
also corresponds to the solution to the problem:

K—1
. T
min E%—uovfxo ----- Sug_ 1 -5xg_y (Z uy Rllk) .

uo:x —1 =0

3.7.4 High Values of Control-Dependent Noise,
Without State-Dependent Noise

As mentioned above, the control-dependent noise does have
an impact on the obtained optimal controls. To follow
this analysis, observe that the optimal controls behavior
when auz tends to infinity when, again, 0X2 = 0 (no state-
dependent noise). First, note that from Eq. 21, ¢, tends to
one; also, since 1 has A as a lower bound,

) 1

lim { ———— | =0
o700 (u +a +03)nk>

Hence,

1 A
Arw < —A 1+ — o2+1
Pk+1Pk+1A f Wit 1 o f( Af( p )

[ )

Since the second part of this expression can be bounded
when auz tends to infinity, we obtain the optimal controls at
the limit:

%
u; — 0.

Interestingly this control is equivalent to the solution
obtained for large values of p. This result is intuitive consid-
ering that the expected state resulting from applying a noisy
control may be highly expensive.

The following table summarizes the different cases
described in this section and the optimal controls for each
of them.

Dominant  Sufficient condition Optimal control Interpretation
parameter
A A> max(%, Af (1 + ULMZ))’ u;: N — ﬁ%zxk The control leads the system to
the origin
N LK
2 >, Ay <1 + iy (Uu2 +1) |:(1 + 0—2) — li|) . u—0 The control keeps the system at its
initial configuration
K
Ar AF>A (l—i—oxzn"’) (o*uz+1)(1+al—2> uz%—#(xk—xﬂ The control leads the system to the
final configuration
o} o}l—o00, 02=0 ui—0 The control keeps the system at its

initial configuration

4 Horizon Selection Without State-Depending
Noise

Here, we are interested in describing the behavior of the
total expected cost function vo(Xo) with increasing horizon
times K, and with fixed initial and goal configurations Xg

and x y. We want to compare the benefits of selecting shorter
or longer horizons for a specific planning problem. First, we
study the behavior of the derivative of vg(x() with respect to
the horizon K and interpret its variations. We will show that
in absence of state-dependent noise (o, = 0) the behavior
of vp(Xg) can be characterized in a geometric way.
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In the next equations, we use a new notation, n(l)( and
¢§, to refer to the already defined quantities nx and ¢,
evaluated at the time step k = 0 (index) and computed
for horizon K (superscript). The optimal expected cumula-
tive cost varies with the planning horizon, therefore we use
a superscript K to indicate the planning horizon, and the
index k = 0, as a subscript, to specify that we estimate the
total expected cost, starting from the initial configuration.
Besides, we use the notation A to indicate the difference

between the expected total cost of two consecutive planning

horizons, i.e. A [vE (x0)] aef v (x0) — v¥ ! (x0).

By taking the difference between the total expected cost
function evaluated at consecutive values K—1 and K, we get:

1 _ -
Aol )| = 30 = ~Hxgx0—@f —of ~Hapxlx;

1
— §A§p§ (6§ ) xfx;. (36)

By using the recurrence relations seen above in Egs. 14
and 15, we can write the differences in the previous equation

as functions of 776( as follows:

_ 2
Ang =nf —nf " =r—ui o
Apl = ¢ — o8 = —nf ok k. (37)

Using the previous two equalities, one can rewrite the
Eq. 36 as:

1 1
A [uff 00 = 33 30— 3 o8 (x5 x0

— 208 K pxxy + x§(¢(§‘ )2x§x .

The second term in the previous equation can be written
as the matrix product:

PG

XgX() —Xfngf:|
Py By

K K K 4K
[ Py My + Py P ]
070 0o |:—kfxgxf )»?x?xf
which allows to write:
1 1
A vl x| = EAXSXO—E[\/pé(ng ol o |

XI:XgX() , _zkaXngi|
—A XX )fofxf

K K
Lo 1
=068
Po %o
Note that the Eq. 38 is quadratic in the variables

(, /pé( ’76( , pé( ¢>é< >, and that the other parameters do not

depend on K. In particular, if there are critical points,
they are located on the ellipse defined on the plane

(Vo oot ) b

T T
X, X0 2505
K K K 4K 0 0
[ VP0 o/ Po o ] |:—)\.fX(7)wa A?x;xf }

K K
X Po Tlo = Axg X0.

Po 90
From this geometrical object, it is possible to estimate the
sign of A [v& (x0)] and thus to understand the behavior of
vg (xp). For example, if A [vé< (xo)] < 0 then v(l)( (xg) is
decreasing. All the points that are outside the ellipse sat-
isfy this inequality. Of course, there are two other possible

(39)

Fig. 6 Behavior of vé( (xp) for 3.0F :
differents horizons (case 1). Hl nit
Left: parameterization in the B Final

( p(f n{f, \/%qﬁ(f) space with
parameters xg = (—0.3, 0.8),
xy =(0.3,0.8),1 =0.1,

oy =0.0,0, =0.1, L = 0.01
and p = 1.0. Right: function 2.0
value at X, varying with K
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0.063

Fig. 7 Behavior of vé( (xp) for T T
differents horizons (case 2). H nit
Left: parameterization in the 1.5\ | mmm Final
( ,oé{ 176( s p§¢§) space with

parameters xo = (0.20, 0.20),
xy =(0.7,-0.8), .y = 0.1,

oy =0.0,0, =0.1,A =0.1 and
© = 1.0. Right: function value
at xq, varying with K

(Vo' n".0)

0.062

0.061

0.060

0.059

0.058

—  0.056

00 01 02 0.3

cases. The second case corresponds to A [vé( (X())] = 0and
as we mentioned before, this case indicates the existence
of a critical point in vé{ (Xg). The last case occurs when
A [vf (x0)] > 0. All the points inside the ellipse should
satisfy this inequality. This case indicates that v(lf (xp) is
increasing for horizon K.

Note that xp and x; are the initial and the final con-
figuration of the system in the state space. The choice
of the initial and final configuration, together with A, A 7,

04 05 0.6

VPN

@ and o,, determines the geometry of an ellipse in the

space (,/pé( n{f , pé( qbé( ) (as it was mentioned above).

By varying the values of these parameters, we have found
experimentally 4 basic behaviors, which we describe below.

In Fig. 6, we show the behavior of vé( (xg) for the first
case, where vé( (xp) is a strictly increasing function of K.
This occurs because applying controls with more planning
steps gives higher overall costs. Hence, we go as quickly as

29.8

Fig. 8 Behavior of vé( (xg) for
differents horizons (case 3).
Left: parameterization in the

(Mng R p§¢7é{) space with
parameters xo = (1.0, 2.0),

X; = (16.87, =39.0), 2,50
Ar =0.03,0, =0.0,04 = 0.1,
A =0.5and u = 1.5. Right:
function value at X, varying
with K
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possible to the final configuration and short term planning
is more convenient. Each added planning step contributes
through new added control-dependent terms (larger paths,
as in Fig. 1), which explains the increasing trend.

In Fig. 7, in the second case, we have the opposite of case
1. In that case, the more planning steps, the lowest the final
cost, because the increments in the path length (as in Fig. 1)
are compensated by smaller state-dependent costs ) xgxk.

The third case is illustrated in Fig. 8. There is a K’ such
that, for horizons K < K’, the system is driven to the final
configuration which makes the corresponding cost decreases,
but the control cost is increasing even more, explaining the
initial global increase. For larger K’s, as in case 2, the state-
dependent cost decrements dominate the control-dependent
cost increments, explaining the global decrease.

In the fourth case, the situation is the opposite. For small
horizons, getting closer to the final configuration initially
makes the corresponding cost decrease faster than the con-
trol cost increments, explaining the initial global decreasing
tendency. For higher values of K, as in case 1, the control-
dependent cost increments dominates the other variations,
explaining the global increasing tendency.

In the following, we give explanations to the observed
behaviors. First, the following lemmas enounce common

characteristics to the < pé{ 776( , ,oé( ¢é< > curves.

Alpf @§)°1= [ ] A[poK]—A[fﬁé(z]A[pé(]
= o A [0 |0 A o]

Lemma 1 The sequence of values ,06( Ny s monotonic

with increasing K.

Proof By using the intermediate value theorem, we can
write:

2

2 d X
[ o \"lo dx | u+x (1+0142) x=1n, ne[ﬂ(l)(_l!”(l)(] 0

o
It can be verified that < I5 [ (150,

hence the sign of A [,00 ( ) ] is the one of Ané(. As we

]>0f0ranyx > 0,

have seen in Section 3, 170 is monotonic with increasing Ks.
Hence, the sequence of =% 3% po (ny X)2°5 and subsequently the

sequence of ,/ pé( n{f ’s is monotonic (increasing or decreas-

K

ing). This means that all our ( P n{f ,o(f qbé( ) curves

either go the left or to the right. 0

Lemma 2 The sequence of values ,06( ¢§ is decreasing

with increasing K.

Proof Consider A[pf (¢f)?1; we can write:

—of (o505 0 ") (o8 + 1)—(¢>§") oot |

K—1

>2

-1
)2 g +02(n0

K K-1 K—1
=—p P <¢>
00 0 w+ (1 +o2)nk-

+al+od) | +o5

From Eq. 40, A[pé( (qbé()z] is decreasing. Hence,

the term /pX ¢ is also decreasing. This means that

when the horizon K increases, the trajectory of points

( ,05( Mo » ,oé( ¢§ ) is going downwards. O

Lemma 3 When K — oo the point | \/pfn&, /& o )
converges to the intersection of the ellipse of Eq. 39 with
the x axis (y = 0).

Proof Under the convergence conditions, ng° = n* and
¢5° = 0. Recall that from Eq. 18, for high values of K, the
value function at x tends to:

A
v(I)((X()) — n*xgxo + %X?Xf.

@ Springer

The expression above shows that the total expected cumu-
lative cost function from a given starting point converges
to a finite value, hence the differences A [v[ (x0)] tend to

. . (n*)?2 . .
zero. This means that the point ( | T T tel) O) is a point

located on the ellipse. It is the intersection of the ellipse with
the x axis. To see this, we can evaluate the Eq. 39 at this
point and we get:

2
_LKz 41)
M+’70 +Uun0

The value 776( = n* precisely satisfies this equation (see
Eq. 28). O
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The previous lemmas give us a few insights on the behav-
ior of the curve (, [oEnE. /oK ok ) but it seems from the

experiments described above that there is more: it appears
that the curve does not cross more than once to the ellipse,
i.e., that the value function has at most one critical value as
a function of K. In the following, we provide a hint about
how to show that this property holds.

First, we write the slope mg for pair of points on the

curve( ,06(77(1)(, p(fqﬁé():

Vol @) = o (057
mg = .
Vol o) = ol (1Y

To ensure that the curve (

(42)

,oé( 77(1){, pé(qﬁé() crosses the

ellipse at most once, we will show that mx have a mono-
tonic behavior (increasing or decreasing). Showing that m g
has a monotonic behavior using the definition above is

complicated. However, if we assume that A |: pé( ¢(§( i| and

A [, [oEnk :| are small enough,
L[ K (¢K)2i|
ak |V Po \Po

e [Vl 0]

mg ~ (in the continuous domain).

(43)

From this approximation we get:

Lemma 4 [f A[ pé<¢é<j| and A|: ,oé(ng] are small

enough, and provided |1 > %(1 +02), then mg has a mono-
tonic behavior (increasing or decreasing) with increas-
ing K.

Proof Under the conditions above and after several alge-
braic developments using the properties of continuous
derivatives in Eq. 43 we get:

2
0 ~ ¢OK K MU%( + Noy UKM?’)é( + niu (’7([)() CK — )"ng’u C%(
= Img1~ =32 [nf ] o , (44)
7K Ck Uk
with: the ellipse at most once. This means that A [v(l)< (xo)] has at
most a critical point. O
ck £+ nony
vk 2 2u 4 ng 776{ Besides, because we know beforehand what the conver-
X gence point is, we have a taxonomy of behaviors of vé( (X0),
Rg, = (1 +a? ) . (45)  taking into account the position of the initial point with

On can show that whenever 3 > A(1 + cruz), the numer-
ator in the fraction above is positive, i.e., the slope mg of

the curve ( pé{ ng , pé( ¢§ > is increasing or decreasing

with increasing K. This shows that the concavity of the
<, / pé( 176( , pé( ¢6( ) curve keeps the same sign. O

Using these developments and with the conditions
enounced above, one can write:

Theorem 1 If A |: & ok ] and A [ p&nk :| are smalll

enough and provided p > %(1 + 03), then the function of
K A [vé< (xo)] has at most one critical point.

Proof Considering the Lemmas 1, 2, 3 and 4 it is possi-

ble to deduce that the <,/ ,oé( né( , ,05( gbg{ ) curve crosses

respect to the ellipse and the number of critical points.
First let us assume 3 > A(1 + O’uz). We define

(x/p,?n? p,’§¢,’§)

/\? 1
p+rrd+02)"\ w+rp(l+02)

i.e., I is the initial configuration of system in the space

(\/:06(776(, K(pé(), meaning the point (/P1l<<771]§,

+/ ,ollg ¢II§ > in that space, that is, the initial point in retro-

time. Finally let us consider, the number of critical points
of the function vé{ (x0).-

Given these definitions and conditions, there are four
possible behaviors of the function v(f (X¢), which are the
following

e
(1>

(>

1. If I is inside the ellipse and the function v(f (xg) does
not have critical points, then vg (xp) (resp. v8° (xp)) is
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the global minimum (resp. maximum) over the possible
K’s and A r(xg — xf)T(xo — Xy) is the global maximal
value (see Fig. 6).

2. If Iis outside the ellipse and the function v(f (xg) does
not have critical points, then vg (x0) (resp. vy°(Xp)) is
the global maximum (resp. minimum) over the possible
K’s and Ay (xg — xf)T(xo — Xy) is the global minimal
value (see Fig. 7).

3. If I is inside the ellipse and the function v{f (x0) has
a critical point at K = K’, then vg /(x()) is the global
maximum of vé( (xo) (see Fig. 8).

4. If I is outside the ellipse and the function vé( (xp) has
a critical point at K = K’ then vé((xo) is the global
minimum of v (xo) (see Fig. 9).

Hence, we can determine, in finite time, the infinite
horizon cumulative cost vy® associated to a set of system
parameters (see Eq. 18). Given a small e, it is always pos-
sible to determine a horizon K such that the associated
cumulative cost is close enough to the its limit when K
grows to infinity, i.e. such that vé( (xg) satisfies |v(‘)><> (x0) —
vg (x0)| < €. By using the properties of the dynamic pro-
gramming, when calculating the accumulated cost for K,
we estimate the accumulated costs v}, v3, ..., v S ol
This means that the cumulative cost associated with K’
has been computed during the estimation of véf LIt s
possible, then, to store the accumulated costs for the dif-
ferent values of K and select the one that has the lowest
cost.

5 Simulation Results

The first experiments in this section are simulations related
to Section 3.7, i.e. for extreme values of the different param-
eters involved in the cost function. Later on, we present
simulations concerning the selection of the optimal horizon,
as described in Section 4.

5.1 Description of our Simulated 3D System

We suppose we have a holonomic system that we want to
operate wirelessly. If the distance between the system and
the transmitting device (antenna) increases, the communica-
tion disturbances, i.e. the noise level in the communication,
increases. A similar modelling is used in [10] to perform
robot navigation based on the intensity of a signal transmit-
ted by an antenna. Hence, we are interested in driving the
system from an initial configuration to a final configuration
with a finite number of controls, while minimizing the com-
munication disturbances. These controls are noisy and, as it
happens in real systems, as the control magnitude increases,
so does the noise level in the motion. This problem can be
adequately described by the model presented in Section 2.1.
In this case, we consider the antenna as the origin of our
frame of reference, and we estimate a plan that moves the
robot from the initial configuration to the final configura-
tion with the least possible noise on the transmission and
with the goal of reaching the final configuration, without
spending to much energy on the controls.

0.020

Fig. 9 Behavior of vé( (xp) for
differents horizons (case 4).
Left: parameterization in the

( pé{ 776(, \/Eqﬁé() space with
parameters Xo = (—0.3, 0.8),
x; = (0.3,0.8), A5 = 0.06, L2
oy =0.0,0, =0.1, 2 = 0.001

and p = 1.0. Right: function 1.0
value at X, varying with K
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Fig. 10 Behavior of 3D system
with parameters (K = 50, A =
1.0e =3, 0 =10,Af5 =
1.0,02 =0.1,02 = 0.1). The
color map indicates the cost:
xTOx+ (x—xp)T Qp(x — xf)

In the Fig. 10, we present an illustration for the simulation
of such a three-dimensional system, with a planning horizon
K = 50; we ensured that the differents terms of the cost
function have similar scales (based on the analysis presented
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in the previous sections), in such a way that all terms of the cost
function are considered. As expected, the initial controls
tend to lead the states of the system close to the origin, while
the latter controls lead the system towards the goal state.
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Fig. 11 Behavior of the system for large values of . Left: path and color map for the cost: x” Ox 4+ (x — x f)T Q r(x — xy). Right: computed

controls
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5.2 Behavior of the Solutions in Extremal Cases

In this section, we show simulations for extreme values of
the parameters involved in the cost function. For each exam-
ple, the system performance is evaluated and we show that
the results are consistent with the insights of Section 3.7.

The first example corresponds to u — oo. In Fig. 11,
we can see the path and controls obtained for this sim-
ulation. The magnitude of the controls is close to zero,
which causes the starting point X¢ and the ending point Xg
to be close. Although the initial configuration is relatively
expensive, the applied controls maintain the system in this
configuration due to the high cost of applying a control.

Figure 12 corresponds to A — o0. As we mentioned it
above, the controls drive the system to the origin as fast as
possible. However, it is tempered by ouz. Note that the color
scale indicates that states near the origin have lower cost.
Once the system states are near the origin, the control values
remain close to zero.

In Fig. 13, we can observe the behavior of the system
with Ay — 00. The controls lead the system towards the
final configuration. The scale color indicates that states far
away from the target configuration xy are those with a
higher cost.
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5.3 Optimal Planning Horizon

Taking as a starting point the results in Section 4, we present
here two types of analysis for the 3D system described
above: a quantitative analysis in terms of cost and a qual-
itative analysis based on the objectives achieved by the
system.

We study the function value at the initial configutation X,
with different planning horizon; Note that a plan of horizon
K > K’ might get smaller costs.

We had seen that there are four types of paths: The first
is case is in which the minimal cost is obtained at the short-
est horizon; The second corresponds to the case in which
the best cost is obtained at horizons as largest as possible;
Case 3 is a bit more complex, depending on the parameters
it might be similar to case 1 or case 2. Finally, the case 4
corresponds to an intermediate horizon K’ giving a globally
minimal path cost.

For our first example, we consider that all the terms in
the cost function have a comparable magnitude and that
the initial and final configurations are near the origin. This
configuration corresponds to the case 4 in Theorem 1. The
simulation for this system configuration can be seen in
Fig. 14. The optimal horizon in terms of cost vé( (xp) is

Cost
oalEN
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=25
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Fig. 12 Behavior of the system for large values of A. Left: path and color map for the cost: x” Ox. Right: computed controls
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Fig. 17 Zoom over the path for the system shown in Fig. 16 for differents values of K. The color map correspond to vOK (x)

K = 10. The resulting policy leads the system near the goal
configuration x¢. On the other hand, the horizon K = 50
also leads the system close to x ¢ but vgo(xo) is higher than
véo(xo), because of the control penalties. The system has a
global minumun at K’ = 10.

For the system shown in Fig. 15, as the horizon is
increased, the total cost is reduced, because state-dependent
costs are reduced more than what control-dependent costs
are increased. This example corresponds to case 2 in
Theorem 5.

In Fig. 16, we can observe the behavior of a system
corresponding to case 3. In this Figure, the minimal cost
corresponds to shorthest horizons, which is similar to case
1. This system has a global maximum at K’ = 2. This
is because at K’, the control-dependent cost is increased
and the state-dependent cost is not reduced significantly.
This can be seen in Fig. 17. In this Figure, shorter horizons
K < K’ have higher costs on the states far away from the
origin, which explains the increase in costs (i.e. the configu-
ration xo has a high cost in these horizons). As the K grows

(K > K') this cost is reduced, explaining the decreasing
behavior.

Notice that even if the minimal cost is not related to
convergence, when the convergence is reached, the robot
is as close as possible of the goal configuration, paying a
bounded cost. Planning more time steps does not provide
any benefit.

6 Conclusions and Future Work

In this paper, we have studied solutions to the problem of
generating motion policies for a navigation task defined
as a multi-objective optimization problem, where the robot
minimizes a cost function that combines the cost of being
in a state, the cost of applying a control and the cost of
not reaching the goal configuration under control and state
uncertainty.

We have presented a quantitative and qualitative analy-
sis of the expected behavior of the solutions to the Linear
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Quadratic Gaussian (LQG) problem with control-dependent
noise. We have related the behavior of the expected solu-
tions to the LQG problem to the weights of the immediate
costs, control costs and costs associated to the final config-
uration, and we have given useful bounds for understanding
the effect of the objective function parameters.

We have also given conditions for the quadratic coefficient
in the cost-to-go function to converge to a finite value when
the horizon increases, which induces that the cost associated
to the optimal motion policy is bounded by a finite value
(for a bounded environment) and hence one can evaluate
whether or not, the system can afford to pay that cost.

Finally, we have presented an analysis of the optimal plan-
ning horizon K for the overall cost or objective function used
to assess the motion policy, under control dependent uncer-
tainty. To the best of our knowledge this analysis is novel.

The analysis provided in this is work is directly applica-
ble to the case of quadratic cost Ax’ x + pu’u and linear
motion model X = x + u, in which x is the state, u is the
control, but it can be extended to a larger class of problems.
Qualitatively, it should hold for systems x = Ax + u, being
A apositive diagonal matrix. Then, it could also be extended
to more general dynamic models X = Ax + Bu, when A
is diagonalizable with positive eigenvalues. This is because,
if A = QAQ7 !, the change of variables z = Q 'x leads
to another system of the form z = Az + v, for which the
discussed properties should hold.
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