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Plan for the Seminar

[. Motivation

@ From free probability
@ From classical probability
@ Introduction: Gaussian representation
[I. Type G distributions again: a new look
@ Lévy measure characterization
@ New Lévy measure characterization

[1l. Distributions of class A
@ Lévy measure characterization
@ Integral representation of type G distributions
@ Integral representation of distributions of class A
IV Fractional transforms of Lévy measures

@ Basic results
@ Relation to Upsilon transformations
©® Examples

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011



Motivation

Importance of fractional distributions in infinite divisibility

@ Infinite divisibility with respect to non-classical convolutions

@ As Lévy measures (the arcsine case)

@ As "Gaussian” distribution in different types of convolutions (Boolean,
monotone, free)

@ Goal of the talk: In classical infinite divisibility
@ They are not infinitely divisible, but

@ As Lévy measures and their integral fractional transforms

© Introduction: Simple Gaussian representation

@ Consequences in infinite divisibility
@ Motive to introduce distributions of Class A
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|. Representation of the Gaussian distribution

e ¢(x; T) density of the Gaussian distribution zero mean and variance
>0 ,
TH2e3/20 e R (1)

Z; random variable with density ¢(x; 7), (Z = Z1).

¢(x; 1) = (277)
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|. Representation of the Gaussian distribution

e ¢(x; T) density of the Gaussian distribution zero mean and variance
>0
)—1/2e—x2/(2T)' x € R. (1)

Z; random variable with density ¢(x; 7), (Z = Z1).

p(x;T) = (2nT

e fr(x) exponential density (Gamma G(1,27)):

1

fe(x) = 27

xp(—%x) x > 0. (2)

E: random variable with exponential density f(x), (E = E7).
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. Representation of the Gaussian distribution

@ ¢(x;T) density of the Gaussian distribution zero mean and variance
>0

)—1/2e—x2/(2T)' x € R. (1)

Z; random variable with density ¢(x; 7), (Z = Z1).

e fr(x) exponential density (Gamma G(1,27)):
i(x) = 5 exp(—5-x), x> 0 @
(x) = ot Xp 2Tx . X i

E: random variable with exponential density f(x), (E = E7).
@ a(x, s) density of arcsine distribution a(x, s)dx

(36— bi<vE
0 x| > /s.
As random variable with density a(x, s) on (—+/s, /s). (A= A1).

p(x;T) = (2nT
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|. Representation of the Gaussian distribution

e ¢(x; T) density of the Gaussian distribution zero mean and variance
>0

)—1/2e—x2/(2T)' x € R. (1)
Z; random variable with density ¢(x; 7), (Z = Z1).

e fr(x) exponential density (Gamma G(1,27)):

fr(x) = %GXP(_%X)’ x> 0. (2)

E: random variable with exponential density f(x), (E = E7).
@ a(x, s) density of arcsine distribution a(x, s)dx

[Hemr <
0 x| > /s.

As random variable with density a(x, s) on (—+/s, /s). (A= A1).
@ Arcsine distribution is not ID.

p(x;T) = (2nT
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|. A representation of the Gaussian distribution

p(x;T) = %/ e /®Ya(x;s)ds, T >0, x € R. (4)
0

Equivalently: If E; and A are independent random variables, then

7. £ VEA.

Equivalently: Gaussian distribution is a exponential superposition of the
arcsine distribution.
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|. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.
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. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.

@ Using Gaussian representation Z £ VEA: V, E are independent

X £ VVEA.
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|. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.

@ Using Gaussian representation Z £ VEA: V, E are independent

X £ VVEA.

@ On the other hand, it is well known: For R > 0 arbitrary r.v.
independent of E, Y = RE is always infinitely divisible.
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|. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.

@ Using Gaussian representation Z £ VEA: V, E are independent

X £ VVEA.

@ On the other hand, it is well known: For R > 0 arbitrary r.v.
independent of E, Y = RE is always infinitely divisible.

e Writing X2 = (VA2)E :
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|. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.

@ Using Gaussian representation Z £ VEA: V, E are independent

X £ VVEA.

@ On the other hand, it is well known: For R > 0 arbitrary r.v.
independent of E, Y = RE is always infinitely divisible.

e Writing X2 = (VA2)E :

If X L V'V Z is variance mixture of Gaussians, V > 0 arbitrary
independent of Z, then X? is always infinitely divisible.
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|. Simple consequences of the Gaussian representation

o Variance mixture of Gaussians: V' positive r.v. X = v/VZ, V and
Z independent.

@ Using Gaussian representation Z £ VEA: V, E are independent

X £ VVEA.

@ On the other hand, it is well known: For R > 0 arbitrary r.v.
independent of E, Y = RE is always infinitely divisible.

e Writing X2 = (VA2)E :

If X L V'V Z is variance mixture of Gaussians, V > 0 arbitrary
independent of Z, then X? is always infinitely divisible.

e Examples: X2 is infinitely divisible if X is stable symmetric, normal
inverse Gaussian, normal variance gamma, t—student.
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|. A characterization of Exponential Distribution

Theorem

Yy, &« > 0, random variable with gamma distribution G(w, B) independent

of A. Let
X = VY, A.

Then X has an ID distribution if and only if x = 1, in which case Y1 has
exponential distribution and X has Gaussian distribution.
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

fo(x;0) = oo (0% — x2)9+1/2 —r<x<0o (4)
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

2 X2)9+1/2

@(X?U)ZCG,U(U —o<x<0o (4)

@ 6 = —1 is arcsine density (role of Gaussian distribution in monotone
convolution)
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

6-+1/2
fo(x;0) =y (07 — x?) 2 _s<x<o (4)
@ 6 = —1 is arcsine density (role of Gaussian distribution in monotone
convolution)
e 6 = —3/2is symmetric Bernoulli (role of Gaussian distribution in

Boolean convolution)
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

6-+1/2
fo(x;0) =y (07 — x?) 2 _s<x<o (4)
@ 6 = —1 is arcsine density (role of Gaussian distribution in monotone
convolution)
e 6 = —3/2is symmetric Bernoulli (role of Gaussian distribution in

Boolean convolution)

e 6 = 0 is semicircle distribution (role of Gaussian distribution in free
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

6-+1/2
fo(x;0) =y (07 — x?) 2 _s<x<o (4)
@ 6 = —1 is arcsine density (role of Gaussian distribution in monotone
convolution)
e 6 = —3/2is symmetric Bernoulli (role of Gaussian distribution in

Boolean convolution)

e 6 = 0 is semicircle distribution (role of Gaussian distribution in free
probability)

@ 0 = —1/2 is uniform distribution,
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|. Extension: Ultraspherical distributions

Similar representations of the Gaussian distribution

e (Kingman (63)) USP(6,0): 6 > —3/2, 0 >0

6-+1/2
fo(x;0) =y (07 — x?) 2 _s<x<o (4)
@ 6 = —1 is arcsine density (role of Gaussian distribution in monotone
convolution)
e 6 = —3/2is symmetric Bernoulli (role of Gaussian distribution in

Boolean convolution)

e 6 = 0 is semicircle distribution (role of Gaussian distribution in free
probability)

0 = —1/2 is uniform distribution,
6 = co is Gaussian distribution: Poincaré ’s theorem: (6 — o)

fo(x:\/(0+2)/20) — \/21710 exp(—x2/ (202)).
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|. Other Gaussian representations

e USP(0,0): 6 > —3/2,0>0

fo(x;0) = oo (0% — x2)9+1/2 —r<x<0o (5)
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|. Other Gaussian representations

e USP(0,0): 6 > —3/2,0>0
fo(x;0) = oo (0% — x2)9+1/2 —or<x<0o (5)

Theorem (Kingman (63))

Let Yy, & > 0, r.v. with gamma distribution G(«, ) independent of r.v.
Sy with distribution USP(6,1). Let

X £ V.S (6)

When o« = 0 + 2, X has a Gaussian distribution.

Moreover, the distribution of X is infinitely divisible iff &« = 0 + 2 in
which case X has a classical Gaussian distribution.
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|. Recursive representations

@ Sy is r.v. with distribution USP(6,1). For 6 > —1/2 it holds that
Sy = Y/ RO+))g, |

where U is r.v. with uniform distribution U(0, 1) independent of r.v.
Sp—1 with distribution USP(0 —1,1).
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|. Recursive representations

@ Sy is r.v. with distribution USP(6,1). For 6 > —1/2 it holds that
Sy = Y/ RO+))g, |

where U is r.v. with uniform distribution U(0, 1) independent of r.v.
Sp—1 with distribution USP(0 —1,1).

@ In particular, the semicircle distribution is a mixture of the arcsine

So = U254,
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|. Recursive representations

@ Sy is r.v. with distribution USP(6,1). For 6 > —1/2 it holds that
Sy = Y/ RO+))g, |

where U is r.v. with uniform distribution U(0, 1) independent of r.v.
Sp—1 with distribution USP(0 —1,1).

@ In particular, the semicircle distribution is a mixture of the arcsine
L
So = UY2S5 ;4.

@ This fact and the Gaussian representation suggest that the arcsine
distribution is a "nice small” distribution to mixture with.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:

o B={B::t> 0} Brownian motion
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:
o B={B::t> 0} Brownian motion

o {V¢ : t > 0} subordinator independent de B and V4 = V.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:

o B={B::t> 0} Brownian motion
o {V¢ : t > 0} subordinator independent de B and V4 = V.

e Then
Xt = By, has type G distribution.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

@ A type G distribution is a (symmetric) ID distribution.
@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:
o B={B::t> 0} Brownian motion
o {V¢ : t > 0} subordinator independent de B and V4 = V.

e Then
Xt = By, has type G distribution.

@ Several well-known ID distributions are type G.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:

o B={B::t> 0} Brownian motion

o {V¢ : t > 0} subordinator independent de B and V4 = V.

e Then
Xt = By, has type G distribution.

Several well-known 1D distributions are type G.

X2 = (B\/t)2 is always infinitely divisible.
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lI. Type G distributions

Definition and relevance

e Definition: A mixture of Gaussians X = v/V Z has a type G
distribution if V' > 0 has an ID divisible distribution.

A type G distribution is a (symmetric) ID distribution.

@ Relevance: Type G distributions appear as distributions of
subordinated Brownian motion:

o B={B::t> 0} Brownian motion

o {V¢ : t > 0} subordinator independent de B and V4 = V.

e Then
Xt = By, has type G distribution.

Several well-known ID distributions are type G.

X2 = (B\/t)2 is always infinitely divisible.

Open problem: ID of (By,)” as a process.
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lI. Type G distributions: Lévy measure characterization

o If V > 0 is ID with Lévy measure p, then u = /VZ is ID with Lévy
measure v(dx) = /(x)dx

I(x) = /R 9las)p(ds), x€R (7)
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lI. Type G distributions: Lévy measure characterization

o If V > 0 is ID with Lévy measure p, then u = /VZ is ID with Lévy
measure v(dx) = /(x)dx

I(x) :/ p(x;s)p(ds), xeR. (7)

Ry

Theorem (Rosinski (91))

A symmetric distribution y on R is type G iff is infinitely divisible and its
Lévy measure is zero or v(dx) = I(x)dx, where I(x) is representable as

I(r) = g(r?), (8)

g is completely monotone on (0,00) and [;° min(1, r?)g(r?)dr < oco.
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lI. Type G distributions: Lévy measure characterization

o If V > 0 is ID with Lévy measure p, then u = /VZ is ID with Lévy
measure v(dx) = /(x)dx

I(x) :/ p(x;s)p(ds), xeR. (7)

Ry

Theorem (Rosinski (91))

A symmetric distribution y on R is type G iff is infinitely divisible and its
Lévy measure is zero or v(dx) = I(x)dx, where I(x) is representable as

I(r) = g(r?), (8)

g is completely monotone on (0,00) and [;° min(1, r?)g(r?)dr < oco.

@ In general G(R) is the class of generalized type G distributions with
Lévy measure (8).
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lI. Type G distributions: new characterization

@ Using Gaussian representation in /(x f]R p(ds) :

1) = [~ alxis)(s)ds. (9)

where 77(s) :=#(s; p) is the completely monotone function

n(sip) = [ (2r) e p(ar) (10)

Ry
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lI. Type G distributions: new characterization

@ Using Gaussian representation in /(x f]R p(ds) :

1) = [ alxis)(s)ds (9)
0
where 77(s) :=#(s; p) is the completely monotone function

o(sip) = [ (r)Fe ) plan). (10)

Theorem (A-BN-PA (10))

A symmetric distribution p on R is type G iff it is infinitely divisible with
Lévy measure v zero or v(dx) = I(x)dx, where I(x) is representable as
(9) and 1 is a completely monotone function with

/0 min(1, s)n(s)ds < oo.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional | December 1, 2011 13 / 34



lI. Useful representation of completely monotone functions

Consequence of the Gaussian representation

Lemma

Let g be a real function. The following statements are equivalent:
(a) g is completely monotone on (0, c0) with

/0°°(1 A 2)g(r2)dr < co. (11)

(b) There is a function h(s) completely monotone on (0, c0), with
Jo (LA s)h(s)ds < oo and g(r?) has the arcsine transform

g(r*) = /Ooo at(r;s)h(s)ds, r >0, (12)

where

or—1(s_ p2)-1/2 1/2
+(r;s)—{n (s —r2)~ 12 0<r<st/s (13)

0, otherwise.
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lI. Type G distributions: Summary new representation

@ Lévy measure is a (special) mixture of arcsine measure: There is a
completely monotone function #(s) on (0, o) such that

I(x) = /0 " a(x: s)n(s)ds. (14)
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lI. Type G distributions: Summary new representation

@ Lévy measure is a (special) mixture of arcsine measure: There is a
completely monotone function #(s) on (0, o) such that

I(x) = /0 " a(x: s)n(s)ds. (14)

@ This is not the finite range mixture of the arcsine measure.
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lI. Type G distributions: Summary new representation

@ Lévy measure is a (special) mixture of arcsine measure: There is a
completely monotone function #(s) on (0, o) such that

I(x) = /0 " a(x: s)n(s)ds. (14)

@ This is not the finite range mixture of the arcsine measure.

@ Not type G : Compound Poisson distribution with Lévy measure the
arcsine or semicircle measures.
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lI. Type G distributions: Summary new representation

@ Lévy measure is a (special) mixture of arcsine measure: There is a
completely monotone function #(s) on (0, o) such that

I(x) = /0 " a(x: s)n(s)ds. (14)

@ This is not the finite range mixture of the arcsine measure.

@ Not type G : Compound Poisson distribution with Lévy measure the
arcsine or semicircle measures.

@ Next problem: Characterization of ID distributions when Lévy
measure v(dx) = /(x)dx is the arcsine transform

I(x) = /0 ¥ a(x: s)A(ds). (15)
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[1l. Distributions of Class A

A(IR) is the class of A of distributions on R : ID distributions with Lévy
measure v(dx) = /(x)dx, where

(x) = /R alxis)A(ds) (16)

and A is a Lévy measure on Ry = (0, 00).
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[1l. Distributions of Class A

A(IR) is the class of A of distributions on R : ID distributions with Lévy
measure v(dx) = /(x)dx, where

(x) = /R alxis)A(ds) (16)

and A is a Lévy measure on Ry = (0, 00).

@ Arizmendi, Barndorff-Nielsen, PA (10): Univariate and symmetric
case (also in context of free ID).
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measure v(dx) = /(x)dx, where

(x) = /R alxis)A(ds) (16)

and A is a Lévy measure on Ry = (0, 00).

@ Arizmendi, Barndorff-Nielsen, PA (10): Univariate and symmetric
case (also in context of free ID).

o Maejima, PA, Sato (11): A(IR9) including non-symmetric case,
stochastic integral representation, relation to Upsilon transformations,
comparison to other known ID classes.
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[1l. Distributions of Class A

A(IR) is the class of A of distributions on R : ID distributions with Lévy
measure v(dx) = /(x)dx, where

(x) = /R alxis)A(ds) (16)

and A is a Lévy measure on Ry = (0, 00).

@ Arizmendi, Barndorff-Nielsen, PA (10): Univariate and symmetric
case (also in context of free ID).

o Maejima, PA, Sato (11): A(IR9) including non-symmetric case,
stochastic integral representation, relation to Upsilon transformations,
comparison to other known ID classes.

e G(R) C A(R).
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[1l. Distributions of Class A

A(IR) is the class of A of distributions on R : ID distributions with Lévy
measure v(dx) = /(x)dx, where

(x) = /R alxis)A(ds) (16)

and A is a Lévy measure on Ry = (0, 00).

@ Arizmendi, Barndorff-Nielsen, PA (10): Univariate and symmetric
case (also in context of free ID).

o Maejima, PA, Sato (11): A(IR9) including non-symmetric case,
stochastic integral representation, relation to Upsilon transformations,
comparison to other known ID classes.

e G(R) C A(R).
e How large is the class A(R)?
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[1l. Recall some known classes of ID distributions

Characterization via Lévy measure

o ID(RY) class of infinitely divisible distributions on R¢.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011 17 / 34



[1l. Recall some known classes of ID distributions

Characterization via Lévy measure

o ID(RY) class of infinitely divisible distributions on R¢.
@ Polar decomposition of Lévy measure v (univariate case { = —1,1)

v(B) = [AE) [ 1s(r)m(ndr, BeB®BY).  (17)
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o ID(RY) class of infinitely divisible distributions on R¢.
@ Polar decomposition of Lévy measure v (univariate case { = —1,1)

v(B) = [AE) [ 1s(r)m(ndr, BeB®BY).  (17)

o U(RY), Jurek class: hz(r) is decreasing in r > 0.
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[1l. Recall some known classes of ID distributions

Characterization via Lévy measure

o ID(RY) class of infinitely divisible distributions on R¢.
@ Polar decomposition of Lévy measure v (univariate case { = —1,1)

v(B) = [AE) [ 1s(r)m(ndr, BeB®BY).  (17)

o U(RY), Jurek class: hz(r) is decreasing in r > 0.
o L(R?), Selfdecomposable class: hz(r) = r'gz(r) and gz (r)
decreasing in r > 0.
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[1l. Recall some known classes of ID distributions

Characterization via Lévy measure

o ID(RY) class of infinitely divisible distributions on R¢.
@ Polar decomposition of Lévy measure v (univariate case { = —1,1)

v(B) = [AE) [ 1s(r)m(ndr, BeB®BY).  (17)

U(RY), Jurek class: hs(r) is decreasing in r > 0.

o L(R?), Selfdecomposable class: hz(r) = r'gz(r) and gz (r)
decreasing in r > 0.

B(RY), Goldie-Steutel-Bondesson class: hz(r) completely
monotone in r > 0.
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decreasing in r > 0.

o B(R?), Goldie-Steutel-Bondesson class: hz(r) completely
monotone in r > 0.

o T(RY), Thorin class: hz(r) = r gz(r) and gz(r) completely
monotone in r > 0.

o G(RY), Generalized type G class hz(r) = gz(r?) and gz(r)
completely monotone in r > 0.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011 17 / 34



[1l. Recall some known classes of ID distributions

Characterization via Lévy measure

o ID(RY) class of infinitely divisible distributions on R¢.
@ Polar decomposition of Lévy measure v (univariate case { = —1,1)

v(B) = [AE) [ 1s(r)m(ndr, BeB®BY).  (17)

o U(RY), Jurek class: hz(r) is decreasing in r > 0.

o L(R?), Selfdecomposable class: hz(r) = r'gz(r) and gz (r)
decreasing in r > 0.

o B(R?), Goldie-Steutel-Bondesson class: hz(r) completely
monotone in r > 0.

o T(RY), Thorin class: hz(r) = r gz(r) and gz(r) completely
monotone in r > 0.

o G(RY), Generalized type G class hz(r) = gz(r?) and gz(r)
completely monotone in r > 0.

o A(RY), Class A, hz(r) is an arcsine transform.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011 17 / 34



[1l. Recall some known classes of ID distributions

Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all
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Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all

o compound Poisson distributions whose jump size is uniform on (0, s),
s >: Class U(R)
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Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all

o compound Poisson distributions whose jump size is uniform on (0, s),
s >: Class U(R)

o mixed-exponentials: Class B(R)
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convergence and reflection and containing all
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s >: Class U(R)
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[1l. Recall some known classes of ID distributions

Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all

o compound Poisson distributions whose jump size is uniform on (0, s),
s >: Class U(R)

o mixed-exponentials: Class B(R)
o mixed-gammas: Class T(R)

o compound Poisson distributions whose jump size is arcsine on (0, s):
Class A(R).
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[1l. Recall some known classes of ID distributions

Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all

o compound Poisson distributions whose jump size is uniform on (0, s),
s >: Class U(R)

o mixed-exponentials: Class B(R)
o mixed-gammas: Class T(R)
o compound Poisson distributions whose jump size is arcsine on (0, s):

Class A(R).

o L(R) : distributions of Ornstein-Uhlenbeck type
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[1l. Recall some known classes of ID distributions

Probabilistic interpretation

@ Smallest class of distributions on R closed under convolution, weak
convergence and reflection and containing all

o compound Poisson distributions whose jump size is uniform on (0, s),
s >: Class U(R)

o mixed-exponentials: Class B(R)
o mixed-gammas: Class T(R)

o compound Poisson distributions whose jump size is arcsine on (0, s):
Class A(R).

o L(R) : distributions of Ornstein-Uhlenbeck type

e G(R) : Gaussian with random variance
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[1l. Relations between classes

T(RY) U B(RY) U L(RY) U G(R?) C U(RY)
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T(RY) U B(RY) U L(RY) U G(R?) C U(RY)

@ In general
B(RI)\L(R?) # @, LR)\B(R?) # @

G(RI)\L(RY) # @, LRY)\G(R) # O,
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[1l. Relations between classes

T(RY) U B(RY) U L(RY) U G(R?) C U(RY)
@ In general
B(RY)\L(RY) # @, LRI)\B(RY) # @

G(RI)\L(RY) # @, LRY)\G(R) # O,

@ It is known

T(RY) ¢ B(RY) ¢ G(RY)
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[1l. Relations between classes

T(RY) U B(RY) U L(RY) U G(R?) C U(RY)
@ In general
B(RY)\L(RY) # @, LRI)\B(RY) # @
G(RY)\L(RY) # @, LRT)\G(R?) # ©.

@ It is known

T(RY) ¢ B(RY) ¢ G(RY)

Lemma (Maejima, PA, Sato (11))

U(RY) C A(RY)
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[1l. Relations between classes

T(RY) U B(RY) U L(RY) U G(R?) C U(RY)
@ In general
B(RY)\L(RY) # @, LRI)\B(RY) # @

G(RI)\L(RY) # @, LRY)\G(R) # O,

@ It is known

T(RY) ¢ B(RY) ¢ G(RY)

Lemma (Maejima, PA, Sato (11))

U(RY) C A(RY)

@ Observation: Arcsine density a(x;s) is increasing in r € (0,4/s)
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IIl. Relation between type G and type A distributions

e u € ID(RY), Xt(y) Lévy processes such that u: £ (Xl(y)) = L.
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IIl. Relation between type G and type A distributions

e u € ID(RY), Xt(”) Lévy processes such that u: £ (Xl(y)) = L.

Theorem (A, BN, PA (10); Maejima, PA, Sato (11).)

Let ¥ : ID(RY)—ID(R?) be the mapping given by
1/2 1\ /2
Y(u) =L (/ (Iog ;> ax® | . (18)
0
An ID distribution fi belongs to G(IRY) iff there exists a type A
distribution y such that i = ¥ (p). That is
G(RY) = ¥(A(RY)). (19)
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IIl. Relation between type G and type A distributions
e u € ID(RY), Xt(”) Lévy processes such that u: £ (Xl(y)) = L.

Theorem (A, BN, PA (10); Maejima, PA, Sato (11).)
Let ¥ : ID(RY)—ID(R?) be the mapping given by

Y(4) =L </01/2 (Iog %) v dXs(”)> . (18)

An ID distribution fi belongs to G(IRY) iff there exists a type A
distribution y such that i = ¥ (p). That is

G(RY) = ¥(A(RY)). (19) |

@ A Stochastic interpretation of the fact that for a generalized type G
distribution its Lévy measure is mixture of arcsine measure.
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IIl. Relation between type G and type A distributions
e u € ID(RY), Xt(”) Lévy processes such that u: £ (Xl(y)) = L.

Theorem (A, BN, PA (10); Maejima, PA, Sato (11).)
Let ¥ : ID(RY)—ID(R?) be the mapping given by

Y(u) =L </01/2 (Iog %) v dx£”)> . (18)

An ID distribution fi belongs to G(IRY) iff there exists a type A
distribution y such that i = ¥ (p). That is

G(RY) = ¥(A(RY)). (19) |

@ A Stochastic interpretation of the fact that for a generalized type G
distribution its Lévy measure is mixture of arcsine measure.

@ Next problem: integral representation for type A distributions?
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IIl. Stochastic integral representations for some ID classes

o Jurek (85): U(RY) = U(ID(R?)),

U) =L (/01 sdxs(”)) .
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IIl. Stochastic integral representations for some ID classes

o Jurek (85): U(RY) = U(ID(R?)),

U) =L (/01 sdxs(”)) .

o Jurek, Vervaat (83), Sato, Yamazato (83): L(RY) =®(IDjog(RY))

() =L (/OOO e—de§“>> |

IDiog (RY) = {;4 € I(RY) : /|X|>2 log |x| j(dx) < oo} _
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IIl. Stochastic integral representations for some ID classes

o Jurek (85): U(RY) = U(ID(R?)),

U) =L (/01 sts(")) .

o Jurek, Vervaat (83), Sato, Yamazato (83): L(RY) =®(IDjog(RY))

() =L (/OOO e—de§“>> |

IDiog (RY) = {;4 € I(RY): /

[x|>2

log |x| p(dx) < oo} :

e Barndorff-Nielsen, Maejima, Sato (06): B(IRY) =Y (/(R9)) and
T(RY) =Y(L(R7))

1
Y(u) = £ (/ log 1dXs(”)> _
0 s
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[1l. Class A of distributions

Stochastic integral representation

Theorem (Maejima, PA, Sato (11))
Let ®cos : ID(RY)—ID(RY) be the mapping

Deos() = L (/01 cos(%s)dXs(”)) ., € ID(RY). (20)

Then
A(RY) = @ (ID(RY)). (21)
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V. General framework

@ Upsilon transformations of Lévy measures:

Yo(0)(B) = [ puB)o(d), BEBRY).  (22)

[Barndorff-Nielsen, Rosinski, Thorbjgrnsen (08)].
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V. General framework

@ Upsilon transformations of Lévy measures:

Yo(0)(B) = [ puB)o(d), BEBRY).  (22)

[Barndorff-Nielsen, Rosinski, Thorbjgrnsen (08)].

o Fractional transformations of Lévy measures:
, 1 ® X -1
(ASB(©) = iy 777 [ Tl el = P92 (),

p.a, B € Ry, g€ R [Maejima, PA, Sato (2011b), Sato (10)].
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V. Fractional transformations of measures

e p>0a>0p>0,9g€R

(A%Ev)(C >:r(1p) | et [ Le(rpp) (1P = 2 (e,
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@ Examples:
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V. Fractional transformations of measures

e p>0a>0p>0,9g€R

(A%Ev)(C >:r(1p) | et [ Le(rpp) (1P = 2 (e,

@ Examples:

o Arcsine transformation: g = —-1,p=1/2,a =2, =1.
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@ Examples:

o Arcsine transformation: g = —-1,p=1/2,a =2, =1.
o Ultraspherical transformation: g = —-1,p >0, a =2, f = 2.
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V. Fractional transformations of measures

e p>0a>0p>0,9g€R

(A%Ev)(C >:r(1p) | et [ Le(rpp) (1P = 2 (e,

@ Examples:

o Arcsine transformation: g = —-1,p=1/2,a =2, =1.
o Ultraspherical transformation: g = —-1,p >0, a =2, f = 2.
e Uniform transformation: ¢ = —1,p = 1.
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V. Fractional transformations of measures

e p>0a>0p>0,9g€R

(A%Ev)(C >:r(1p) | et [ Le(rpp) (1P = 2 (e,

@ Examples:

o Arcsine transformation: g = —-1,p=1/2,a =2, =1.
o Ultraspherical transformation: g = —-1,p >0, a =2, f = 2.
e Uniform transformation: ¢ = —1,p = 1.

@ Associated classes of infinitely divisible distributions

AL (R) = Agh(ID(R)).
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V. Fractional transformations of measures

e p>0,4>0pB>0,gcR
(ASB(O) = s [ r o ar [ el 5P = )2 Mol

@ Examples:

o Arcsine transformation: g = —-1,p=1/2,a =2, =1.
o Ultraspherical transformation: g = —-1,p >0, a =2, f = 2.
e Uniform transformation: ¢ = —1,p = 1.

Associated classes of infinitely divisible distributions

AL (R) = Agh(ID(R)).

How large is the class A ,(R)?
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V. Fractional transformations of measures

@ Flexibility in choice of parameters
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)

@ Examples:
o Arcsine distribution (¢ = —1,p =1/2,a =2, = 1) then (23).
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)

@ Examples:

o Arcsine distribution (¢ = —1,p =1/2,a =2, = 1) then (23).
o Semicircle distribution (¢ = —1,p =3/2, « =2, B = 2) then (24)
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)

@ Examples:
o Arcsine distribution (¢ = —1,p =1/2,a =2, = 1) then (23).
o Semicircle distribution (¢ = —1,p =3/2, « =2, B = 2) then (24)
o Uniform (g = —1,p = 1) then (23) and (24).

@ There are stochastic integrals representations when g < 1.
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)

@ Examples:
o Arcsine distribution (¢ = —1,p =1/2,a =2, = 1) then (23).
o Semicircle distribution (¢ = —1,p =3/2, « =2, B = 2) then (24)
o Uniform (g = —1,p = 1) then (23) and (24).
@ There are stochastic integrals representations when g < 1.
@ We do not know if there are stochastic integrals
representations for g > 1.
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V. Fractional transformations of measures

@ Flexibility in choice of parameters

Teorema

U(R) C A% (R) if0<p<1l g<-—1, (23)
Agp(R) C U(R) ifp>1 -1<g<2 (24)

@ Examples:
o Arcsine distribution (¢ = —1,p =1/2,a =2, = 1) then (23).
o Semicircle distribution (¢ = —1,p =3/2, « =2, B = 2) then (24)
o Uniform (g = —1,p = 1) then (23) and (24).
@ There are stochastic integrals representations when g < 1.
@ We do not know if there are stochastic integrals
representations for g > 1.
e Open problem: Do all infinitely divisible distributions admit a
stochastic integral representation?:
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IV. Examples of integral representations

@ There are stochastic representations when g < 1.
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IV. Examples of integral representations

@ There are stochastic representations when g < 1.
e Special case: « >0,p >0, g= —a. Let Py p: ID(R)—ID(R)

_ Cp+1 1/a
D p(1) = L <cp+11/(‘“’)/0 (C;J/r'i _ Sl/p) ng(u)) . (25)

with ¢, = 1/T(p). Then A%, ,(R) = @y ,(ID(R)).
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IV. Examples of integral representations

@ There are stochastic representations when g < 1.
e Special case: « >0,p >0, g= —a. Let Py p: ID(R)—ID(R)

_ Cp+1 1/«
Dy () =L <Cp+11/(“p) /0 P (C;J/ﬁ _ Sl/p) ng(u)) _ (25)
with ¢, = 1/T(p). Then A%, (R) = &, ,(ID(R)).

fp=1/2, a=1, (g =-1)

A1—1,1/2(]R) = @1,1,2(/D(R)),

o (2VT (4
D@1,1/2(p) = Z/o (; — 52> dx¥), ue ID(R).
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IV. Relation to Upsilon transformations

Non-commutative relations

(Yg00)(B) = /Ooop(tlB)Qtﬁletgdt, B € B(RY).

(AZ50)(B) = cp [ umdu [ La(ux/|x)(1xI" = u")? " p(ck).

0

Teorema

a) Non-commutative relation holds

YpoAdlp = ALpY(p-1+(p-0)/q).0r/a:

b) Al:p and Yg ¢ are commutative iff

g=r and q(p—1)—a=0.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011 27 / 34



IV. Relation to Upsilon transformations

@ General upsilon transformation

Yo(p)(B) = [ plt B)o(dr). (26)
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IV. Relation to Upsilon transformations

@ General upsilon transformation

Yo(p)(B) = [ plt B)o(dr). (26)

@ An important role in Maejima-PA-Sato(2011b) is played by

(Ypop)(B) = [ p(c1B)0E P Te e (27)
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IV. Relation to Upsilon transformations

@ General upsilon transformation
Yo(p)(B) = [ plt B)o(dr). (26)
@ An important role in Maejima-PA-Sato(2011b) is played by
(Ypop)(B) = [ p(c1B)0E P Te e (27)

@ Four parameter transformation

(AL50)(B) = cp [~ u™du [ La(ux/Ix|)(xI" = u")7 " plak).
(28)
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IV. Relation to Upsilon transformations

@ General upsilon transformation

Yo(p)(B) = [ plt B)o(dr). (26)

@ An important role in Maejima-PA-Sato(2011b) is played by

(Ypap)(B) = [ p(e1B)0t F-tet'de (27)
0
@ Four parameter transformation
(AZp)(B) = cp [ udu [ La(ue/Ix)(IxI" = u)? " p(dk).
’ 0 R

(28)

o Goals:
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IV. Relation to Upsilon transformations

@ General upsilon transformation

Yo(p)(B) = [ plt B)o(dr). (26)

@ An important role in Maejima-PA-Sato(2011b) is played by

(Ypop)(B) = [ p(c1B)0E P Te e (27)

@ Four parameter transformation

(AL50)(B) = cp [~ u™du [ La(ux/Ix|)(xI" = u")7 " plak).
° (28)
e Goals:

e when is AJ';0 an Upsilon transformation?
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IV. Relation to Upsilon transformations

@ General upsilon transformation

Yo(o)(8) = [ p(eB)a(de) (26)

@ An important role in Maejima-PA-Sato(2011b) is played by

(Ypop)(B) = [ p(c1B)0E P Te e (27)

@ Four parameter transformation

(AL50)(B) = cp [~ u™du [ La(ux/Ix|)(xI" = u")7 " plak).
° (28)
e Goals:

e when is AJ';0 an Upsilon transformation?
o What is the role of the Upsilon transformation Ypg 9?
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IV. Relation to Upsilon transformations

Non-commutative relations

(Yg00)(B) = /Ooop(tlB)Qtﬁletgdt, B € B(RY).

(AZ50)(B) = cp [ umdu [ La(ux/|x)(1xI" = u")? " p(ck).

0

Teorema

a) Non-commutative relation holds

YpoAdlp = ALpY(p-1+(p-0)/q).0r/a:

b) Al:p and Yg ¢ are commutative iff

g=r and q(p—1)—a=0.

Thiele Seminar Victor Pérez-Abreu Infinitely divisible distributions of fractional December 1, 2011 29 / 34



IV. Relation to Upsilon transformations

Necessary and sufficient conditions for being an Upsilon transformation

(Ypo0)(B) = /Ooop(t_lB)Bt_ﬁ_le_tgdt, B € B(RY).

(AL50)(B) = cp [ u™du [ La(ux/|x)(1xI" = u®)? " p(cb).

Teorema

a) Al'p is an Upsilon transformation iff g = r, in which case
o(du) = cplig 1y (u)(1 - ud)P~Ly= 4y

b) Al is Upsilon transformation iff A, commutes with some Ygg.
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IV. A class of examples

o
[}

AL,(0)(B) = < [

; lg(u)u_“_ldu/ (x — u?)PLo(dx)

(u9,00)
p(dx) = pp,co(dx) = X*ﬁfle—cxf’l(ovw) (x)dx
o pdx) = (A ppp,co) (du)

Bdx) = Cpu—a—1+q(p—ﬁ—1) (/loo(y _ 1)p—1y—ﬁ—1e—c(yu")€dy> 1(0,00) (1) du.

Example (James, Roynette & Yor (08))

p(dx) = 2“71/2\/Ex“*1e*2’<1(0,00) (x)dx. (29)

p(dx) = x T e Ky_1/2(x)1(g,00) (x) dx (30)
p is GGC subordinator [K,_1,5 is Bessel function of order a« — 1/2]
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