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0.1 Appendix on Operator Algebras

0.1.1 C*-algebras and C*-probability spaces
Bounded operators on a Hilbert-space

We recall initially that a (complex) Hilbert-space is a vector-space H over the
field C of complex numbers, which is equipped with an inner product (:,-),
making H complete with respect to the associated norm (||£]| = (£, £)'/? for all
& in 'H).

A linear mapping T': H — H is called a linear operator on H. For such an
operator we recall that the following conditions are equivalent:

(i) T is continuous at every point £ of H.
(ii) T is continuous at 0 € H.
(iii) sup{||Tz|| |z € H, ||z|| <1} < 0.

As a consequence of the equivalence between (i) and (iii), continuous linear
mappings T: H — H are generally referred to as bounded (linear) operators on
H. The class of such operators on H is accordingly denoted by B(H). Point-
wise addition and scalar-multiplication clearly makes B(H) into a vector space.
Moreover, the composition S o T of two elements S,T of B(H) constitutes a
multiplication on B(H) which together with the linear operations turns B(H)
into an algebra. Specifically this means (omitting the vector space axioms) that
the multiplication and the linear operations satisfy the following conditions for
any R, S,T in B(H) and 8 in C:

(iv) R(ST) = (RS)T,
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(v) B(ST) = (BS)T = S(BT),
(vi) R(S+T) = RS+ RT and (S + T)R = SR+ TR.

In (iv)-(vi) we have, as is customary, written e.g. ST instead of S o T. For
T in B(H) we further define:

IT[| = sup{[|Tz|| | = € H, ||=]| <1} < oo,

and it is standard to check that the mapping T — ||T'|| defines a norm on B(H),
which is sub-multiplicative in the sense that

(vii) [|ST| < ||S||T| for all S,T in B(H).

This norm is naturally termed the operator-norm on B(H). The complete-
ness of H further implies that B(H) is also complete with respect to the operator
norm. Altogether this means that (B(H),| -||) constitutes a Banach algebra.

We finally equip B(H) with an involution (the *-operation). For this we
recall that for any operator T in B(H) there exists a unique operator T™* in
B(H) such that

(T€,m) = (6,T*y)  for all &, in M,

The operator T* is called the adjoint of T, and the mapping T — T is termed
the adjoint operation on B(H). It is standard to check that it satisfies the
following relations:

(T7) =T,

(viii)
(ix) (BS+T)* = BS* +T*,
(x) (ST)* =T~5,

) 17T = || T]*

(xi

for any fin C and S, T in B(H). Condition (xi) above is of crucial importance
and it is known as the C*-identity. Together with conditions (vii) and (viii) it
implies for example that the involution is norm-preserving:

ITI* = 77| < |7 [T
for any T in B(H).

Abstract C*-algebras

The properties listed in the previous subsection for B(H) lay the foundation for
the definition of an (abstract) C*-algebra.

Definition 1. Let A be a vector space over C
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(a) Assume that A is further equipped with a multiplication (a,b) — ab: A X
A — A, such that the conditions (iv),(v) and (vi) above are satisfied (when
the operators S, R, T are replaced by elements from A). We say then that
A forms an algebra over C.

(b) Assume that A is an algebra over C, which is further equipped with a
mapping a — a*: A — A, satisfying conditions (viii),(ix) and (z). We
then say that A is a *x-algebra over C.

(c) Assume that A is an algebra over C, which is further equipped with a norm
|| - || such that condition (vii) is satisfied and such that A is complete in
the topology induced by || - ||. We say then that A is a Banach-algebra over
C.

(d) A C*-algebra is a x-algebra A, which is also equipped with a norm || -
|| satisfying condition (i) and such that A is complete in the topology
induced by | - ||.

The calculation (0.1.1) shows that C*-algebras are special cases of Banach-
algebras. The previous subsection showed that B(H) is a C*-algebra for any
Hilbert-space H over C. Furthermore, any (linear) subspace of B(H), which
is closed under multiplication (i.e. composition of operators), closed under the
adjoint operation and closed in the norm topology will form a C*-algebra.

The C*-algebra B(H) contains a (two-sided) neutral element with respect
to the multiplication, namely the identity operator 1: H — H. In general
a C*-algebra A is called wunital, if it contains a (two-sided) neutral element
with respect to the multiplication. Such a multiplicative unit is necessarily
unique, and we generally denote it by 1 4. An (orthogonal) projection in a C*-
algebra A is an element p of A such that p = p* = p?>. When A = B(H) an
orthogonal projection is exactly the projection operator, which maps H onto a
closed subspace of H.

Example 2. The space Cp(R) of continuous bounded functions f: R — C con-
stitutes a x-algebra under point-wise linear operations, multiplication and com-
plex conjugation. Together with the uniform norm

[fllu = sup{|f(z)[ |z € R}, (f € Co(R)),

these operations turn Cyp(R) into a C*-algebra. Note in particular that the con-
stant function 1 is a multiplicative unit for Cy(R) and that the multiplication on
Cy(R) is commutative (contrary to that of B(H), when dim(H) > 2). We say
that Cy(R) is a commutative unital C*-algebra.

Consider now the subset Cy(R), consisting of continuous functions f: R —
C, such that | f(z)| — 0 as |z| — oco. It is easily seen that Co(R) is closed under
the linear operations, the multiplication, complex conjugation and the uniform
norm. Thus Co(X) is again a commutative C*-algebra. Note however that
Co(R) does not have a multiplicative neutral element. However, by embedding
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R into its one-point compactification T = {z € R | |z| = 1} it is not hard to see
that Co(R) may be identified with the subset

{fec(m|fi)=0}

of the space C(T) of all continuous functions f: T — C. As for Cp(R) the
point-wise operations together with the uniform norm clearly make C(T) into a
commutative unital C*-algebra. These considerations illustrate the general fact
that a (non-unital) C*-algebra can always be embedded as a sub-algebra (in fact
an ideal) into a unital C*-algebra (see [RLL] for the general result). In this text
we are generally mainly interested in unital C*-algebras.

A (linear) subspace B of a C*-algebra is called a C*-sub-algebra, if it is closed
under the multiplication, closed under the x-operation and closed with respect
to the operator norm. In that case B is clearly a C*-algebra itself. Sub-algebras
and *-subalgebras of algebras and x-algebras are defined analogously. If A is
unital, and B contains the multiplicative unit of A, then clearly B is unital as
well. If B does not contain the unit of A, it can either be non-unital, or it could
have a unit of its own. The latter case may also occur if A is non-unital. The
following examples illustrate these situations.

Example 3. (a) Suppose H is a Hilbert-space with dimension greater than 2,
and that p is the orthogonal projection onto a proper subspace Hy of H.
Then pB(H)p is a C*-sub-algebra of B(H) with unit p, which is distinct
from the unit of B(H).

(b) Consider the class

A= {(;11 ?2) ‘ Ji1, f12, for, fa2 € C’O(IR{)}
21 22

of 2 X 2-matrices with entries from Co(R). It is easily seen that A consti-
tutes a C*-algebra under the natural linear operations, multiplication and
x-operation, and under the norm:

<f11 f12> — sup (fn(t) flz(t)> (51)
J21 fa2 f21(t)  foa(t) ) \ &2
where the sup is taken over all t in R and all (£,&) in R? such that
g+l

It is not hard to verify that A does not have a unit, but it contains the

2 x 2-matrices M2(C) as a unital C*-sub-algebra of A (corresponding to
the cases where fi1, f12, f21, fao are constant functions).

7

As mentioned above, B(H) and its C*-sub-algebras form the generic ex-
amples of C*-algebras. The fundamental Gelfand-Neumark-Theorem says that
in fact any C*-algebra may be identified with a C*-sub-algebra of B(H) for a
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suitable Hilbert space H. We will outline the proof of this theorem in the fol-
lowing. A key ingredient in the proof is the so-called GNS-construction®, which
we describe next. We introduce first some needed terminology.

e An element a of a C*-algebra A is called positive, if it has the form b*b
for some element b in A. Note that this is in accordance with the notion
of a positive operator in B(H) and with the notion of a positive function
in the C*-algebras considered in Example 2.

e Let A be a unital C*-algebra. A linear functional ¢: A — C is called
a state, if ¢(a) > 0 for any positive element a of A, and if ¢(14) = 1
(recall that 14 denotes the multiplicative unit of A). A state on A is
automatically continuous with respect to the norm-topology on A.

e Suppose A and B are *-algebras, and let ®: A — B be a linear mapping.
We say then that @ is a x-homomorphism, if ®(a*) = ®(a)* and ®(ad) =
®(a)®(b) for all a,b in A. If ® is, in addition, injective or bijective, we
refer to ® as a *-monomorphism, respectively a sx-isomorphism. If 4 and
B are both unital, and ® maps the unit of A to that of B, we say that ¢
is unital.

Consider in the following a unital C*-algebra A and a state ¢: A — C. The
linearity and positivity of A4 then ensures that the formula

<aa b>¢ = ¢(b*a)v (a7b € A)7

defines a non-negative definite sesqui-linear form on A. Generally (-,-)4 is not
positive definite, unless ¢ is faithful. However, if we put

Ny={acA|d(a"a) =0},

then Ny is a left ideal, which is further closed in the norm topology. Moreover,
(-,-)¢ gives rise to a positive definite sesqui-linear form (i.e. an inner product)
on the quotient linear space A/Ny via the formula:

<[CL], [b]>¢ = <avb>¢’ (a,b € A), (1)

where e.g. [a] denotes the equivalence class containing a. By H, we denote
the completion of A/N, with respect to the norm || - ||, associated to the inner
product given in (1).

Now any element a of A gives rise to a linear operator L, on A/Ny via the
formula:

La([b]) = [ab], (b€ A).
For any b in A we note that

IZa(1BD)lls = llablle = ¢((ab)*(ab)) = ¢(b"a*ab) < é([la*allb™b) = [|a*all$(b*b) = fal|[[b]l4,

LGNS stands for Gelfand, Neumark and Seagal
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where we have used that the operator |a*a|b*b — b*a*ab is positive, so that
o(b*a*ab) < ¢(||la*al|b*b). The calculation above shows that L, is uniformly
continuous on .A/Ny4 and hence it extends by continuity to a continuous operator,
also denoted by L, on H,. The calculation above further shows that

[Lall = sup{[[La(&)llo [ € € Hos [I€lls < 1} = sup{[|La([b])lls [ 0 € A, [[[b]lls < 1} <{lall.

Moreover it is straightforward to check that
Lioyar = 2La + Loty Lo = Lolar, Lo =Ly, and Ly, = 1p,)

for any z in C and a,a’ in A. It follows altogether that if we define a mapping
Ty A— B(Hgy) by setting

7g(a) = L, (a€ A),

then 7y is a unital *-homomorphism of A into B(Hs). We note also that 4
has the following key property:

(mo(a)[1a], [1al)s = (La[lal; [Lal)y = ([al, [14]) = ¢(1a) = ¢(a),  (2)

so that ¢ is turned into the vector state (-[14],[1.4]) via the representation .
We shall refer to the triplet (74, Hy, [La]) as the GNS-triplet associated to ¢.

Theorem 4 (Gelfand-Neumark). Let A be a unital C*-algebra. Then there
exists a Hilbert-space H and a unital injective x-homomorphism ®: A — B(H).

Sketch of proof: Apart from the GNS-construction outlined above, the main
ingredient in the proof is the fact that the class S(A) of states on A separate
the elements of A. To be precise: If a,b € A such that ¢(a) = ¢(b) for any state
¢ on A, then a = b. A proof of this fact can be found in [KR97, Theorem 4.3.4].

Now let H be the Hilbert-space @ges(4)Hg, where, for each ¢ in S(A), Hy
is the Hilbert-space from the GNS-construction described above. Then we may
define a mapping ®: A — B(H) be setting

®(a) = Dyesa)ymo(a), (a €A,

where the right hand side is the “diagonal” operator on ‘H with “diagonal ele-
ments” my(a), ¢ € S(A). Since 74 is a *x-homomorphism for each ¢ in S(A), it
follows easily that so is ®. Moreover, ®(a) = 0 € B(H), if and only if m4(a) =0
for all ¢ in S(A). In that case it follows from (2) that

¢(a) = (my(a)[Lal, [1a])p =0

for all ¢ in S(A), and since S(A) separates the elements of A, this implies that
a = 0. Thus @ is injective, as desired. ]
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Spectral theory

Let d be a positive integer, and let A be an element of the C*-algebra M;(C) of
d x d-matrices with complex entries. Recall that A is called normal, if AA* =
A*A. In that case we recall also that A can diagonalized, i.e. A = UAU*
for some unitary d x d matrix (so that U*U = 1)), and A is a d x d-
diagonal matrix, whose diagonal elements consist of the eigenvalues \q,..., Ay
of A (counted with multiplicity). We denote by spe(A) the spectrum of A, i.e.
the set of eigenvalues of A. Given any function f: spe(A) — C we then define
the d x d-matrix f(A) by the formula:

fx) 0

fla)=u T U

0 | f(Aa)

Since U*U is the multiplicative unit of My(C) it follows immediately f(A) that
coincides with the natural definition, if f(z) = zP for some p in Ny. By linearity
the same observation holds in the case where f is a polynomial. We note also
that the mapping f — f(A) is a *-homomorphism from the C*-algebra of all
complex-valued functions on spe(A) into My(C).

In the following we describe how the considerations above generalize to any
normal element of unital C*-algebra A. For a general element a of A we say
that a is invertible, if it has a multiplicative inverse, i.e. an element b of A such
that ab = ba = 1 4. We then define the spectrum spe(a) as

spe(a) ={A € C|a— A1, is not invertible},

and we note that this definition is in accordance with the usual definition of the
spectrum of a d X d-matrix (considered above). We list next a few fundamental
facts about the spectrum.

Proposition 5. For an arbitrary element a of a unital C*-algebra A, we have
the following facts:

(i) The spectrum spe(a) is a nonempty, compact subset of {\ € C | |\ < ||a||}.

(i1) If p is a polynomial (in one variable), and p(a) is the element of A defined
in the intuitive way, then spe(p(a)) = {p(A) | A € spe(a)}.

(i11) If a is normal, then |lal| = sup{|A| | A € C}.

(iv) In general spe(a*) = {\ | A € spe(a)}. In particular spe(a) C R, if a is
selfadjoint.

Proof. (i) For any a in A such that ||a]| < 1, the completeness of A ensures
that the series >~ ja™ converges in the norm topology to an element b of A.
A direct calculation further shows that (14 — a)b = b(14 — a) = 1, implying
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that 14 — a is invertible. For a general element a of A we may subsequently
conclude that a — A14 = —A(14 — A7 la) is invertible whenever [A| > |[a,
which means that spe(a) is contained in the disk {A € C | |A] < ||a||}. Since
the set of invertible elements in A is open in the norm topology and since the
mapping A — a — Al 4 is continuous in that same topology, it follows further
that spe(a) is a closed subset of C. Altogether spe(a) is a compact subset of
{Ae ClIA[ < [lall}.

To verify that spe(a) is non-empty, we apply the Hahn-Banach extension
theorem to choose an norm-continuous linear functional p: A — C, such that
p(a) = |la]|. We consider then the mapping f: C\ spe(a) — C given by

fz)=(a=214)7"  (2€C\spe(a)).

For z,w in C \ spe(a) we note that

f(i : {U(w) = _1 w(a - zlA)*l((a —wly) — (a— ZlA))(a —wl)t (3)
= (Q*Z]-A)il(afw]_A)*l (4)
— (a— W1A)71 as z — w. (5)

It follows that f is holomorphic on C \ spe(a). If spe(a) = @, f would be an
entire function, and furthermore

[f(2)] =N (A H1a = a) ™) — 0,

as |z| — oo, since p((|A\"Y14 —a)™t) — p(a™t) as |z| — oo. This contradicts
Liouville’s Theorem, and hence spe(a) cannot be empty.

(iv) Note first that if an element b of A is invertible, then so is b*, and
()71 = (b7Y*. Indeed, b*(b=1)* = (b7'b)* = 1% = 14, and similarly
(b~1)*b* = 14. From this observation it follows immediately for any com-
plex number \ that A € C\ spe(a), if and only if A € C\ spe(a*). In other words
spe(a*) = {A | A € spe(a)}. If a = a*, it follows in particular that spe(a) C R.

[

Theorem 6. Let A be a unital C*-algebra, let a be a selfadjoint element of a,
and consider the C*-algebra C(spe(a)) of continuous, complex-valued functions
on spe(a).

Then there exists a unique *-homomorphism ®,: C(spe(a)) — A with the
following properties:

(i) ©,(p) = p(a) (defined in the intuitive way) for any polynomial p (in one
variable). In particular ®(1) = 14 and ®,(id) = a, where 1 denotes the
constant polynomium 1, and id denotes the identity function.

(ii) ||Pa(f)|| = sup{|f(N)| | A € spe(a)} for any function f from C(spe(a)). In
other words ®, is an isometry from C(spe(a)) into A.
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(ii3) ®o(f) is a normal element of A for any f in C(spe(a)).

(iv) If b € A such that ab = ba, then also ®(f)b = b®(f) for any function f
in C(spe(a)).

The operator @,(f) described in Theorem 6 is often denoted f(a).

Proof of Theorem 6: Assigning the intuitive meaning to p(a) for any polyno-
mial p (in one variable), the mapping ®g: p — p(a) is clearly a *-homomorphism
from the *-algebra of polynomials into .A. In particular this entails that p(a) is
a normal element of A for any polynomial p, and hence Proposition 5(ii)-(iii)
imply that

Ip(a)|l = sup{|¢| | ¢ € spe(p(a))} = sup{p(M)[ | A € spe(a)} = [[pll,  (6)

where the last norm is that of p considered as an element of the C*-algebra
C(spe(a)).

By Proposition 5(i)-(iv), spe(a) is a non-empty compact subset of R, and
hence The Weierstrass Approximation Theorem implies that the *-algebra of
polynomials is dense in C(spe(a)). From this, (6) and the completeness of A,
it follows by a standard argument (extension by continuity) that ®; may be
extended to a mapping ®,: C(spe(a)) — A, which, automatically satisfies that

12a (N = If]l, Palef+9) = a®u(f)+Palg), Pa(fg) = Pa(f)Palg), Pu(f) = Pu(f)"

for any f,g in C(spe(a)) and « in C. In other words ®, is an isometric *-
homomorphism, so that (i) and (ii) are satisfied.

Since p(a) is normal for any polynomial p, and since the norm limit of a
sequence of normal elements in A is clearly normal as well, it follows that ®,(f)
is normal for any f in C(spe(a)). Similarly, if b € A such that ab = ba, then
clearly p(a)b = bp(a) for any polynomial p, and hence by approximating ®,(f)
by elements of the form p(a), it follows that also b®,(f) = ®,(f)b for any f in
C'(spe(a)). This verifies (iii) and (iv) and completes the proof. [

Corollary 7. Let A be a unital C*-algebra, and let ¢ be a state on A. Let further
a be a selfadjoint element of A. Then there exists a unique Borel-probability
measure [, on spe(a), such that

/ O =607 (@), for any functon  in O(spe@)

Here f(a) = ®,(f) in the notation of Theorem 6.

Proof. By the properties of the mapping ®,: a — f(a) described in Theorem 6,
it follows that the formula

A(f) = o(f(a)),  (f € Clspe(a)),
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defines a positive, linear functional on C(spe(a)). Hence, by the Riesz repres-
entation theorem (see e.g. [Ru]), there exists a Borel-measure on spe(a), such
that

/ Ol = M) = 0(510)

for any function f in C(spe(a)). This condition clearly implies that p is a
probability measure (since ¢(14) = 1), and it determines pu, uniquely as a
Borel-measure on spe(a). [

Definition 8. Let A be a unital C*-algebra.

(a) For any state ¢ on A, we say that the pair (A, @) constitutes a C*-
probability space.

(b) If (A, ¢) is a C*-probability space, and a is a selfadjoint element of A, then
the measure g described in Corollary 7 is called the spectral distribution
of a with respect to ¢.

In the remaining part of this subsection our objective is to extend Theorem 6
from selfadjoint elements to general normal elements of a unital C*-algebra. To
achieve this, one generally passes via a version of Gelfand’s Theorem, which we
describe next.

Suppose A is a unital C*-algebra. A non-zero linear functional ¢: A — C
is called a character of A, if it is multiplicative, i.e. if ¢(ab) = ¢(a)p(b) for any
a,b in A. The set of characters of A is denoted by A = A(A).

Proposition 9. Let A be a unital C*-algebra.

(i) There is a one-to-one correspondence between the character set A of A
and the set CJ of maximal ideals of A given by

w—{a € Al w(a) =0}, (weA).
In particular A is non-empty.

(i) The character set A is compact in the weak topology induced by the family
of linear functionals {a | a € A} given by

a(w) = w(a), (weAacA).
(iii) For any element a of A, we have that
spe(a) = {w(a) |w € A}

Theorem 10 (Gelfand). Let A be a unital and commutative C*-algebra, and
let C(A) denote the set of complex valued functions on A which are continuous
in the topology described in Proposition 9(ii).
Then the mapping
I'a—a: A— C(A)

is a x-isomorphism of A onto C(A).
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The mapping I': A — C(A) described in Theorem 10 is called the Gelfand
transform. Gelfand’s theorem shows in particular that any unital commutative
C*-algebra may identified with the continuous complex-valued functions on a
compact Hausdorff space, and thus the theory of commutative C*-algebras may
be seen as a sub-discipline of classical topology. As a consequence, the theory
of general (non-commutative) C*-algebras is sometimes referred to as “non-
commutative topology”.

Proof of Theorem 10 It is clear that I' is a linear mapping, and for a,b in
A, and w in A we note further that

[T (ab)] (@) = w(ab) = w(a)w(d) = (T B)] (),

verifying that I' preserves multiplication as well.

To see that I also preserves the adjoint operation, we note first that if a = a*,
then it follows from Proposition 5(iv) and Proposition 9(iii) that w(a) € R for
all w in A. For a general element a of A, we may write a as a = a’ +1ia”, where
a = %(a+a*) and a”” = 3;(a — a*), which are both selfadjoint elements of A.

For any w in A, we may thus conclude that

[F(a)l(w) = w(a®) = w(d'~ia") = w(a)—iw(a") = w(a) +iw(a”) = w(a) = [[(a)|(w)

as desired.
We note next that I' is an isometry. Indeed, for any a in A it follows from
Proposition 9(iii) and Proposition 5(iii) that

IT(a)[* = IP(@)T(a)]| = [llaf*|| = sup{la(w)|* | w € A} = sup{w(a)w(a) | w € A}
= sup{w(a’a) |w € A} = sup{|A| | A € spe(a”a)} = [la*al* = [al|*.

In particular T' is injective, and it remains to show that it is surjective as well.
We note first that the range I'(A) = {a | a € A} is clearly a x-subalgebra of
C(A), which separates the points of A: If w,w’ € A such that a(w) = a(w’)
for all @ in A, then clearly w = w’. Note finally that I'(A) does not vanish
identically at any point of A, since 14(w) = w(1l4) € spe(l4) = {1} for any
w in A according to Proposition 9(iii). The considerations above together with
the Stone-Weierstrass Theorem imply that I'(A) is dense in C'(A). At the same
time the completeness of A and the fact that I' is an isometry imply that I'(.A)
is complete and hence closed in C'(A). Therefore I'(A) = C(A) as desired, and
this completes the proof. [ ]

Theorem 11. Let A be a unital C*-algebra, and let a be a normal element of
A. Let further Ay denote the smallest subalgebra of A containing a and 1 4.
Then there exists a unique x-isomomorphism ®,: C(spe(a)) — Ao from
C(spe(a)) onto Ag, such that ®,(id) = a and ®,(1) = 14, where id is the
identity function on spe(a) and 1 denotes the constant function 1 on spe(a).
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Proof. Note first that A4g is the norm closure of the linear span of 14 and
all elements of the form aP'(a*)?aP?(a*)% ---aP~(a*)%, where n € N, and
D1sq1s--sDPnsqn € {0,1,2,...}. Since a is normal, we note further that 4y is
abelian, and hence Gelfand’s theorem asserts the existence of a *-isomorphism
I' from Ay onto C(Ag), where Ay denotes the character set of A4g. Using
Proposition 6 one may verify that the spectrum of a considered as an element
of Ay is the same as that of a considered as an element of A (denoted spe(a) in
the theorem). Hence Proposition 9(iii) shows that spe(a) = {w(a) | w € Ag}.
We note further that a character w on Ag is uniquely determined by the number
w(a), since this number determines the values of w on the norm dense subspace of
A described above. Thus, in this setting, the mapping w — w(a) is a bijection
between A and spe(a), which is clearly continuous and hence a homeomorphism
(since Ag and spe(a) are compact). From these considerations it follows that
we may define a *-isomorphism ¥: C(spe(a)) — C(Ap) by setting

[W(N)w) = fw(a)),  (we Ao, feCCspe(a))).

We may subsequently define a *-isomorphism ®,: C(spe(a)) — Ao by setting
&, =110 W. It follows then that

O, (1) =T"11) =14

Note further that ¥(id) is the function w — w(a) on Ay, also known as a.
Therefore
®,(id) =T (a) = a.

To see, finally, that ®, is unique, we note that a #-isomorphism on C(spe(a))
is uniquely determined by its values on id and 1, since the polynomials in 1,id
and id are dense in C(spe(a)) according to the Stone-Weierstrass Theorem, and
since *-isomorphisms are automatically norm-continuous. This completes the
proof. ]

0.1.2 von Neumann algebras and W*-probability spaces
The strong and weak operator topologies

Throughout this subsection we consider a fixed Hilbert space H. In the previ-
ous subsections we have considered the x-algebra B(H) of bounded operators
equipped with the (operator-) norm topology. There are an abundance of other
natural (weaker) topologies on B(H), which all play a significant role in the
theory of operator algebras. When H is finite dimensional these generally coin-
cide with the norm topology. In the present context we shall restrict ourselves
to considering the two perhaps most basic topologies on B(H) (apart from the
norm topology).

The strong operator topology: Any element = of H, gives rise to a semi-
norm N, on B(H) defined by
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The strong operator topology is the topology on B(H) induced by the family
{N, | x € H}. Specifically, for any T in B(H),  in H and € in (0, c0) we put

UT,z,e):={Se€B(H)| N.(S—T) <e} ={Se€BH) | ||Sz—Tx| < e}. (7)

Then for any fixed T in B(H) a neighborhood basis at T in the strong operator
topology is given by

{ﬂ;vle(T,xj,e) NeN, z1,...,xny € H, €>0}.

Given a net (7});ea in B(H) and another operator T in B(H), it follows that
T; — T in the strong operator (written 7; =3 T)), if and only if ||Tjz — Tz|| — 0
for any fixed vector z in H.

Obviously the seminorms N,, x € H, separate the elements of B(H) in the
sense that N, (T —S) =0 for all z in H, if and only if T'= S. As a consequence,
the strong operator topology is in particular a Hausdorff topology. Note also
that the vector space operations are continuous in the strong operator topology.
If H is infinite dimensional, the multiplication on B(H) (considered as a mapping
of B(H) x B(H) into B(H)) is not continuous in the strong operator topology.
Multiplication is strong operator continuous, however, if one of the arguments
(factors) is fixed, or if the left factor is restricted to a bounded subset of B(H).
When H is infinite dimensional, the adjoint operation is not continuous in the
strong operator topology.

The weak operator topology: Any two vectors x,y in H give rise to a
bounded linear functional wy ,: B(H) — C by the expression:

way(T) = (Tw,y), (T € B(H)).

The weak operator topology is the weak topology on B(H) induced by the family
{wzy |,y € H}. For T in B(H), z,y in H and € in (0, 00) we put

V(T,2,y,€) ={S € B(H) | |wey(S = T)| < ¢} )
={S€BMH)||[(Sz,y) — (Tz,y)| <€}

Then a neighborhood basis at T' for the weak operator topology is given by
{ﬂ;-v:lV(T, zj,yj.€) | NeN, z1,y1...,2n,yn €H, €> O}.

Given anet (T});ea in B(H) and another operator T'in B(H), it follows that T; —
T in the weak operator (written 7; %5 T'), if and only if (T}z,y) — (Tz,y) in C
for any z,y in ‘H. From this it follows immediately that the adjoint operation is
continuous in the weak operator topology, and in particular this demonstrates
that the weak operator topology and the strong operator topology are distinct,
when H is infinite dimensional. Multiplication is continuous with respect to
the weak operator topology, if one of the arguments (factors) is fixed, but not
jointly continuous in both arguments (when H is infinite dimensional).

If (Tx,y) =0 for all 2,y in H, then Ta =0 for all z in H, i.e. T = 0. Thus
the weak operator topology is a Hausdorff topology.
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Proposition 12. Let H be a Hilbert space, and consider the strong operator
and weak operator topologies on B(H).

(i) The norm topology is stronger than the the strong operator topology which
i turn is stronger than the weak operator topology. The three topologies
are distinct, unless ‘H is finite dimensional.

(i) For any convex subset C of B(H) the strong operator closure C~*° and the
weak operator closure C™V° coincide.

(i1i) The closed unit ball {T € B(H) | |T|| < 1} in B(H) is compact in the
weak operator topology.

Proof. To prove (i), suppose V is a subset of B(H), which is open in the weak
operator topology, and let T' be an element of V. Then there exist N in N,
Z1,Y1,---, TN, Yn in H and € in (0, 00) such that (with notation from (8)) T" €
ﬂ;y:IV(T, zj,y;,€) € V. Choosing a positive ¢ such that J|jy,|| < ¢ for all j
in {1,..., N}, it follows then from the Cauchy-Schwarz inequality that (with
notation from (7))

Tc m;'vle(Tv wJ'?(S) < ﬂj‘vzlv(Tv mj’ije) eV,

which verifies that V is open in the strong operator toplogy as well. Next, if v
is chosen in (0, 00) so small that v||z;|| < ¢ for all j in {1,..., N}, then we have
the inclusion

{S€BMH)|||S—TIl <~} €N, U(T,5,0),

which similarly implies that the norm topology is stronger than the strong op-
erator topology.

If ‘H is infinite dimensional, then the strong operator and weak operator
topologies are distinct, since, as mentioned previously, the adjoint operation
is continuous in the latter topology but not in the former. Since the adjoint
operation is norm-continuous and the norm topology is (obviously) stronger
than the strong operator topology, it follows further that all three topologies
are distinct. This completes the proof of (i).

For the proofs of (ii) and (iii) we refer to Theorems 5.1.3 and 5.1.4 in [KR97].

|

Definition 13. Let A be a Hilbert space, and let A be a x-subalgebra of B(H),
which contains the unit of B(H). We say then that A is a von Neumann algebra,
if A is closed in the weak operator topology.

It follows from Proposition 12(i) that a von Neumann algebra is also closed
in the norm topology (and is hence a C*-algebra) and in the strong operator
topology. Conversely, any s-subalgebra of B(H), which contains the unit of
B(H) and is closed in the strong operator topology is in fact a von Neumann
algebra according to Proposition 12(ii).
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Example 14. Let (2, F, 1) be a finite measure space, and consider the associ-
ated Hilbert space L?(1). We shall argue in the following that L° (i) may be
considered as a von Neumann algebra acting on this Hilbert space.

Note first that every f in L () may be identified with an operator My in
B(L?(p)) defined as follows:

Mg =fg, (g€ L*n)).
More precisely our aim then is to show that
A:={My | feL>(}

is a von Neumann algebra acting on L?(u). Clearly A is a *-sub-algebra of
B(H), and the problem is, henceforth, to show that A is closed in the strong
operator topology. Consider thus a net (f¢) of functions in L*(u), such that
My, = T for some operator T in B(H). Since 1q € L*(u), it follows then in
particular that

fz = MﬁlQ I T].Q m LQ(LL).

Putting f := Tlq € L?*(pn), we want to show that f € L>(u), and that T = M;.
For g in L>(u) C L*(u) we first note that

Tg =lim My,g = lim fog = lim My fo = My f = gf, 9)

since fo — f in L*(n). We then put
| flloo = ess sup(f) =inf{K > 0] |f] < K p-n.o.}.

Assume for a moment that || f|lcc > 0. For arbitrary a in [0,|f|le) we may
then consider the function:

9o = (u{|f] > a}) 721 150y € (1) € L ().

Since ||gall2 = 1, it follows from (9) that

ITI2 > 1T gal2 = I gall3 = /Q Fal? d = (u({f] > a})~! /Q P15y A

> (u{lf] > a})~? /Q 0L 50y dp = @,

Since a was chosen arbitrarily in [0, || fllo), it follows that || f|leo < |T||, and in
particular f € L>(u). Obviously these conclusions remain valid if || f]leo = 0.
The calculation (9) shows subsequently that

Tg= M;yg, for all g in L*°(p).

Since L>(u) is dense in L*(u), and since T and My are both bounded, we may
thus conclude that My =T, as desired.
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Remark 15. As emphasized before, Gelfand’s theorem (Theorem 10) shows in
particular that any commutative C*-algebra my be identified with C(A) for some
compact Hausdorff space A. The example above shows that any finite measure
space gives rise to the commutative von Neumann algebra L™ (u) (considered as
a set of multiplication operators), and in fact one may show that any commutat-
we von Neumann algebra acting on a separable Hilbert space is x-isomorphic to
L>(u) for some finite measure space (Q, F,u) (see e.g. [Zhu, Theorem 22.6]).
For that reason the theory of general (non-commutative) von Neumann algebras
is sometimes referred to as “non-commutative measure theory”. The passage
from C(A) to L>®(u) gives a usefull intuitive idea of the difference between C*-
algebras and von Neumann algebras. More specifically, any measurable subset
A of Q, such that 0 < p(A) < u(QY), gives rise to the non-trivial projection
14 in L®(u), and so L (u) generally contains an abundance of projections.
By contrast, a C*-algebra may very well contain no non-trivial projections; for
example Co(R) (cf. Example 2).

We end this section by presenting two of the most fundamental theorems
on von Neumann algebras: von Neumann’s double commutant theorem and
Kaplansky’s density theorem. For proofs of these results we refer to [KR97,
Section 5.3]. In order to state the double commutant theorem, we introduce for
any subset M of B(H) its commutant M’ defined by

M' ={Se€B(H)| ST =TS for all T in M}.

Note in particular that M is always contained in its own double commutant:
M C (M.

Theorem 16 (Double Commutant Theorem). Let H be a Hibert space, and let
A be a x-subalgebra of B(H), which contains the unit of B(H).

Then the closures of A in the weak operator and strong operator topologies
both coincide with the double commutant of A:

A*WO — A*SO — (A/)/.

In particular Theorem 16 implies that a x-subalgebra of B(H), containing
the unit of B(H), is a von Neumann algebra, if and only if it equals its own
double commutant. Moreoever, for any (non-empty) subset M of B(H), which
is closed under the adjoint operation, the smallest von Neumann algebra in
B(H) containing M is the double commutant (M’)’". Indeed, it is easy to check
directly from the definition that M’ is a von Neumann algebra, and hence (M")’
is a von Neumann algebra as well, which obviously contains M. And if A is any
von Neumann algebra in B(H) containing M, we have that A’ C M’ and hence
(M/)/ g (A/)/ — A*WO — A

Theorem 17 (Kaplansky’s Densisty Theorem). Let H be a Hilbert space, and
let A be a x-subalgebra of B(H). Then the closed unit ball of A™5° coincides
with the strong operator closure of the closed unit ball of A:

{TeA™[T| <1} ={T c A[|T| <137
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In view of Proposition 12(ii) Kaplansky’s density theorem holds, verbatim, if
the appearing closures in the strong operator topology are replaced by closures
in the weak operator topology.

Spectral theory for unbounded operators

Let H be a Hilbert space, let A be a C*-subalgebra of B(H), and let A be a
state on A. In Corollary 7 we saw that any selfadjoint operator T in A gives rise
to a Borel-probability measure pr (the spectral distribution of T') concentrated
on the spectrum spe(T). In particular pr is compactly supported. Conversely,
given any compactly supported Borel-probability measure ¢ on R, we may equip
the C*-algebra C(supp(u)) with the state ¢ given by

o(f) = / @), (7 € Cloupp()

Then p may be identified as the spectral distribution of the function id(z) = x
with respect to ¢. In order to express in operator terms e.g. the additive free
addtitive convolution of arbitrary (not necessarilly compactly supported) prob-
ability measures, it is necessary to have the ability to interpret an arbitrary
probability measure p on R as the spectral distribution of some selfadjoint Hil-
bert space operator T' . From the foregoing discussion, T' cannot be bounded, if
1 has unbounded support, and hence we are forced to consider unbounded oper-
ators in H, by which we mean arbitrary linear mappings 7': D(T") — H defined
on some subspace D(T') (the domain of T') of H. For such linear mappings T
and S we say that

o T is densely defined, if D(T') is dense in H,

o T is closed, if the graph G(T) = {(h,Th) | h € D(T)} of T is a closed
subspace of H ® H,

e a is preclosed, if the norm closure G(a) is the graph of a (uniquely determ-
ined) operator, denoted [a], in H,

a is affiliated with A, if au = ua for any unitary operator v in the com-
mutant A’,

e T is contained in S, written T' C S, if G(T') C G(S).
For a densely defined operator T in H, the adjoint operator T has domain
D(1") = {n e | sup{l(Te,m | € € DIT), |ig] < 1} < o0},
and is determined by the condition

(T¢,m) = (& T"n), (£ eD(T), neD(T)).

We say that T is selfadjoint if T = T™* (in particular this requires that D(T™*) =
D(T)).
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In order to introduce spectral distributions of unbounded selfadjoint operat-
ors, we need an analog of Theorem 6 for unbounded operators. To obtain this
we first introduce resolutions of the identity.

Definition 18 (Resolutions of the identity). Let (2, F) be a measurable space,
and let H be a Hilbert space. An (F-)resolution of the identity (in B(H)) is a
mapping E: F — B(H) with the following properties:

(Rl) E(@) = 0, and E(Q) = ]-B(’H)-

(R2) For any set M from F the operator E(M) is an orthogonal projection in
B(H).

(R3) E(MNM'")=EM)E(M') for any sets M, M' from F.
(R4) For any = in H the set-function E,: F — [0, ]||z||?] defined by
B(M) = (E(M)z,z), (M € F)
is a measure on (Q, F).

Note that condition (R4) Definition 18 further ensures that the formula

3

3
. . . 1.
SO B @+ ), ot y) = 3 3 By, (M),
k=0 k=0

Eﬂc,y(M) =(BE(M)z,y) =

e

defines a complex measure on (€2, F). The conditions (R1)-(R4) additionally
imply that an F-resolution E of the identity has the following properties:

(R5) E(MUM') = E(M)+ E(M’), when M, M’ € F and M N M’ = .

(R6) If M, M’ are sets from F such that M C M’, then E(M) < E(M’) in the
sense that

(E(M)z,z) < (BE(M')x,z), forall z in H.
In particular E(M) =0, if M C M’ and E(M’) = 0.
(R7) If (M,) C F such that E(M,) = 0 for all n, then also E(UJ,,cyMn) = 0.
(R8) If (M,,) is a sequence of disjoint sets from F, then

N oo
E(UnENE”) = NIEHOOZE(MVL) =: Z E(M,),

n=1 n=1
where the limit is in the strong operator topology on B(H).
For any measurable function f: Q — C we put (cf. property (R4))
Dy={zeH|fel?(E.)}={xeH| [yIfI?dE, < oc}.

It turns out that Dy is always a dense susbspace of H. This is (implicitly)
part of the following theorem, which shows how one may develop an integration
theory with respect to a resolution of the identity.

(M e F),
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Theorem 19. Let (2, F) be a measurable space, let H be a Hilbert space, and
let E be an F-resolution of the identity. For any measurable function f: Q — C
there exists a (generally unbounded) densely defined operator U(f) in H with
the following properties:

(1) The domain D(¥(f)) of ¥(f) equals Dy.
(i1) For any x in Dy it holds that

(T(fz,y) = /Qdem,y for all y in H.

fiii) W(F) = (F), and W()U(F) = B(F) = U(H)U(f)".
(iv) If g: Q — C is another measurable function, it holds that

U(f)¥(g) € ¥(fg), and D(¥(f)¥(g)) =Dy N Dy

The operator ¥(f) described in Theorem 19 is often denoted by fQ fdE or
Jo f(w) E(dw). For the proof of the theorem we refer to [Ru91, Theorem 13.24].
To illustrate a key aspect of the proof we restrict ourselves to considering a non-
negative, bounded measurable function f. In this case it holds in particular that
Dy ='H. One may then observe that the formula

B(z,y) = /Q fAE,, (n.ye™)

defines a bounded sesquilinear form on H. It is well-known (see e.g. [Ru9l,
Theorem 12.8]) that any such sesquilinear form is given in the form (z,y) —
(T'z,y), where T is a uniquely determined operator in B(H). We can then
define ¥(f) = T in the considered situation. The remaining part of the proof
essentially amounts to approximation arguments.

A (possibly unbounded) operator T in a Hilbert space H is called invertible,
if there exists an operator S in B(H), such that

ST C TS = 1.

In particular this condition entails that T' be injective. The spectrum spe(T') of
T is subsequently defined as

spe(T) = {A € C| T — AI is not invertible}.
The analog of Theorem 6 for unbounded operators may now be stated as follows:

Theorem 20. Let T be a selfadjoint (possibly unbounded) operator in a Hilbert
space H. Then there exists a unique resolution ET of the identity defined on
the measure space (spe(T'), B(spe(T))) such that

/ tET(dt) =T,
spe(T)
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or equivalently

/ tEL (dt) = (Tz,y) for all z in D(T) and y in H.
spe(T)

z,y

For the proof of Theorem 20 we refer to [Ru91, Theorem 13.30]. For a
selfadjoint operator T" in ‘H, it follows from Theorem 19 that the mapping

Ur(f) = /  JOE @) (10)

defined for all Borel-functions f, has properties similar to those of the mapping
&1, described in Theorem 6, when 7T is an operator in B(H). In this case,
the mapping VU extends @7 from continuous functions to general Borel func-
tions. One often writes f(7') instead of ¥ (f). If f is a bounded function, it
follows from Theorem 19(ii) that f(T") € B(H). One may further verify that
T is affiliated with A, if and only if f(T") € A for any bounded Borel-function
f:spe(T) — C.

Definition 21. Let A be a von Neumann algebra acting on a Hilbert space H.

(a) A state ¢: A — C is called normal, if the restriction of ¢ to the closed unit
ball {T € A | ||T|| < 1} of A is continuous in the trace topology induced
by the weak operator topology on B(H).

(b) A state 7: A — C is called a trace or a tracial state, if it satisfies that
7(ab) = 7(ba) for all elements a,b of A.

(¢) For any normal, faithful trace 7: A — C, the pair (A, 1) is called a W*-
probability space

Proposition 22. Let (A, 1) be a W*-probability space, and let T be a selfadjoint
operator in ‘H affiliated with A. Then there exists a unique probability measure
pr on (spe(T), B(spe(T'))) such that

r(@r () = 7( / . faEr) = /W(T) fdur (1)

for any bounded Borel function f: spe(T) — C.
Proof. For any Borel subset M of spe(T'), we put
pr(M) = 7(ET(M)),

where ET is the resolution of the identity described in Theorem 20. If (M,,)
is a sequence of disjoint Borel-subsets of spe(T'), it follows from (RS8) that
ET(UpenMn) = 302 ET(M,,), where the series converges in the strong and
hence in the weak operator topology. Since 7 is normal, this implies that

pr (Uneda) = 3 (O,
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so that pp is a Borel measure on spe(T).

The formula (11) subsequently follows immediately, if f is a simple function
(i.e. a finite linear combination of indicator functions for Borel sets). For a
general bounded Borel function f: spe(T) — C, we choose a sequence (f,) of
simple functions such that f,, — f pointwise as n — oo, and such that | f,,| < |f|
for all n. By linearity we may assume that |f| < 1. Then by Theorem 19(ii) and
dominated convergence it follows that ¥r(f,) — ¥r(f) in the weak operator
topology, and since 7 is normal, we may thus conclude that

[ raur=tim [ fadpr = lim r(Wn(f) = (),
spe(T) =0 Jspe(T) n—oo
which completes the proof. ]

The probability measure pp described in Proposition 22 is called the spectral
distribution of T" with respect to 7. Conversely, any Borel probability measure
1 on R may be considered as the spectral distribution of some unbounded sel-
fadjoint operator (as claimed previously). Indeed, given p we may consider the
von Neumann algebra L (u) acting on the Hilbert space L?(u1) as described in
Example 14. Consider further the operator T in L?() defined by

[TfI(t) =tf(t),  (teR),

with domain consisting of those functions f in L?(u) for which the function
t — tf(t) is again in L?(u). Then T is selfadjoint and spe(T") = supp(u). For
any bounded Borel function f: R — C, ¥p(f) is the operator M, described in
Example 14, so in particular T is affiliated with L>(u). If we define

(f) = / Fdm  (FeI®(w).

then 7 is a normal trace on L>(u), and 7(¥p(f)) = [; fdu for any bounded
Borel function f on R. Hence p is the spectral distribution of T, as desired.

The *-algebra of operators affiliated with a von Neumann algebra

In the following we consider throughout a von Neumann algebra A acting on a
Hilbert space H. By A we denote the set of closed, densely defined operators in
‘H, which are affiliated with 4. In general, dealing with unbounded operators
is somewhat unpleasant, compared to the bounded case, since one needs con-
stantly to take the domains into account. However, the following two important
propositions allow us to deal with operators in A in a quite relaxed manner.

Proposition 23 (cf. [Ne74]). Let (A, 7) be a W*-probability space. If a,b € A,
then a+b and ab are densely defined, preclosed operators affiliated with A, and
their closures [a + b] and [ab] belong to A. Furthermore, a* € A.

By virtue of the proposition above, the adjoint operation may be restricted
to an involution on A, and we may define operations, the strong sum and the
strong product, on A, as follows:

(a,b) — [a+0b], and (a,b)+ [ab], (a,b€ A).
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Proposition 24 (cf. [Ne74]). Let (A, 1) be a W*-probability space. Equipped

with the adjoint operation and the strong sum and product, A is a *-algebra.

The effect of the above proposition is, that w.r.t. the adjoint operation and
the strong sum and product, we can manipulate with operators in A, without
worrying about domains etc. So, for example, we have rules like

lla+ 8l = [lac + bcll, [a+08]" = [a* + 7], [ab]" = [b*a"],

for operators a, b, c in A. Note, in particular, that the strong sum of two selfad-
joint operators in A is again a selfadjoint operator. In the following, we shall
omit the brackets in the notation for the strong sum and product, and it will
be understood that all sums and products are formed in the strong sense.

Remark 25. Ifai,as...,a, are selfadjoint operators in A, we say that a1, as, . . .
are freely independent if, for any bounded Borel functions f1, fa,..., fr: R = R,
the bounded operators fi(a1), fa(az),..., fr(ar) in A are freely independent.
Given any two probability measures p1 and ps on R, it follows from a free product
construction (see [VoDyNi92]), that one can always find a W*-probability space
(A, 7) and selfadjoint operators a and b affiliated with A, such that puy = L{a}
and ps = L{b}. As noted above, for such operators a + b is again a selfadjoint
operator in A, and, as was proved in [BeVo93, Theorem 4.6], the (spectral) dis-
tribution L{a + b} depends only on p1 and ps. We may thus define the free
additive convolution py B ps of g1 and pg to be L{a + b}.

Next, we shall equip A with a topology; the so called measure topology,
which was introduced by Segal in [Se53] and later studied by Nelson in [Ne74].
For any positive numbers ¢, §, we denote by N (e, &) the set of operators a in A,
for which there exists an orthogonal projection p in A, satisfying that

p(H) € D(a), |lap| <e and 7(p)=>1-34. (12)

Definition 26. Let (A, T) be a W*-probability space. The measure topology on
A is the vector space topology on A for which the sets N(e,d), €,6 > 0, form a
neighbourhood basis for 0.

It is clear from the definition of the sets N (e, d) that the measure topology
satisfies the first axiom of countability. In particular, all convergence statements
can be expressed in terms of sequences rather than nets.

Proposition 27 (cf. [Ne74]). Let (A, 7) be a W*-probability space and consider
the x-algebra A. We then have

(i) Scalar-multiplication, the adjoint operation and strong sum and product

are all continuous operations w.r.t. the measure topology. Thus, A is a
topological x-algebra w.r.t. the measure topology.

(ii) The measure topology on A is a complete Hausdorff topology.
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We shall note, next, that the measure topology on A is, in fact, the topology
for convergence in probability. Recall first, that for a closed, densely defined
operator a in H, we put |a| = (a*a)*/?. In particular, if a € A, then |a| is a
selfadjoint operator in A (see [KR97, Theorem 6.1.11]), and we may consider
the probability measure L{|a|} on R.

Definition 28. Let (A, ) be a W*-probability space and let a and a,, n € N,
be operators in A. We say then that a, — a in probability, as n — oo, if
|an, — a| — 0 in distribution, i.e. if L{|a, — a|} — 9 weakly.

If a and a,,, n € N, are selfadjoint operators in A, then, as noted above, a,, —a
is selfadjoint for each n, and L{|a, —a|} is the transformation of L{a, —a} by the
mapping ¢ — [t|, t € R. In this case, it follows thus that a,, — a in probability,
if and only if a, — a — 0 in distribution, i.e. if and only if L{a, — a} — d
weakly.

From the definition of L{|a, — a|}, it follows immediately that we have the
following characterization of convergence in probability:

Lemma 29. Let (A, 7) be a W*-probability space and let a and a,, n € N, be
operators in A. Then a, — a in probability, if and only if

Ve > 0: T[l]e,oo[(lan - a\)] — 0, asmn— oo.

Proposition 30 (cf. [Te81]). Let (A, 7) be a W*-probability space. Then for
any positive numbers €,8, we have

N(e,8) ={a € A| 7[1)c ((la])] < 6}, (13)

where N (¢, ) is defined via (12). In particular, a sequence ay, in A converges, in
the measure topology, to an operator a in A, if and only if a,, — a in probability.

Proof. The last statement of the proposition follows immediately from formula
(13) and Lemma 29. To prove (13), note first that by considering the polar
decomposition of an operator a in A (cf. [KR97, Theorem 6.1.11]), it follows
that N(e,0) = {a € A | |a] € N(e,6)}. From this, the inclusion O in (13)
follows easily. Regarding the reverse inclusion, suppose a € N(e,d), and let p
be a projection in A, such that (12) is satisfied with a replaced by |a|. Then,
using spectral theory, it can be shown that the ranges of the projections p and
1je,00[(|al) only have 0 in common. This implies that 7[1jc o(|a])] < 7(1—p) < 6.
We refer to [Te81] for further details. u

Finally, we shall need the fact that convergence in probability implies con-
vergence in distribution, also in the non-commutative setting. The key point in
the proof given below is that weak convergence can be expressed in terms of the
Cauchy transform (cf. [Ma92, Theorem 2.5]).

Proposition 31. Let (a,) be a sequence of selfadjoint operators affiliated with
a W*-probability space (A, 1), and assume that a, converges in probability, as
n — oo, to a selfadjoint operator a affiliated with (A,7). Then a, — a in
distribution too, i.e. L{a,} ~ L{a}, as n — oco.
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Proof. Let x,y be real numbers such that y > 0, and put z = = + iy. Then
define the function f,: R — C by

1 1

fz(t):tfz: (t—x)—iy’ (t€R),

and note that f, is continuous and bounded with sup,cp |f.(t)| = y~!. Thus, we
may consider the bounded operators f,(a,), f-(a) € A. Note then that (using
strong products and sums),

Fon) = £2(@) = (an — 21)7F = (a = 21)?
= (an —21)7* ((a—21) = (an — 21))(a — 21)71 (14)
= (

an —21) " Ha — ap)(a — 21)7 1.

Now, given any positive numbers €, d, we may choose N in N, such that a, —
a € N(e,6), whenever n > N. Moreover, since ||f,(a,)|,||f:(a)|| < y~1, we
have that f.(a,), f.(a) € N(y~',0). Using then the rule: N(ey, ;)N (e2,82) C
N (e1€g, 014 92), which holds for all €1, €3 in |0, 0o[ and d1, d2 in [0, oo (see [Ne74,
Formula 17°]), it follows from (14) that f,(a,) — f.(a) € N(ey~2,), whenever
n > N. We may thus conclude that f.(a,) — f.(a) in the measure topology,
i.e. that L{|f.(an) — f.(a)|} = o, as n — co. Using now the Cauchy-Schwarz
inequality for 7, it follows that

|7(f=(an) = f=(@)]” < 7(|f2(an)~F-(a)|2)7(1) = /Ooolt2 L{|f-(an)—f=(a)[}(dt) — O,

as n — 00, since supp(L{|f.(an)— f-(a)|}) C [0,2y~!] for all n, and since t s t2
is a continuous bounded function on [0,2y~!].

Finally, let G,, and G denote the Cauchy transforms for L{a,} and L{a}
respectively. From what we have established above, it follows then that

Gn(2) = =7(fz(an)) — —7(fz(a)) = G(2), asn — oo,

for any complex number z = z + iy for which y > 0. By [Ma92, Theorem 2.5],
this means that L{a,} — L{a}, as desired. L]

Conditional expectations in operator algebras

Definition 32. Let A be an algebra with unit 1, and let B be a sub-algebra of
A, such that 1 € B. Let further Eg: A — B be a linear mapping, and consider
the two conditions:

(a) Ea(b) =b for allb in B.
(b) Ep(biabs) = biEg(a)by for any a in A and by, bs in B.

If Bg satisfies condition (a), then it is called a projection of A onto B, and
if Ep satisfies both (a) and (b), then it is called a conditional expectation of A
onto B.
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In the C*-algebra setting, i.e. when B is a unital C*-subalgebra of a unital
C*-algebra A, one generally further requires that conditional expectations be
contractive (with respect to the C*-norm), i.e. that

|IEs(a)|| < |la|| for all a in A.

In this context we have the following theorem due to J. Tomiyama:

Theorem 33. Let A be a C*-algebra with unit 1, and let B be a C*-sub-algebra
of A, such that1 € B.

Then any contractive projection B4 from A onto B is automatically a con-
ditional expectation.

For a proof of Theorem 33 we refer to [BO08, Theorem 1.5.10], where the
theorem is proved even for non-unital C*-algebras, and where it is proved addi-
tionally that a contractive projection from a C*-algebra A onto a C*-subalgebra
B is automatically completely positive.

In the context of W*-probability spaces, we have the following fundamental
result (see [BOO8, Lemma 1.5.11]).

Theorem 34. Let (A,7) be a W*-probability space, and let B be a von Neu-
mann sub-algebra of A. Then there exists a contractive conditional expectation
Ep: A — B, which further satisfies the following two conditions:

(i) Bg is normal (i.e. continuous with respect to the ultra-weak topology on

A).

(i) Bg is trace-preserving, i.e. T(Eg(a)) = 7(a) for any a in A.

0.1.3 Free products of C*-probability spaces and W*-probability
spaces

In this subsection we establish, loosely speaking, that any family (A;, 7;);cs of
C*-probability spaces can always be embedded into one C*-probability space
(A, 7), in such a way that the A;’s form a free family of subalgebras of A with
respect to 7. The C*-probability space (A, 7) is referred to as the reduced free
product of the (A;,7;), i € I. The word “reduced” is included to distinguish A
from the universal free product of the A;’s in the category of unital C*-algebras.
At the end of this subsection, we briefly discuss a similar construction in the case
where the C*-probability spaces (A;, ;) are actually W*-probability spaces, in
which case the reduced free product may also be defined as a W*-probability
space.

The C*-algebra A described above is constructed as a subalgebra of B(H),
where H is the Hilbert space free product of the GNS-spaces associated to the
family (A;, 7 )icr. We start thus by giving the formal definition of the free
product of Hilbert spaces. This definition involves the notion of tensor products
of Hilbert spaces for which we refer to [KR97, Section 2.6].
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Definition 35. Let I be an index set, and for each i in I let H; be a Hilbert
space, and let & be a specific “distinguished” unit vector &; in H;. For each i
denote by H; the orthogonal complement in H; of &, i.e.

H; =Hi ©(C&) = {m € Hi | m L&}

Then the Hilbert space free product *;cr(H;, &) of the pairs (H;, &;) (or just of
the H;’s, if the & ’s are understood) is the Hilbert space H given as:

H=Cca P P HY @HY, @ @ HS .

nEN i1 H£io,i0#£13,...,in_1Fin

Here the appearing vector & is merely notation to distinguish a specific copy of
the complex numbers. It is assumed that ||€|| = 1, and § will always be considered
as the distinguished unit vector in 'H.

For a given family (A;);es of unital C*-algebras represented on Hilbert spaces
(H;)icr we describe next a fundamental construction (due to D.V. Voiculescu)
of a family (\;)ier of representations \;: A; — B(H), where H is the Hilbert
space free product of the H;’s. The construction is presented in two steps.

Constructions

(1) For each 4 in an index set I, let H; be a Hilbert space equipped with a
distinguished unit vector &;, and consider the Hilbert space free product
H = *;er(H;,&;). For each i in I we consider further the following sub-
Hilbert space of H:

H(i) =CE¢a P D H @H, @ @HS .
neN il#i2"i27$7i3;':vin—l#in
117t

We may then, for each fixed ¢, define a unique mapping V;: H,@H(i) — H,
by the requirements:

(i) Vi(6i®&) =¢&
(ii) Vi(z® &) =z for all z in HS.

(iil) Vi(&® (2, @2, @+ ®x;,)) = x4, @, @+ - - @, , whenever n € N,
i1,142,...,1n € I such that iy 7é 1, 11 75 19, 12 75 23y s lpn_1 7é in, and
Ti € H?l,. c Xy, € H?".

(iv) Vi(2;®(2i, @i, @ - -Q4,)) = 2;Qx4, T4, ®- - -4, , whenever n € N,
i1,192,...,%, € I such that i; #i, 11 752'2, 19 752'3,...72'7171 757:”, and
xiEnywil e H? cy T4, EH?TL.

217"

It is not hard to check that V; maps a dense subspace of H ® H(i) iso-
metrically onto a dense subspace of H, and hence, by continuity, V; is a
unitary operator from H ® H(%) onto H.
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(2) Let I be an index set, and for each ¢ in I let A; be a unital C*-algebra.
Consider further, for each i, a representation of A; on a Hilbert-space
H;, i.e. a unital *-homomorphism m;: A; — B(H;). Assume also that
each H; comes equipped with a distinguished unit vector £;, and consider
the Hilbert space free product H = *;c;(H;,&;) as well as the Hilbert
spaces H(7) introduced in 0.1.3. For each ¢ in I we consider then the
representation \;: A; — B(H) of A; on H given by

Ai(a) = Vi(mi(a) @ I)) Vi, (a € Ay,

where I3(;y denotes the identity operator on H(i) and V; is the unitary
operator from H ® H(4) onto H constructed in 0.1.3. If we assume that m;
is faithful (and hence an isometry), it follows easily that so is ;. Indeed
for any a in A;, we have that

[Ai(@)ll = Vi(mi(a) @ L)) Vi || = lImia) @ iy | = llmia) || = [lall
(for the third equality we refer to [KR97, 2.6(16)]).

Proposition 36. For each i in some index set I, let (A;, 7;) be a C*-probability
space, and let (m;, H;,&;) be the GNS-triplet associated to T; (see the paragraph
preceding Theorem 4).

Consider further the Hilbert space free product H = *;e1(H;, &), and for
each i let \;: A; — B(H) be the representation of A; on H introduced in 0.1.3.

Finally let A denote the C*-subalgebra of B(H) generated by \J;c;Ni(A;i)
(i.e. the smallest C*-subalgebra of B(H) containing \;(A;) for all i), and equip
A with the vector state we = (-£, &) associated to the distinguished vector £ in
H.

Then the following statements hold:

(i) For each i the representation \; is faithful, and A\;(A;) is a C*-subalgebra
of A.
(it) For each i we have that T; = we o \;.

(i1i) The C*-subalgebras \i(A;), i € I, are free in A with respect to we.

The C*-probability space (A, 7) introduced in the proposition above is re-
ferred to as the reduced free product of the C*-probability spaces (A;,7;), i € I.

Proof. (i) For each i the state 7; is faithful, and hence the associated GNS-
representation m;: A; — B(H;) is faithful. As explained in 0.1.3, this further
entails faithfulness of \;, and consequently it follows easily that X\;(A4;) is a
C*-subalgebra of A 2.

2Tn fact the range of a C*-algebra by a *-homomorphism (faithful or not) will always be a
C*-algebra (see [KR97, Theorem 4.1.9]).
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(ii) For any i in I and a in A;, the definitions of A; and V; yield that (cf.
(i) in 0.1.3)
we 0 Ai(a) = (Vi(mi(a) ® Iy))Vi'&, &) = ((mi(a) ®@ D)) Vi'E, ViE)
= ((mi(a) ® In1))& ®E,&®E) = (m(a)& ®E,& ®E)
= (mi(a)&i, &) - (€, €) = 7i(a),

where the last identity follows from the properties of the GNS-representation
associated to 7;.

(iii) Consider elements 41, ...,%, in I, such that i1 # i2, io #i3,...,in—1 #
in, and let aq,...,a, be elements of A, ,..., A, , respectively, such that
we(hiy(a1)) = -+ = we(\i, (an)) = 0.

We must show, that
we(Aiy (a1) -+ Ai,, (an)) = 0.
For each j in {1,...,n}, it follows from (ii), that
we,, (mi,(a;)) = 7i(a;) = we o Ai(a) =0, e i (a;)€; €M)
From this together with the definitions of the \;’s and the V;’s, we see that (cf.
(i) and (i) in 0.1.3)
Ai, (an)§ = Vi, (i, (an) @ In(i,)) Vi, € = Vi, (i, (an) © Ip(i,) ) (&, @ €)

= Vi, (7, (an)&i, ® &) = m, (an)&,,

and hence, since i,_1 # i, that (cf. (iii) and (iv) in 0.1.3)
A1 (@n—1)Ai, (@n)€ = Ni, (an—1)mi, (an)&i,

Vip_1 (i, (an-1) ® IH(zn 1))(517, , ®@ 7, (an)i,)
V 1 (7T1 an 1)£n 1® T, (an)gzn)
iy (Qn— 1)5% 1@, (an)éi, -

Continuing like this, we conclude after n steps that

Aiy(@1) -+ Xi (an)€ =75, (a1)6, @ -+ @ i, (an)i, €H) @ QH,

so that, in particular, A;, (a1)---\;, (an)€ is orthogonal to &. [

Remark 37. (a) The upshot of Proposition 36 is the following: If we identify
A; with its image \;(A;) under the faithful representation \;, then we can
embed all the A;’s into one large C*-probability space (A, we) inside which
they become free. Furthermore, statement (i) asserts in particular that
when we identify a selfadjoint element a from A; by its image \;(a) in
A, then the spectral distribution p, remains unchanged. Indeed for any
continuous function f on spe(a) = spe(A;(a)) we have that

/ f dpta = 7i(f(a)) = weoki(f(a)) = weof (Aila) = / f it
spe(a) spe(Xi(a))
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where the spectral distribution iy, (q) s formed with respect to the vector
state we.

(b) Suppose that py and ps are two compactly supported probability measures
on R. Then by considering the C*-probability spaces (C(supp(ui)), Ep,),
i = 1,2, it follows from the considerations in (a), that we can always
find a C*-probability space (A, T), which contains two freely independent
selfadjoint elements a and b, such that pg, = p and ppy = v. Specifically a
and b may be chosen as the identity functions on supp(p,) and supp(us),
respectively, considered as elements of (A, 7). The existence of a and b
with the described properties is crucial e.g. for the definition of the free
additive convolution puy B ps as the spectral distribution of a + b.

As mentioned in the previous remark, Proposition 36 makes it possible to
define pq B o for two compactly supported probability measures as the spectral
distribution of the sum of two freely independent selfadjoint operators with spec-
tral distributions p; and po. In order to give a similar description of p; B s in
case u1 and/or g have unbounded support, one needs to pass to W*-probability
spaces and a result corresponding to Proposition 36 for such probability spaces,
and where the C*-probability space (A, 7) is in fact a W*-probability space.
Fortunately, such a result can be obtained by repeating most of the argument-
ation leading to Proposition 36. As von Neumann algebras are always given as
subalgebras of the algebra of all bounded operators on a Hilbert space, there is
no need to invoke the GNS-representation, provided that the considered states
are already given as vector states. Assuming the latter, one may thus replace
the GNS-representation by the identity representation in all the considerations
above, and with this adjustment essentially the same construction as above leads
to the following result:

Proposition 38. For each i in some index set I, let (A;, ;) be a W*-probability
space, where A; is a von Neumann algebra acting on a Hilbert space H; with
distinguished unit vector &;. Assume in addition that 7; = (-&;,&;) for all i.

Consider further the Hilbert space free product H = #;c1(H;, &), and for
each i let \;: A; — B(H) be the representation of A; on H given by

)‘i(a’) = Vvl(a ® I’H(z))‘/z*7 (CL € Ai)a

where V; is the unitary operator constructed in 0.1.3.
Finally let A denote the von Neumann-subalgebra of B(H) generated by
UierAi(Ai), d.e. (cf. Theorem 16)

A= (UieI/\i(Ai))Ha

and equip A with the vector state we = (-£,&) associated to the distinguished
vector € in H.
Then the following statements hold:
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(i) For each i the representation \; is faithful and continuous from A; in its
ultra weak topology to B(H) in its weak topology. Furthermore \;(A;) is a
von Neumann-subalgebra of A.

(it) For each i we have that T; = we o \;.

(1ii) The von Neumann-subalgebras \;(A;), i € I, are free in A with respect to
we.

For a detailed proof of Proposition 38 we refer to [VoDyNi92]. The W*-
probability space (A, 7) introduced in the above proposition is referred to as
the reduced free product of the W*-probability spaces (A;,7;), ¢ € 1.

Remark 39. In continuation of Remark 37(b), consider two probability meas-
ures pi1, 2 on R with (possibly) unbounded support. Then by application of
Proposition 38 to the W*-probability spaces (L*°(u;),B,,), ¢ = 1,2, we obtain
a W*-probability space (A, T) containing L (u1) and L>®(u2) as two free von
Neumann subalgebras. The corresponding two copies of the identity function
on R then serve as to freely independent operators affiliated with (A, T) with
spectral distributions py and ps, and py B pe may be realized as the spectral
distribution of their sum. Condition (ii) in Proposition 38 further ensures (as
in Remark 37(a)) that

/R SO pa(dt) = 7(f(a)), (i=1,2),

for any bounded Borel function f: R — R.
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