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Introduction

Conjecture A (Gaussian Correlation Conjecture). Let P be a
probability measure in R" given by a Gaussian density:
1 Ll Ty -1y n
f(x)=———5e€ 2 ,x€eR

(2m) 3|2

whit a non-singular covariance matrix X. If A and B are closed,
convex and symmetric about the origin, then

P(AN B) > P(A)P(B).
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Preliminary results

Conjecture B. If (X, ..., X;) is a N,(0, X)-Gaussian vector (X not
necessarily non-singular), then for any x, ..., x, > 0,

n k n
IP(ﬂ Aj) > ]P(ﬂ AiP( ﬂ Ai),
i=1 i=1 i=k+1

where 1 < k < n, Ai ={|Xi| < x},i=1,...,n.
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Theorem. Conjectures A and B are equivalent.
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Proposition 1. Let f be the [',(«, R) probability density function
with 2ac € N. If R is represented by

R=M,+ AAT,

where A is the minimal eigenvalue of R and Ais n x (n— 1)
matrix, then

(X1, ooy Xm a, R) = H/\ ga)\ Xj, = bSbT) ,
j=1

where g, (x, y) is the non-central gamma probability density
function, bj, j = 1,..., n, are the rows of B = A2Aand Sis a
W,-1(2a, I,—1)—Wishart matrix.
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This formula can be found in a more general form in

Royen, T. (2007). Integral representations and approximations for
multivariate gamma distributions, Ann. Inst. Statist. Math. 59,
499-513.
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Rii Rz
Ro1 Roo
matrix and for every t € [0, 1] define the matrix

R — <R11 tR12>
‘ tR>1 Rx

R: is symmetric and positive definite. In particular, if A; is the
minimal eigenvalue of R;, then A\; > 0.

Proposition 2. Let R = ( > be a non-singular correlation
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Proof. Since Ry = R, it is positive definite. Now let n; be the
dimension of Ri1. For x = (X1, ..., Xny, Xny+1, -+, Xn) € R™\{0} we

have
R 0
T _ 11 T
xRox' = X( 0 R22> X

= xiRx{ + xoRx,

> 0
where x1 = (X1, ...y Xn, 0, .., 0)y x2 = (0, ..., 0, Xpy 1, vy Xn)-

Thus, Ry is also positive definite.
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For every t € [0,1] R: can be represented as a convex combination
of two positive definite matrices:

R: = tRy + (1 - t)Ro,

so all of them are positive definite.
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Theorem. Let R and R; be defined as in the proposition above.
For any x1,...,x, > 0 and « > 0 such that 2a € N the function

t— F(x1,..., Xn; a, Ry), where F(x1, ..., xn; @, Rt) is the

Im(c, R¢)-cumulative distribution function, is increasing in [0, 1].

In particular,

F(X1y ooy Xp; @y R) > F(X1y ooy Xnys @y R11)F(Xny 15 ooy X3 @0, R2).
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Using this theorem we can easily prove the classical Gaussian
Correlation Conjecture.
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Theorem (Gaussian Correlation Conjecture). If (Xi, ..., X,) is
a Np(0, X)-Gaussian vector (X not necessarily non-singular), then
for any xi,...,xp > 0,

n k n
B(()A) = P(()A)P( ) A),
i=1 =1 i=k+1

where 1 < k < n, Ai ={|Xi| < x;}, i=1,....n.
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Proof. Without loss of generality we can assume that
aj = Var(X;) >0,i=1,..,n.

The vector (X12 X—"z) is [n(3, R)-distributed for some

- 0671-’ ceey an
correlation matrix R.

As before we write R as a partitioned matrix:

Ri11 R12>
R = ,
(R21 R22

where Ry7 is a k X k matrix.
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We see that

X2 x?
A,‘: X,‘<,':71<7I.
e
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Hence,

P(() A X .. L
i =F > 77n;77R7
(A= FGL 2R
while .
x2 x2 1
P((A)=F(Z, ... 25 2R
(Dl ) (Oq, St 11)5
n X2 2 1
P( () A)=F(FH 5 Ro)
k1 Apt1 Qn
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From the theorem above it follows that

IP(ﬂ ) > P( ﬂA)lP ﬂ A))

=1 i=k+1
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Proof of the main theorem

It would be enough to prove that

d
IF(XI’ ey Xpya, Ry) >0 for t € (0,1).

Raiil Astudillo Marban The Gaussian Correlation Conjecture: revision of a proof by T. R



For a n x n matrix A let A; be the submatrix with row and column
indices i € J C {1,..., n}.

It is not hard to see that

I+ RT| =1+ > [R[T)]
JC{L,..n}

where T = diag(t1, ..., tn).
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For every J C {1,...,n} with J1 = JN{1,....,nm} #0,
bh=Jdn{m+1,...,n} #0 and t € [0,1] define the matrix

RJ l'RJ J >
R, | — 1 k)
“/ (tRJ2,J1 RJQ

Since R is a correlation matrix, Ry, Ry, and R: 4, t € [0,1] are all
symmetric and positive definite.
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_ 2 P
Now let ry, 4, =rank(Ry, ) and PG pir =1 M0, the
canonical correlations, which are the positive eigenvalues of

1
—3 -1 3
RJI RleJZ RJ2 R127J1 RJ1

Since Ry is non-singular, 0 < pi Li<Li=1..ry.
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Using the formula for the determinant of a partitioned matrix

1 1
2p2 -1 -3
(Resl = |RulIRul | — t°RyRnnRy, R s Ry
.4
= |RJ1| |RJ2| H (1 - tzp_zll,,/z,i)'
i=1
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It follows that

d d 41,4
B 2 2
a RﬁJ‘ = ‘RJI‘ ’RJ1’ E 11:11 (]' —t le,J2J)
rJl J
= —|Ru||Rx] Z 2th1,J2, H(l t2f’31,J2,i)
J#i
I’Jl’_j2 rJ1,J2 p2
T\ osi
= 2[Ryl IRyl TT (=203, ,) D 15—
i—1 i—1 Po b,
oz P
— —2t|RtJ|Z 17 27

thJz,
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Using the identity above we get
d _
p 4+ R T

01 d
= —all,+R:T| 1E\/,,+Rtry

g d
= —allh+ R ld <1+Z|RtJ||TJ|>
.0 ﬂ2
= —ally+ R Z—2t|Rt,J|<Zl JI’JZ’ )Htj

2
i=1 t pJ17J27

J jed
rJ1,J2 p
—a— J1,J,
= 20t |l + R Rl <Z — t; 2! )Htj
J i=1 pJ17J27 jed
= |h+R> a®]]
J jed
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where

T2 P
c(t) =20t [Rey| | Y “3722’
i1~ P PR b
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Now define

W (tr, oot Re) = |+ R T () [ 1,

J jed

0
h(xl,...,x,,;a,Rt):ZcJ(t) Ha—x F(X1y ooy Xm0+ 1, Re).
J jes

It is not hard to see that h* is the Laplace transform of h.
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We now want to prove that

d
h(x1, ..oy Xn; @, Ry) = Ef(xl, vy Xy @y RY).
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We see that

/ (f(Xlu <oy Xy O Rt) - f-(X]_7 ceny Xy O Ro)) H e_tJ'XJ'dX

LA j=1
= |+ RT|™ " = |lh+ R T
t
= /h*(tl,...,t,,;a,Rs)ds
0
L n
= //h(X17'--7Xn;a7Rs)He_thjdxd5
0 R? j=1
t n
= / /h(le--anya,Rs)dS [Te 9dx
R? \0 j=1
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It would be enough to justify the change in the order of integration
in the last equality.
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IN

f(X1y .oy Xmy .+ 1, Rs)
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Applying the identity

0
agaﬂ(x,y) = ga(X,¥) — gat1(x,¥)

we get

Z cs(s)

0 N B 1
) [(H x ) [ gn07s, bﬁbf)]
Xij 2

J Jjed j=1
o1
= Z C'/(s )\ ’ |:H)\ (eJ(J ga A XJ’ bijfT) - gOéJrl()‘s lxj’ 2bf5bjT)>:| ’
J
_ _ _ 41 1
< D asNE [H At (eJ(j)ga()\s 1, 5bj5b]) + gar1(Ns ', 2@5[{))] .
J j=1
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Therefore

n
/ |h(x1, ..os Xn; o, Re)| [ [ €759 dx
RY j=1

is bounded by a finite linear combination of integrals of the form

n n
_ 11 i
/E 125 asenny(As i, 5bJ-SbJT) [[e 99ax
R? j=1 j=1
= |+ RTI ] + Asti)
i¢K
where K C {1,...,n}, K # (. The coefficients of this linear

combination are functions of the form cJ(s)/\;M, which are
continuous and non-negative in [0, 1].
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This implies that

t n
//]h(xl,...,xn;a, R5)|He*tfxfdx < 00,
0 R j=t

and thus the change in the order of integration is justified by
Fubini's theorem.
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Hence we have proved that

d

Ef(xl’ v Xmay Re) = h(x1, ..., Xn; a, Ry)

Z H&x f(x1, o, xma+ 1, Ry).
j

jed
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Integration over xi, ..., x, leads to

0
H— F(x1, ..., xn; a+1, R¢) > 0.
Xj

d
p F(x1,y ooy X, R) = Z cy(t)
J jed

This finishes the proof.

Remark: by continuity the inequality also holds for R singular
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