Chapitre 111

Recurrent extensions of self—similar
Markov processes and Cramér’s
condition

Abstract

Let € be a real valued Lévy process that drifts to —oo and satisfies Cramér’s condition, and X a
self-similar Markov process associated to { via Lamperti’s [22] transformation. In this case, X has
0 as a trap and fulfills the assumptions of Vuolle-Apiala [34]. We deduce from [34] that there exists
a unique excursion measure n, compatible with the semigroup of X and such that n(Xy; > 0) = 0.
Here, we give a precise description of n via its associated entrance law. To this end, we construct a
self-similar process X%, which can be viewed as X conditioned to never hit 0, and then we construct
n in a similar way to the way in which the Brownian excursion measure is constructed via the law of a
Bessel(3) process. An alternative description of n is given by specifying the law of the excursion process
conditioned to have a given length. We establish some duality relations from which we determine the
image under time reversal of n.
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1 Introduction

Let X = (X¢,t > 0) be a strong Markov process with values in [0, oo and for > 0, denote by P, its
law starting from z. Assume that X fulfills the scaling property: there exists some « > 0 such that

the law of (cX,.-1/a,t > 0) under P, is P, (1)

for any « > 0 and ¢ > 0. Such processes were introduced by Lamperti [22] under the name of semi—
stable processes, nowadays they are called a—self-similar Markov processes. We refer to Embrechts
and Maejima [14] for a recent account on self-similar processes.

Lamperti established that for each fixed a > 0, there exists a one to one correspondence between
a—self-similar Markov processes on ]0, co[ and Lévy processes which we now sketch. Let (D, D) be the
space of cadlag paths w : [0, co[—] — 00, o[ endowed with the o—algebra generated by the coordinate
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56 Recurrent extensions of s.s. Markov processes and Cramér’s condition

maps and the natural filtration (D;,t > 0) satisfying the usual conditions of right continuity and
completeness. Let P be a probability measure on D such that under P the coordinate process € is a
Lévy process that drifts to —oo, i.e. limg_,o &g = —00. Set for t > 0

7(t) = inf{s > 0,/ s/ > t},
0

with the usual convention that inf{()} = oo. For an arbitrary = > 0, let P, be the distribution on
D = {w: [0,00[— [0, 00| cadlag}, of the time—changed process

Xi = zexp (67_(151.—1/&)) ; t >0,

where the above quantity is assumed to be 0 when 7(tz~'/*) = co. We agree that Py is the law of
the process identical to 0. Classical results on time change yield that under (P,,z > 0) the process
X is Markovian with respect to the filtration (G; = D,),t > 0). Furthermore, X has the scaling
property (1). Thus, X is a self-similar Markov process on [0, co[ having 0 as trap or absorbing point.
It should be clear that the distribution of the first hitting time of 0 for X,

To = inf{t > 0: X, = 0}

under P, is the same as that of z'/®I under P, with I the so-called Lévy exponential functional
associated to £ and «, that is

I:/O exp{&s/altds. (2)

Since £ drifts to —oo we have that I < oo, P—-a.s. and
Py (X1,— =0,Tp <o0) =1 forall z>0.

We will say that X hits O continuously. Besides, if in the former construction we use a Lévy process
killed at an independent exponential time the resulting process is a self-similar Markov process X
that hits 0 by a jump

Py(X1y— >0,Tp <o0) =1 forall x>0.

Conversely, any self-similar Markov process that has 0 as a trap and hits 0 continuously (resp. by
a jump) is the exponential of Lévy process (resp. killed at an independent exponential time) time
changed, cf. [22]. In this chapter we will restrict ourselves to the case where X hits 0 continuously
and we will devote the Chapter IV to study the case where X hits 0 by a jump.

Denote P; and V, the semigroup and resolvent for the process X killed at time Ty, say (X, Tp),
Pif(x) =E.(f(Xy),t < Tp), x>0,

Vof(z) = /000 e P f(z)dt, x>0,

for non—negative or bounded measurable functions f. It is customary to refer to (X, 7p) as the minimal
process.

Given that the preceding construction enables us to describe the behavior of the self—similar Markov
process X until its first hitting time of 0, Lamperti [22] raised the following question: What are the
self-similar Markov processes X on [0, 00[ which behave like (X,Ty) up to the time Tp? Lamperti
solved this problem in the case where the minimal process is a Brownian motion killed at 0. Then
Vuolle-Apiala [34] tackled this problem using excursion theory for Markov processes and assuming
that the following hypotheses hold. There exists x > 0 such that
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(H1-a) the limit

exists and is strictly positive;

(H1-b) the limit

exists for all f € Ck|0, 00[ and is strictly positive for some such functions,

with Cgl0,00[= {f : R — R, continuous and with compact support on |0,c0[}. The main result
in [34] is the existence of an unique entrance law (ng, s > 0) such that

lim n, B¢ = 0,
s—0

(o]
/ e °*nglds = 1.
0

This entrance law is determined by its g—potential via the formula

/ e ¥ n, fds = lim Vol (z)
0

z—0 EI(]- — €7T0)7

for every neighborhood B of 0 and

q>0, (3)

for f € Ck]0,00[. Then, using the results of Blumenthal [7], Vuolle-Apiala proved that associated
to the entrance law (ns, s > 0) there exists a unique recurrent Markov process X having the scaling
property (1) which is an extension of the minimal process (X,Tp), that is X killed at time Tj is
equivalent to (X,Tp) and 0 is a recurrent regular state for X, i.e.

Po(Tp <o0) =1, V&>0, Py(Th=0)=1,

with P the law on Dt of X. Furthermore, we know from [7] that there exists a unique excursion
measure say n, on (DT,G,) compatible with the semigroup P; such that its associated entrance
law is (ng,s > 0); the property lims_,ong B¢ = 0, for any B neighborhood of 0, is equivalent to
n(Xoy > 0) = 0, that is the process leaves 0 continuously under n. Then the excursion measure n
is the unique excursion measure having the properties n(Xo; > 0) = 0 and n(1 — e~ 7°) = 1. See
subsection 2.1 for the definitions.

The first aim of this paper is to provide a more explicit description of the excursion measure n
and its associated entrance law (ng, s > 0). To this end, we shall mimic a well known construction of
the Brownian excursion measure via the Bessel(3) process that we next sketch for ease of reference.
Let P (respectively R) be a probability measure on (DT, Go) under which the coordinate process is
a Brownian motion killed at 0 (respectively a Bessel(3) process). The probability measure R appears
as the law of the Brownian motion conditioned to never hit 0. More precisely, for u > 0,2 > 0

lim (A | Ty > 1) = Ry (A),

for any A € G,, see e.g. McKean [23]. Moreover, the function h(x) = !,z > 0 is excessive for
the semigroup of the Bessel(3) process and its h—transform is the semigroup of the Brownian motion
killed at 0. Let n be the h-transform of Ry via the function h(z) = 71, i.e. n is the unique measure
in (D", Goo) with support on {0 < Ty < oo} such that under n the coordinate process is Markovian
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with semigroup that of Brownian motion killed at 0, and for every G;—stopping time 71" and any

Gr—measurable variable F7p,

1
Il(FT,T < T[)) = Ro(FT Xi)
T

Then the measure n is a multiple of the Itd’s excursion measure for Brownian motion, see e.g.

Imhof [20] § 4.

In order to carry out this program, through this chapter, unless otherwise stated, we will assume
that € is a Lévy process with infinite lifetime that satisfies the following hypotheses

(H2-a) ¢ is not arithmetic, i.e. the state space is not a subgroup of kZ for any real number k;
(H2-b) There exists § > 0 such that E(e?1) = 1;

(H2-c) E(&e%1) < oo, with at =a V0.
The condition (H2-c) can be stated in terms of the Lévy measure II of £ as
(H2-¢’) f{x>1} re? Tl (dx) < oo;

cf. Sato [32] Theorem 25.3. Such hypotheses are satisfied by a wide class of Lévy processes, in
particular by those associated with self—similar diffusions and stable processes with no negative jumps.
In the sequel we will refer to these hypotheses as (H2) hypotheses.

The condition (H2-b) is called Cramér’s condition for the Lévy process £ and force £ to drift to
—00 or equivalently E(&;) < 0. Cramér’s condition enables us to construct a law P on I, such that
under P? the coordinate process &7 is a Lévy process that drifts to oo and P?|p, = €%t P |p,. Then,
we will show that the self-similar Markov process X! associated to the Lévy process &7 plays the role
of a Bessel(3) process in our construction of the excursion measure n.

The rest of this paper is organized as follows. In Subsection 2.1 we recall the It6’s program as
established by Blumenthal [7]. The excursion measure n that interests us is the unique (up to a
multiplicative constant) excursion measure having the property n(Xo+ > 0) = 0. Nevertheless, this
is not the only excursion measure compatible with the semigroup of the minimal process, which is
why in Subsection 2.2 we review some properties that should be satisfied by any excursion measure
corresponding to a self-similar extension of the minimal process. There we also obtain necessary and
sufficient conditions for the existence of an excursion measure n’ such that n’(Xg; = 0) = 0, which
are valid for any self-similar Markov process having 0 as a trap, regardeless if it hits 0 continuously
or by a jump. In Subsection 2.3 we construct a self-similar Markov process X7 which is related to
(X,Tp) in an analogous way to that in which the Bessel(3) process is related to Brownian motion
killed at 0. We also prove that the conditions (H1) are satisfied under the hypothesis (H2), give a
more explicit expression for the limit in equation (3) and show that the hypotheses (H1) imply the
conditions (H2-b,c). Next, in Section 3 we give our main description of the excursion measure n and
give an answer to the question raised by Lamperti that can be sketched as follows: given a Lévy
process § satisfying the hypotheses (H2), then an a-—self-similar Markov process X associated to
admits a recurrent extension that leaves 0 continuously a.s. if and only if 0 < af < 1. The purpose of
Section 4 is to give an alternative description of the measure n by determining the law of the excursion
process conditioned by its length (for Brownian motion this corresponds to the description of the Ito
excursion measure via the law of a Bessel(3) bridge). In Section 5 we study some duality relations for
the minimal process and in particular we determine the image under time reversal of n. Finally, in
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Appendix A we establish that the extensions of any two minimal processes which are in weak duality
are still in weak duality as might be expected.

Last, the development of this work uses the theory of h-transforms of Doob, we refer to Sharpe [33]
or Walsh [35] for background.

2 Preliminaries and first results

This section contains several parts. In the first one, we recall the Itd’s program and the results in
Blumenthal [7]. The purpose of Subsection 2.2 is study the excursion measures compatible with the
semigroup of the minimal process (X, Tp). Finally, in Subsection 2.3 we establish the existence of a
self-similar Markov process X? which bears the same relation to the minimal process (X, Tp) as the
Bessel(3) process does to Brownian motion killed at 0. The results in Subsections 2.1 and 2.2 do not
require hypotheses (H2).

2.1 Some general facts on recurrent extensions of Markov processes

A measure n on (DT, G, ) having infinite mass is called a pseudo excursion measure compatible with
the semigroup P, if the following are satisfied:

(i) m is carried by
{weD'|0<Th(w) < oo and Xy(w) = 0,Vt > Tp};

(ii) for every bounded G.—measurable H and each ¢t > 0 and A € G,
n(Hob, An{t <Tp}) =n(Ex,(H),AN{t < Tp}),
where 6; denotes the shift operator.
If moreover
(iii) n(1 — e 10) < oo,

we will say that n is an excursion measure. A normalized excursion measure n is an excursion measure
n such that n(1 — e~70) = 1. The role played by condition (iii) will be explained below.

The entrance law associated to a pseudo excursion measure n is defined by
ns(dy) :=n(Xs € dy,s <Tp), s>0.

A partial converse holds: given an entrance law (ng, s > 0) such that

/ (1 —e ®)dnsl < oo,
0

there exists a unique excursion measure n such that its associated entrance law is (ns,s > 0), see
e.g. [7].

It is well known in the theory of Markov processes that one way to construct recurrent extensions of
a Markov process is the It6’s program or pathwise approach that can be described as follows. Assume
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that there exists an excursion measure n compatible with the semigroup of the minimal process P;.
Realize a Poisson point process A = (Ag, s > 0) on DT with characteristic measure n. Thus each atom
Ay is a path and Tp(Ag) denotes its lifetime, i.e.

To(A,) = inf{t > 0: Ay(t) = 0}

Set
o :ZTO(AS), t>0.

s<t

Since n(1 — e~ 1) < 00, 0y < 0o a.s. for every ¢t > 0. It follows that the process o = (04, > 0) is an
increasing cadlag process with stationary and independent increments, i.e. a subordinator. Its law is
characterized by its Laplace exponent ¢, defined by

E(e ) = ¢ %W, A >0,

and ¢(\) can be expressed thanks to the Lévy—Khintchine formula as
o= [ (1=,
0,00(

with v a measure such that [s A1 v(ds) < oo, called the Lévy measure of o; see e.g. Bertoin [1] § 3
for background. An application of the exponential formula for Poisson point processes gives

E(e 1) = e n1—e 1) A >0,
ie. ¢(\) =n(1 — e *0) and the tail of the Lévy measure is given by
vis,o0l=n(s < Tp) = nsl, s> 0.

Observe that if we assume ¢(1) = n(1 —e~70) = 1 then ¢ is uniquely determined. Since n has infinite
mass, oy is strictly increasing in ¢. Let L; be the local time at 0, i.e. the continuous inverse of o

Ly =inf{r >0:0, >t} =inf{r > 0:0, > t}.

Define a process ()N(t,t > 0) as follows. For t > 0, let L; = s, then o, <t < 0y, set

Xt _ {As(t —0s-) if o, <oy ()

0 if o5 =o050rs=0.

That the process so constructed is a Markov process has been established in full generality by Sal-
isbury [30, 31] and under some regularity hypotheses on the semigroup of the minimal process by
Blumenthal [7]. See also Rogers [29] for its analytical counterpart. In our setting, the hypotheses
in [7] are satisfied as is shown by the following lemma.

Lemma 1. Let Cpl0, 00[, be the space of continuous functions on ]0, 00| vanishing at 0 and co.
(i) if f € Cyl0,00], then P,f € Cp|0,00[ and P,f — f uniformly ast — 0.
(ii) E,(e~970) is continuous in x for each ¢ > 0 and

lim E,(e”) =1 and lim E,(e”70) =0.

z—0 T—00



2. Preliminaries and first results 61

This Lemma is an easy consequence of Lamperti’s transformation. Alternatively a proof can be
found in [34] pp. 549-550. Therefore we have from [7] that X is a Markov process with Feller semigroup
and its resolvent {U,, q > 0} satisfies

Ugf(2) = Vof(2) + Ex(eiqTo)Uqf(O% x>0,

for f € Cy(RT) = {f : R* — R, continuous and bounded}. That is X is an extension of the minimal
process. Furthermore, if { X/, ¢ > 0} is a Markov process extending the minimal one with It excursion
measure n and local time at 0, say {Lj,t > 0}, such that

Eq( / e *dLy) = 1,
0

where [E’ is the law for X’. Then the process X and X' are equivalent and the It6’s excursion measure
for X is n.

Thus, the results in [7] establish a one to one correspondence between excursion measures and
recurrent extensions of Markov processes. Given an excursion measure n we will say that the associated
extension of the minimal process leaves 0 continuously a.s. if n(Xoy > 0) = 0 or, equivalently, in terms
of its entrance law, lims_,ons(B¢) = 0 for every neighborhood B of 0, see e.g. [7]; if n is such that
n(Xo4 = 0) = 0, we will say that the extension leaves 0 by jumps a.s. The latter condition on n is
equivalent to the existence of a jumping—in measure 7, that is 7 is a o—finite measure on |0, co[ such
that the entrance law associated to n can be expressed as

nef = n(f(X),s < To) = / n(dx)Pof(z),s > 0,

]0,00]

for every f € Cy(RT), cf. Meyer [25].

Finally, observe that if n is a pseudo excursion measure that does not satisfy the condition (iii), we
can still realize a Poisson point process of excursions on (DT, G,,) with characteristic measure n but
we cannot form a process extending the minimal one by sticking together the excursions because the
sum of lengths > ., To(As), is infinite P-a.s. for every t > 0.

2.2 Some properties of excursion measures for self—similar
Markov processes

Next, we deduce necessary and sufficient conditions that must be satisfied by an excursion measure
in order that the associated recurrent extension of the minimal process is self-similar. For ¢ € R, let
H. be the dilatation H.f(x) = f(cx).

Lemma 2. Let n be an excursion measure and X the associated recurrent extension of the minimal
process. The following are equivalent

(i) The process X has the scaling property

(ii) There exists v €]0, 1] such that for any ¢ > 0,

To To 1/
n(/ e P f(Xs)ds) = C(l_wan(/ eI M, f(X,)ds),
0 0

for f € Cy(RT).
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(iii) There exists v €]0, 1] such that for any ¢ > 0,
ngf = c_V/ans/Cl/chf forall s>0,
for f € Cy(RT).

Remark If one of the conditions (i-ii) in the preceding Lemma holds, then the subordinator o which
is the inverse local time of X is a stable subordinator of parameter v, where - is determined in the
condition (ii) or (iii).

Proof. (ii) <= (iii) is straightforward.

(i) = (ii). Suppose that there exists an excursion measure n such that the associated recurrent
extension X has the scaling property (1). Let M be the random set of zeros of the process X, ie.
M = {t > 0]X(t) = 0}. By construction M is the closed range of the subordinator o = (oy,t > 0),
that is M is a regenerative set. The recurrence of X implies that M is unbounded a.s. By the scaling
property for X we have that

M cM, for each c >0,

that is M is self-similar. Thus the subordinator should have the scaling property and since the
only Lévy processes that have the scaling property are the stable processes it follows that o is a
stable subordinator of parameter v for some v €]0,1[ or, in terms of its Laplace exponent ¢(\) =
n(l— e*)‘TO) = A7, A > 0. Recall that the scaling property for the extension can be stated in terms of
its resolvent by saying that for any ¢ > 0,

Uyf(z) = cl/aUqcl/chf(z:/c), for all x>0, (5)
for f € Cy(R™). Using the compensation formula for Poisson point processes we get that

n(fy? e f(X,)ds)

n(l—e-9T) 7

Uqgf(0) =
From equation (5) we have that the measure n should be such that

n(fy" e F(Xo)ds) _ jan(fy” e Hef (X,)ds)
n(1 —e—47o) n(1 — e—ac"/*To) ’

1/

and therefore we conclude that

® s g [ o—taetfes)
n( ; e Pf(Xs)ds)=c n( e H.f(Xs)ds).

0

(ii) = (i). The scaling property of X is obtained by means of (5). In fact, the only thing that
should be verified is that equation (5) holds for z = 0, since we have the identity

Ugf(2) = Vof () + Eo(e™"*)Ug f(0), @ >0,
and the scaling property of the minimal process stated in terms of its resolvent V,, i.e.
Vof(z) = cl/qucl/chf(:v/c), x>0,¢>0,qg>0.

Indeed, by construction it follows that the formula (6) holds and the hypothesis (ii) implies that
n(l — e 410) = g7, q > 0; the conclusion is immediate. O
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In the following proposition we give a description of the sojourn measure of X and a necessary
condition for the existence of a excursion measure n such that one of the conditions in Lemma 2 holds.

Lemma 3. Let n be a normalized excursion measure and X the associated extension of the minimal
process (X, Tp). Assume that one of the conditions (i-iii) in Lemma 2 holds. Then

To
n(/[) 1{Xs€dy}d3) = Ca,vy(liaiv)/adya y > 0,

with vy determined in (ii) of Lemma 2 and Cy ~ €]0,00[ a constant. As a consequence, E(I~177)) < oo
and Co~ = (@ E(I~"NT(1 —7))~t, where I denotes the exponential functional (2).

Proof. Recall that the sojourn measure

To o)
n(/0 1{Xs€dy}ds):/0 ns(dy)ds,

is a o—finite measure on |0, co[ and is the unique excessive measure for the semigroup of the process
X, see e.g. Dellacherie et al. [12] XIX.46. Next, using the result (iii) in Lemma 2 and the Fubini’s
Theorem we obtain the following representation of the sojourn measure, for f > 0 measurable

/O " fds = /0 " s (Hae f)ds

:/nl(dz) /000 sTTf(s%z)ds

_C.., / ==/ (1) g
0

with 0 < Cyy = a™! [n1(dz)z~ 177/ < oo, This proves the first part of the claimed result. We now
prove that E(I~(1=7)) < co. On the one hand, the function ¢(z) = E,(e~70) is integrable with respect
to the sojourn measure. To see this, use the Markov property under n, to obtain

To o)
n(/o o(Xs)ds) :/0 n(p(Xs),s < Tp)ds

n(e 10 6,,s < Tp)ds

/ ~(10=s) s < Ty)ds
n(

—e ) =1.

On the other hand, using the representation of the sojourn measure, Fubini’s Theorem and the scaling
property we have that

[e.9]

Ca,'y ; Ey(e—To)y(l—a—w)/ady _ Caﬁ/o E(e_yl/a])y(l—a—v)/ady
= CoaB(I~D(1 — 7).

Therefore, E(I~(1=7) < oo and Cony = (a E(I-07I(1— 7)) L
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We next study the extensions X that leave 0 a.s. by jumps. Using only the scaling property (1) it
can be verified that the only possible jumping—in measures such that the associated excursion measure
satisfies (ii) in Lemma 2 should be of the type

n(dx) = baﬂa:_(Hﬁ)d:L‘, x>0 0<af<l,

with a constant b, g > 0, depending on « and 3, cf. [34]. This being said we can state an elementary
but satisfactory result on the existence of extensions of the minimal process that leaves 0 by jumps
a.s.

Proposition 1. Let 5 €]0,1/«a[. The following are equivalent
(i) B(I°7) < oo
ii) The pseudo excursion measure n? = P", based on the jumping—in measure
J g
n(dz) = 2= A dx, x>0,
1S an excursion measure;

(i1i) The minimal process (X,Ty) admits an extension X, that is a self-similar recurrent Markov
process and leaves 0 by jumps a.s. according to the jumping—in measure n(dz) = ba75$_(1+/6)d:1/‘,

with by g = B/ EIP)I(1 — af).
If one of these conditions holds then v in (ii) in Lemma 2 is equal to af3.

The condition (i) in Proposition 1 is easily verified under weak technical assumptions. Namely, if
we assume the hypothesis (H2) the aforementioned condition is verified for every 5 €]0, (1/a) A0]; this
will be deduced from Lemma 4 below. On the other hand, the condition is verified in other settings,
as can be seen in the following example.

Example 1 (Generalized self-similar saw tooth processes). Let o > 0, ¢ a subordinator such
that E((1) < oo, and X the a—self-similar process associated to the Lévy process & = —(. Then ¢ drifts
to —oo, X has a finite lifetime Ty and X decreases from its starting point until the time 7y, when it is
absorbed at 0. Furthermore, it was proved by Carmona et al. [10] that the Lévy exponential functional
I = [° exp{—(s/a}ds, has finite integral moments of all orders. It follows that the condition (i) in
Proposition 1 is satisfied by every 5 €]0,1/a]. Thus for each § €]0,1/a[ the a—self-similar extension
X that leaves 0 by jumps according to the jumping—in measure in (iii) of Proposition 1, is a process
having sample paths that looks like a saw with “rough” teeth. These are all the possible extensions
of X, that is, it is impossible to construct an excursion measure such that its associated extension of
(X, Tp) leaves 0 continuously a.s. since we know that the process X decreases to 0.

Proof of Proposition 1. Let n(dx) = 2~ 40dx, x > 0 and n/ be the pseudo excursion measure
n/ = P". By definition the entrance law associated to n/ is

ngf:/ dz 2= PP, f(z), s> 0.
0
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Thus, for n/ to be an excursion measure, the only condition it needs to satisfy is n/(1 — e~70) < co.
This follows from the elementary calculation

/ de 2= O R, (1 — e T0) = / dz = EQ1 — 67‘”1/01)
0 0

=aFE (/dy y_aﬁ_l(l - e_yI))

I'(l —ap)
5

That is, n/(1 — e~70) < oo if and only if E(I*%) < oo, which proves the equivalence between the
assertions in (i) and (ii). If (ii) holds it follows from the results in [7] and Lemma 2 that associated
to the normalized excursion measure nf = bo gl there exists a unique extension of the minimal
process (X, Tp) which is a self-similar Markov process and which leaves 0 by jumps according to the
jumping-in measure by gz~ dz,x > 0, which establishes (iii). Conversely, if (iii) holds the It&’s

= E(I*F)

excursion measure of X is nd = ba, 5P and the statement in (ii) follows. O

2.3 The process X' analogous to the Bessel(3) process

Here we shall establish the existence of a self-similar Markov process X! that can be viewed as the
self-similar Markov process (X, 7p) conditioned to never hit 0. In the case where (X, 7T) is a Brownian
motion killed at 0, X corresponds to the Bessel(3) process. To this end, we next recall some facts
on Lévy processes and density transformations and deduce some consequences for self—similar Markov
processes. We assume henceforth (H2).

The law of a Lévy process &, is characterized by a function ¥ : R — C, defined by the relation
E(e™1) = exp{—U(u)}, ueck.
The function ¥ is called the characteristic exponent of the Lévy process £ and can be expressed thank

to the Lévy—Khintchine formula as

o?u?

2

\IJ(U) =au + + / (1 - eiux + ium1{|x‘<1})ﬂ(dx),
R

where II is a measure on R \{0} such that [(|z|?> A 1)II(dz) < co. The measure II is called the Lévy
measure, a the drift and o2 the Gaussian coefficient of ¢. Conditions (H2-b,c) imply that the Lévy

exponent of £ admits an analytic extension to the complex strip J(z) € [—6,0]. Thus we can define a
function ¢ : [0,0] — R by

E(e*) =™ and (\) = —T¥(—i)), 0< <6

Hoélder’s inequality implies that 1 is a convex function and that 6 is the unique solution to the equation
(X)) = 0 for A > 0. Furthermore, the function h(z) = €% is invariant for the semigroup of ¢. Let P*
be the h-transform of P via the invariant function h(x) = ¢®. That is, the measure P? is the unique
measure on (D, D) such that for every finite D;-stopping time T and each A € Dp

Pi(A) = P(e%T A).
Under P? the process (&,t > 0) still is a Lévy process, with characteristic exponent

Ui(u) = U(u—1i0), wuek,
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and drifts to oo, more precisely,
0 <m?:=Ee) =9/ (0-) < .

See e.g. Sato [32] § 33, for a proof of these facts and more about this change of measure.

Let P%, denote the law on DT of the self-similar Markov process started at z > 0 associated to the
Lévy process £ via Lamperti’s transformation. In the sequel it will be implicit that the superscript
refers to the measure P! or P?. We now establish a relation between the probability measures P and
P8 analogous to that between the law of a Brownian motion killed at 0 and the law of a Bessel(3)
process, see e.g. McKean [23]. Informally, the law P4, can be interpreted as the law under P, of X
conditioned to never hit 0.

Proposition 2. (i) Let x > 0 be arbitrary. Then we have that P!, is the unique measure such that
for every Gi—stopping time T we have

Pf.(A) = 2P (A X5, T < Typ),

for any A € Gr. In particular, the function h* : [0, co[— [0, co[ defined by h*(x) = x% is invariant
for the semigroup P;.

(ii) For every x >0 and t > 0 we have
Pfo(A) = lim P.(A | Ty > s),
S§— 00
for any A € G;.

The proof of (i) in Proposition 2 is a straightforward consequence of the fact that P’ is the h—
transform of P and that for every G;—stopping time 7' we have that 7(7T) is a Fy—stopping time. To
prove (ii) in Proposition 2 we need the following lemma that provides us with a tail estimate for the
law of the Lévy exponential functional I associated to & as defined in (2).

Lemma 4. Under the conditions (H2) we have that

lim t* P(I > t) = C,
t—o00

where

0<o="2 /tae—l(P(I > 1) — P(8T > 1))dt < oo,

with & =% &1 and independent of I. If 0 < afl < 1, then

o
= —(1-ab)
C - E(I ).

Two proofs of this result have been given in a slightly restricted setting by Mejane [24]. However,
one of these proofs can be extended to our case and in fact it is an easy consequence of a result on
random equations originally due to Kesten [21], who in turn uses a difficult result on random matrices.
A simpler proof of Kesten’s result was given in Goldie [19].

Sketch of proof of Lemma 4. 1t is straightforward that the Lévy exponential functional I satisfies the
equation in law

1
1= / es/ds + S/ = Q + MT,
0
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with I’ the Lévy exponential functional associated to £ = {& = &4+ — &1,t > 0}, a Lévy process
independent of F; and with the same distribution as £. Thus, according to [21] if the conditions (i-iv)
below are satisfied then there exists a strictly positive constant C' such that

lim t*° P(I > t) = C.

t—o00

The hypotheses of Kesten’s Theorem are

(i

Assuming the conditions (H2) the only thing that needs to be verified is that (iv) holds. Indeed,

E(Q*) <E <sup{e(’fs L s € o, 1}})

(1 (B s € 01)) < oo

<

The second inequality is obtained using the fact that (¢st,¢ > 0) is a positive martingale and a Doob’s
inequality. The first formula for the value of the limit, C' = lim; ., t*® P(I > t) is a consequence
of Lemma 2.2 and Theorem 4.1 in Goldie [19]. That the latter limit exists implies that E(I*) < oo,
for all 0 < a < afl. Now, to obtain the expression for C' when 0 < af < 1, we will use the following
formula for the moments of I,

a

E([%)=——EI*Y, for 0<a<ab, 7

(1) = =7 B 7)

which can be proved with arguments similar to that given by Bertoin and Yor [5] Proposition 2. We
will also use the well known identity

a

a _ 001_ —Azy,.—(1+a) 1],
A F(l—a)/o (1—e ")z dr, A>0,a€]0,1]

On the one hand, since 0 < af < 1, Corollary 8.1.7 in Bingham et al. [6] implies

E(1—e)

lim af

s—0

=CT'(1 - ab).
On the other hand, by equation (7) we have

E(I~(2)ap = liTme E(I* Ya

ob &
S _ —(14a) _=sI
= T = af) ol w(a/a»/o THIB(1-e) ds ®)
— Ca lim —209/2)

aTab ald —a

= COY'(0-).
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Indeed, write
E(I°™") = E(I* "ysy) + B ey,

The first term tends to E(I 0‘0_11{ r>1}y) as a | af, by dominated convergence. A consequence of equa-
tion (7) is that E(I%~!) < oo for every 0 < a < af. Then by monotone convergence the second term
tends to E(Ia9_11{1<1}). Then limgjag E(1%71) = E(I1°971). Next, using that the Stieltjes measure
daf—a OVEr [0700[ defined by QQB—(I[Oa 5[: o0
a T af we obtain that

, § > 0 converges weakly to the Dirac mass at 0 as

©R(]1 = —sI
#qag_a(ds) — OT(1 — ab)

atald Jo s

liTme(oﬂ —a) / sTU+a) g (1- e_SI) ds = lim
a | 0

and the claim in equation (8) follows. O

The proof of Proposition 2 follows from standard arguments.

Proof of (ii) in Proposition 2. Recall that the law of Ty under P, is that of z'/*I under P . Thus we
deduce from Lemma 4 that for every = > 0,

lim s*P,(Ty > s) = 2C.

S§—00
Using the Markov property and a dominated convergence argument, we obtain that

]P’I(A | Ty > S) = ]PJI(A 1{t<TO}IPXt(TO > 8 — t)/[Px(TO > 8))
—— 2P (A X] 1genyy)-

§—00

By Proposition 2, the semigroup of X under P%, is given by
Pif(z) = E%(f(Xy) = 2 VB (f (X)X 1 semyy),  for x>0,

with f a positive or bounded measurable function. Let J be the Lévy exponential functional associated
to the process &7, i.e.

J:Amwm—@mwa (9)

which is finite Pia.s. since &! drifts to oo. Now, since under P? the process ({E,s > 0) is a non
arithmetic Lévy process with 0 < mf < oo, Theorem 1 in Bertoin and Yor [4] ensures that the
measure P!, converges in the sense of finite dimensional distributions to a probability measure Py,
as © — 0. Moreover, the law of X, under Py, is an entrance law for the semigroup Pf and is related
to the law of the Lévy exponential functional J under P% by the formula

Bfo. (f(X)/™) = 2 BA(f(s/ )/ ), s >0, (10)

for f measurable and positive. Recall also that m!/a = Ef(1/.J) < oo, cf. [4] for a proof of these facts.

The next result states that under the hypotheses (H2) the conditions (H1) hold and gives a first
description of the entrance law (ng, s > 0).

Proposition 3. Assume the hypotheses (H2).
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(i) If 0 < af < 1, then the hypotheses (H1) hold for k = 6. Furthermore, the q—potential of the
entrance law (ng, s > 0), admits the representation

| ase g =g [ ) B expmay e 1y
0 0

where .
Yoo = (@BINP(1 - a0))

for every f € Cy(RT).
(ii) If o > 1, then either the hypothesis (H1-a) or (H1-b) fails to hold.

Proof. (i) That the hypothesis (H1-a) holds is easily proved. Indeed, since 0 < af < 1 the Corol-
lary 8.1.7. in Bingham et al. [6] implies that the result in Lemma 4 is equivalent to

B (1—e )  E(l-—e e/ aE(I~(1-a0)
i P22 = i EE ) - a0 T w
To prove (H1-b) we recall the identity,
Vof (@) ]
L = Vi) @),

where th is the resolvent of the semigroup Ptu and h*(z) = 2%, 2 > 0. As was already pointed out, the
results in [4] are applicable in our setting to the self-similar process X?. In particular, formula (4) op.
cit. states that

. a [ _
tim Vigla) = = [ ) B ),

for every function g € C,(R™). Therefore,

Vil | :
T — v Va1 @)

=S [ B ay, (12)

lim
x—0 x

1 > —qyt/e —a—af)/a
:mh/o fy) Bi (e )y(1maad)/agy,

for every f € Ck]0, oo[. Thus we have verified the hypotheses (H1) and the expression of the g—resolvent
of the entrance law (ng, s > 0) follows from the identity (3) using the calculations in equation (11)

and (12).
(ii) If af > 1, the Fatou’s lemma and the scaling property imply
E.(1—e 10 >
lim inf % > / e S50 (lim inf t* P(I > t)) ds = 0.
z—0 X 0 t—o00

But from the proof of (i) we know that the limit
lim Vof ()

z—0 336

, q>0,

still exists and is not 0 for every non—negative function f € Ck|0,00[ and, indeed, f > 0 in a set
of positive Lebesgue measure. As a consequence, even if there exists kK < 6, such that the limit
limg o2 " E,(1 — e~ 10), exists and is positive, the limit lim,_o 27V, f(x) is equal to zero for every
function continuous f with bounded support on |0, col. O
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Proposition 3 proves that the hypotheses (H2) and 0 < af < 1 imply the hypotheses (H1). In the
next Proposition we establish a partial converse.

Proposition 4. Assume that there ezists a k > 0 such that the hypothesis (H1) hold. Then

(i) 0 < ak <1,

(ii) the hypotheses (H2-b) and (H2-c) are satisfied with 6 = k.

Proof. To prove (i) we recall that under the hypotheses (H1) Theorem 2.1 in [34] states that the
g-resolvent of the entrance law (ns,s > 0) is characterized by the equation (3). Next, it is easily
verified using the self-similarity of the minimal process (X, Tp), that for every ¢ > 0, ¢ > 0

o Vaf @) aanya gy, YaereHef ()
z—0 E;c(]- - @—TO) z—0 Ex(l — G_To) .

Then the excursion measure n is such that for every ¢ > 0

To To e
n( [ e s = e e [ () ds).
0 0

The latter fact implies that (ii) in Lemma 2 is satisfied with v = ax and 0 < ax < 1. Next we prove
(ii). We first prove that under the hypothesis (H1) the process (Xf,¢ > 0) is a martingale for P,,
which implies Cramér’s condition (H2-b). Indeed, since the hypothesis (H1-a) holds we have that

E,(1—e 1o
lim 7( )

x—0 xk

= B €]0, o],

and, given that 0 < ax < 1, the existence of this limit is equivalent to the existence of the limit

lim s**P,(To > s) = 2"B/I'(1 — ak).

S§—00

This fact suffices to prove that for every z > 0 and £ > 0
lim P, (A|Ty > s) = o "Po(X{, AN {t < Tv}),
S§—0Q

for any A € G;. To see this just repeat the arguments in the proof of (ii) in Proposition 2. In
particular, we have that for every x > 0 and ¢ > 0, 2" = E, (X[, t < Tp). Using the Markov property
we obtain that for every = > 0, under P, the process X" is a martingale and as a consequence Cramér’s
condition follows. Moreover, the Lévy process £ associated to X via Lamperti’s transformation has
a characteristic exponent ¥ which admits an analytic extension to the complex strip J(z) € [—&,0]
defined by ¥ (z) = —W¥(—iz), see the survey at the beginning of this subsection. Now to prove that
the hypothesis (H2-c) is satisfied, we recall that under the hypotheses (H1) we have that

lim s**P(I > s) =2~ " lim s*"P,(Tp > s) = B/T'(1 — ak),

S§—00 §—00

and that E(/ _(1_"“’“)) < 00, the latter being a consequence of Lemma 3. Repeating the arguments in
the calculation of the constant in the proof of Lemma 4 we obtain that

E(I~07%)) = By/(0—)/T(1 — ak) < oo,
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that is the exponent i of ¢ has a left derivative at k which is equivalent to
E(£e"%) < 0.
Using the elementary relation

0 < (Gexp{ré&r})” =& exp{r&} = & exp{—r& } < w7

with a= = (—a) V 0, we obtain that 0 < E((£1e%¢1)7) < 1/k. Therefore, E(£1€5!) < oo if and only if
E(&e) < 0o, which ends the proof. O

Remark

1. If 0 < af < 1 we have the following equality
E(I—(l—ae)) — Eh((]—(l—ae))'
This can be seen by making elementary calculations to obtain that

0 f Jf(lfaH)

—s — by, —yt/edy, (1—a—ad) _ E ( )
/e n, lds 70479/0 E'(e )y dy B0’
and comparing this with the fact that [ e *ny1ds = 1 gives the equality

2. A consequence of Lemma (4) is that
E(I°) < oo forevery 0<p3<6

and that E(I*%) = co. Then under the hypotheses (H2) any extension which leaves 0 by jumps
a.s. has a jumping-in measure 7(dz) = by gz~ Tdz,z > 0, with 0 < 3 < 0 A 1/a and b, g as
defined in Proposition 1.

3 Existence of recurrent extensions that leaves 0 contin-
uously

We next study the excursion measure such that the related extension leaves 0 continuously. To this
end, we suppose throughout the rest of this section that the hypotheses (H2) holds.

Theorem 1. There exists a pseudo excursion measure n' such that n'(Xoy > 0) = 0. Its associated
entrance law (nl,s > 0) is given by

0, f =Eh, (f(X)XS9, s>o0.

We have that 0’ is an excursion measure if and only if 0 < afl < 1. Assume that this condition holds
and let
(o p = a EA(J7A7ND(1 — af) /m".

Then the measure (aq) ' 1, is the normalized excursion measure n.
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Proof. We know from Proposition 2 that the function h(z) = 27 is excessive for the semigroup Pth and

that the corresponding h-transform is P;. Let n’ be the h-transform of Ey, by means of h(z) = 27¢.
That is, n’ is the unique measure in D" that is carried by {Tp > 0}, such that under n’ the coordinate
process is Markovian with semigroup P; and for every G;—stopping time 7" and any Ar € Gr

n'(AT,T < To) = Eh0+(AT,X7_~0).

Therefore, n’ is a pseudo excursion measure such that n’(Xo+ > 0) = 0 and the entrance law associated
to n’ is defined by

n; f = n/(f(XS)vs < TO) = Eho—l—(f(XS)X_e)v s> 07 (13)

S

for f : Rt — RT measurable. This proves the existence of a pseudo excursion measure such that
n'(Xoy > 0) = 0. To determine when n’ is in fact an excursion measure we have to specify when
n’(1 — e~ 70) is finite. Using standard arguments we obtain that

n'(1—e10) = / dse *n'(Ty > s)
0

—/ dse *Efo, (X9
0

aEN(J-0-NT(1 — af)/m! if af <1
o0 if af >1,

the third equality is obtained from (10). If 0 < af < 1, then E?(J~(1=29)) < oo since Ef(J 1) < oo.
As a consequence n’(1 — e~ 70) < oo, if and only if 0 < af < 1. If we assume that 0 < af < 1, it
follows that the measure a;le n’ is a normalized excursion measure compatible with the semigroup

P;. Furthermore, it is straightforward to check that aa_lg n’ satisfies the condition (ii) in Lemma 2 for

v = af. The normalized excursion measure a;b n’ is equal to the measure n since this is the unique
b

normalized excursion measure having the property n(Xoy+ > 0) = 0. O

In the following theorem we give a simple criterion to determine, in terms of the Lévy process &,
whether there exists a self-similar recurrent extension of (X, 7p) that leaves 0 continuously. Further-
more, with this result we give a complete solution to the problem posed by Lamperti since we have
already established the existence of self—similar recurrent extensions of the minimal process that leave
0 by jumps.

Theorem 2. (i) Assume 0 < aff < 1. The minimal process admits a unique self-similar recurrent
extension X = (X;,t > 0) that leaves 0 continuously a.s. The resolvent of X is determined by

Ve, o —qyl/™ —a—ab)/a
U (0) = 222 /O F(y) Bf(em /)y (i-ama)/ag,

with va,¢ as defined in Proposition 3 and
Ugf(z) = Vof(z) + Eo(e 1)U, £(0), x>0,
for f € Cy(RT). The resolvent Uy is Fellerian.

(ii) If af > 1, there does not exist a self-similar recurrent extension that leaves 0 continuously.
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Proof. To obtain (i) we use the Lemma 1. This enables us to apply the results in Blumenthal [7]
to ensure that associated to the excursion measure n described in Theorem 1 there exists a Markov
process X having a Feller resolvent that is an extension of the minimal process. The self-similarity of
X follows from Lemma 2. The only thing that needs a justification is the expression for the g—resolvent
of the extension. Using the compensation formula for Poisson point processes we obtain that

v =n ([ erieeis) - ),

for every f € Cy(R™). From Lemma 2 we deduce that n(1 — e~970) = ¢*’. The expression of U, f(0)
is then obtained from Proposition 3. The proof of (ii) is a straightforward consequence of Lemma 5
below. O

The next lemma states that if af > 1, the only excursion measures compatible with (X, Tp) which
satisfy (ii) in Lemma 2 are those associated to a jumping—in measure as in (ii) in Proposition 1.

Lemma 5. Assume that a > 1. If there exists a normalized excursion measure m compatible with
the minimal process such that conditions (ii) and (iii) in Lemma 2 are satisfied, then m(Xo+ = 0) = 0.

Sketch of Proof. We recall from the proof of Proposition 3 that if af > 1 we have that

E,(1 — e To
lim inf % = o0,
xz—0 xT
and that v
lim qux), q>0,
x—0 xT

exists in R for every function f € Ck]|0, oo[. Therefore,

o Vof(x)
ey

for every function f € Ck]0, 0o[. Now, we may simply repeat the arguments in the proof of Lemma 1.1
in [34] to prove that for ¢ > 0

To oo
m(/ e P f(Xs)ds) = b/ Vof (2)a= 1P dz,
0 0
for some 3 €]0,1/a] and a constant b €]0, co[. The result follows. O
Corollary 1. Assume 0 < af < 1.
(i) The law of Ty under n is

n(Ty € ds) = T af s~(Faf)gg,

(1 —ab)
(ii) Under n the law of the height of the excursion, say H := supg<;<, Xs, is given by
n(H > 2) = pagz ", z>0.

with pay = p (e B (J- A= (1 - a&))_l, and p €]0,1] a constant that depends on the law
of €.
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Proof. The result in (i) follows from the fact that the subordinator ¢ which is the inverse local time
of X is a stable subordinator of parameter af, cf. Lemma 2. The main ingredient in the proof of (ii)
is that the tail distribution of the random variable So, = sup,. &, is such that

lim e P(Sy > s) = p/m"0,

S§—00
for a constant p €]0, 1], cf. Bertoin and Doney [3] for a proof of this fact and an expression of the
constant p. We deduce from this a tail estimate for the behavior of the supremum of the minimal
process (X, Tp) as the initial point tends to 0. More precisely, defining SX := SUpg<,<7;, Xr, we have

lim 2 P, (SX > 2) = 27 %(p/mb0), z>0.

z—0

Let Hy = sup;<s<7, Xs, t > 0. Besides, we have that for any z > 0

tli%l+ n(H; > z,t <Ty) =n(H > 2),

and that for any €, > 0, there exists a ty > 0 such that
n(X; € (e,00),t < Tp) <9, Vt<tp.
Therefore,
n(X; €)0,¢e[, H > z,t < Tp) < n(Hy > z,t <Tp) < §+n(X; €]0,¢[, H > z,t < Tp),
and by the Markov property under n, we get that

n(X; €]0, ¢, Hy > z,t < Tp) = (aa0) o (X; €]0,¢[, X, P Ex, (SX > 2))

~ Pao? By (X; €]0, )
~ pa,@z_ea

for ¢t small enough. Thus,
paﬂzie < D(H > 2) <46 +pa,92’797

and the result follows by letting § — 0. O

If 0 < af < 1, it was shown by Vuolle-Apiala that given an excursion measure, the extension X
associated to this excursion measure either leaves 0 continuously or by jumps. This fact is natural
when we observe that the excursions that leave 0 continuously have different duration that those
leaving 0 by jumps. Indeed, the duration of the former has distribution

n(Ty > t) =t~ 1 —ab))™?,

and for the latter 4
n(Ty >t) =t~ **(T(1-apf)™t, 0<p<0.

In the case when the Lévy process £ is a Brownian motion with a negative drift, the criterion in
Theorem 2 coincides with the classification from Feller’s diffusion theory for 0 to be a regular or an
exit boundary point, as is explained in Example 2 below. By analogy, one can say that 0 is a regular
boundary point for X if 0 < af < 1 and an exit boundary point if 1 < af. Even in the case af < 0,
which is not considered in this chapter, it is easy to see that if 6 < 0 in Cramér’s condition then
the Lévy process £ drifts to co. The only way to extend a self-similar Markov process X associated
to a Lévy process that drifts to co is by making 0 an entrance boundary point. This possibility is
considered by Bertoin and Caballero [2], Bertoin and Yor [4, 5] and Caballero and Chaumont [9].
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4 Excursions conditioned by their durations

It is well known that the excursion measure for the Brownian motion can be described using the law of
the excursion process conditioned to return to 0 at time 1, i.e. the law of a Bessel(3) bridge of length
1, see e.g. McKean [23] or Revuz and Yor [27] §XIL.4. In this section we follow this idea to describe
the law under the excursion measure n defined in Theorem 1 of the excursion process conditioned to
return to zero at a given time. We then give an alternative description of the excursion measure n.
To that end, we will make the additional hypotheses

(H2-d) E(£1) > —oo and the distribution of the Lévy exponential functional I has a continuous
density on [0, 00|, say p, with respect to Lebesgue measure.

The condition that the law of the exponential functional I has a continuous density is satisfied by a
wide variety of Lévy processes, cf. Carmona et al. [10] Proposition 2.1.

We next introduce another self-similar process. Denote by 5 ( &s,s > 0) the dual Lévy process
and by P and E its probability and expectation. Then define (IP’;,;, x> 0) to be the distribution on
DT of the a—self-similar process associated to the Lévy process with law P. The process X is usually
called the dual a—self-similar process; the term dual is justified by the relation

/00 g(m)‘/qf(ac):c(lfa)/adx = /00 f(:c)%g(x)a:(lfa)/ad:c, (14)
0 0

for every f,g :]0,00[— RT measurable, see e.g. Lemma 2 in [4]. By hypothesis (H2-d) we have that
0 < m :=|¢/(07)| = E(£1) < co. Let Py, be the limit in the sense of finite dimensional marginals of
P, as z — 0, whose existence is ensured by Theorem 1 in [4]. The latter theorem also establishes that
for every t > 0 and for f : RT — R™, measurable we have

Eo (£(X0) = - BU((/1)*)/1), (15)

where I is defined in (2). Hypothesis (H2-d) implies that for any ¢ > 0 the law of X; under Po, has a
density with respect to the measure v(dy) = y=)/edy 4 > 0, given by the formula

Py (X; € dy)
v(dy)

Let (us(dy) = @OJF(XS € dy),s > 0). A consequence of the duality relation (14) is that the relation
usﬁt_ s = it for s < t can be shifted to the semigroup of the minimal process P; as p; = Pspr_s v-a.s.
It was proved in Rivero [28] section 4, that these densities can be used to construct a regular version
of the family of probability measures (P,(:|Tp = r),r > 0) when the underlying Lévy process is a
subordinator. Morever, the same argument applies to any Lévy process assuming only (H2-d). Here
the densities (py,t > 0) will be used to construct a bridge for the coordinate process under Efo; the
techniques here used are reminiscent of those in Fitzsimmons et al. [15].

=m Yy Yoty V) = Bily),  y > 0.

Recall that the semigroup (Pth, t > 0) is the h-transformation of the semigroup (P, ¢ > 0) via the
invariant function h(z) = x%, x > 0. Using the fact that for every t > s > 0, the equality p; = Psps_s
v—a.s. holds, we obtain that for r > 0 arbitrary, the function

W (s,3) = prs(x)z ' 1eepy, 2> 0,5>0,
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is excessive for the semigroup (m ® Ptu, t > 0) of the space-time process. Let A" be the h-transform of
the measure E”0+ by means of the space—time excessive function hu’"(s, x). Then under A" the space
process (X, t > 0) is an inhomogeneous Markov process with entrance law

Ao = Elor (f(Xo)Pr—s(X)X%), 0<s<m,
for f:RT — R* measurable, and inhomogeneous semigroup

r _ PE(.’I;, dy)hhr(t + s, y) . Ps(xa dy)ﬁrf(tJrs) (y) .
Kt,t—&—s(z; dy) - hhT(t, .’,1:') - ]/)\T_t(x) 9 Yy > 0, t, t +s<r.

Observe that the inhomogeneous semigroup K7, . is that of X conditioned to die at 0 at time r,

cf. [28] Lemma 7. Moreover, using the fact that A" is a h-transform of the measure Efy, it is easily
verified that the measure A has the property

N (F(X,,0<s<r)=r DR (prox, 0<s< 1)),
for every positive measurable F. In particular, the total mass of A" is determined by
by i= A (1) = r~TeOF (1),
and it will be shown below that

o2 Ei(J—(1—a0))
1) = . 1
=Y ) o (16)

Kl

Therefore, assuming the hypotheses (H2-a,b,c,d) and Kl(l) < 00, we can define a probability measure
on Goo by A" = b, A", The distribution under A" of the lifetime Ty is the Dirac distribution at r i.e.
A'(Tp =71) =1, cf. [28] Lemma 7. We can now state the main result of this section.

Proposition 5 (Itd’s description of the measure n). Assume hypotheses (H2-a,b,c,d) holds

and 0 < ot < 1. Then Kl(l) < 00. Let n be the unique normalized excursion measure such that
n(Xogy >0)=0. For F € Go,

n(F) = mof)ae)/ooo A"(F 0 {Ty = r})ﬁ%.

The proof of this proposition is similar to that given in [27] Theorem XII.4.2 for the analogous
result for Brownian excursion measure.

Proof. We first show that
n(F) = aﬂ N (Fn{Ty = r})dr, (17)
a,0 JO

with a, ¢ as defined in Theorem 1. We deduce from this that

1 B 0426 Eh(Jf(lfcw))

A1) =

mhm
Indeed, by the monotone class theorem it is enough to prove the assertion for sets F' of the form

n

F=(){X(t) € Bi},

1
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with 0 < t] < tg9 < --- < t, and Borel sets B; C]0,0[,i € {1,...,n}. On the one hand, according to
Theorem 1 we have

n(F) = /B 0y (da1) [ Pasr (21, dea) - / Pooto s (@ner, i),
1

B2 By,

On the other hand, using that F N {Tp < t,} = 0 we have that the right hand term in (17) can be
written as o
m -
S [ Rt [ Kopondan) s [ Ko, do) (18)
aa,@ tn Bl BQ Bn

Recall from Theorem 1 that
=T o u o~ -0 o ~
Ay, (dxy) = Plo+ (Xy, € dot)pr—ty (21)27° = aa,0 0y, (dz1)Pr—t, (21).

Using this identity and the expression of the transition probabilities Ky, ¢+, we get that (18) is equal

i1

m [ dr / o, (day) / Pt (21, daa) - - / oot (@nrs dn)Pr—s, (0).
tn By Bs n

Finally, using
o0 dr
S

m / " B a(@)dr = el = sty 1,

for all z > 0, we conclude that both expressions in (17) for n(F’) coincide. In particular, if ' =1—e~
we have that

To

0o -1
l=n(l—e0)= % 0 N (1)(1—e")dr = Aa(:im (F(1;9a0)> .

The value of Kl(l) in (16) is obtained by using the expression for a, ¢ and we derive from (17) that

mA' (1)

Qo0

< dr
n(F) = ; A (EFNTo =1} 359
and the result follows. O
Remark A result equivalent to that in Proposition 5 can be obtained for the excursion measure n’

obtained via the jumping-in measure n(dz) = ba”@a?_(“_ﬂ)dl‘. The method is similar and we leave the
details to the interested reader.

5 Duality

In this section we will construct a self-similar Markov process which is in weak duality with the process
X and whose excursion measure is the image under time reversal of n. This will be given under the
hypotheses (H2) and

(H2-e) E({) < o0, with a™ = (—a) V0.
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Next we 1ntroduce some notation. Let €% be a Lévy process Wlth law P? and fu its dual, i.e.

§A = —¢&%. Denote by Pt and E? the probability and expectation for §h The process & €8 drifts to —oo
and satisfies the hypotheses (H2-a,b,c). Indeed, that (H2-b) holds follows from

Ei(e%61) = Ef(e %) = E(e%16%1) = 1,

in the same way is verified that (H2-c) holds,
EA(& e*) = BA(—=61) ") = B(¢) < o0

Let (Phw,x > 0) be the law on DT of the a—self-similar process Xt = ()?th,t > 0) associated by
Lamperti’s transformation to the Levy process with law Ph The process X% has a lifetime T(] =
inf{t > 0 : Xh = 0} which is finite IP’h —a.s. for all z > 0. Denote by (Pt ,t >0) and (Vq,q > 0) the
semigroup and resolvent of the minimal process for X u, i.e.

Pif(a) = Ph,(f(X,),t <Tp), t>0,

and

~

Vf(x) = / U BEf(@)dt, g > 0.

By the duality relation (14), the resolvents Vz]u and YA/qu are in weak duality with respect to the measure
v(dz) = z(1=)/eqg 2 > 0. Furthermore, it follows that the resolvents Vy and un, are in weak duality
with respect to the measure ¢(dz) = z(*==)/2dz 2 > 0.

We assume henceforth that 0 < af < 1. The results in section 3 can be applied to the minimal
process (X7, Ty) to ensure that there exists a unique normalized excursion measure 1, compatible with
the semigroup (Ptu, t > 0) and its associated entrance law admits the representation

By f = (da0) 'Bor (f(X9)XS?),  s>0,

where o9 = aE(I~17*)T(1 — af)/m, for f continuous and bounded. To see this it should be

/\h —
verified that the measure P, obtained by h-transformation of the law P by means of the function
h(z) = e’ is P. To that end, it suffices to prove that both probability measures have the same
1-dimensional marginals. Indeed,

Y (f(£,)) = PA(S(6)e%) = PA(f(—&)e %) = P(f(—&.)) = P(f(&)),

for every f continuous and bounded. Then the a—self-similar Markov process associated to the Lévy
/\h ~
process with law P8 is equivalent to that associated to the Lévy process with law P. Remark that
=
the law of J under P% is the same as that of I under P .

Then the minimal process (X h To) admits a unique extension (Zy,t > 0), that leaves 0 continuously
a.s. Let (Uq, q > 0) denote the resolvent of the process Z. Because of the weak duality relation between
the resolvents V;, and ‘A/qh it is natural to ask if this property is inherited by the resolvents U, and ﬁq.
That is the content of the following result.

Lemma 6. The resolvents (Uy,q > 0) and Uq are in weak duality with respect to the measure {(dx) =
g—a—ad)/agy o > 0.
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Proof. From Proposition 3 we have that the resolvent at 0 of Z is determined by the expression

_7&0

7qy1/°‘1)y(17a7a9)/ady’

with 74,9 = (’dmgm)*l. Recall that the resolvent at 0 of X is given by

Uqf(O) _ '7049/ f Eu( 7qy1/0<J)y(1 a— a9)/ady
On the other hand, for any f,g: R™ — R™ we have
= —qTo
| sV = [ cnamvisn) + V) [ cnam e
/ C(dy) f(y)Vig(y) + Ua (O / C(dy)g(y) (e

= / C(dy) f(y)ViEg(y)

2 Gg(0) [ ) ) B )

Qa0 mh

_ /O C(dy) £ ) Taa(v),

where the last equality follows from the fact that the constants v, and 7, are equal. To see this
recall that E(I-(1—29)) = Ef(J~(1=99)) a5 remarked after Proposition 3. O

Some results on time reversal can be derived from the preceding facts. To give a precise statement
we introduce some notation. Let ¢ denote the operator of time reversal at time T, that is

X1 _p- if 0<t<Tp<
(eX(@)() = § Ym0 W) 0= P <o
0 otherwise
and let pn denote the image under time reversal at time Ty of n. Recall that L is a return time if
Loty =(L—-t)*, as. forall t>0.

The first part of the following result is an extension for self—similar process of the celebrated result on
time reversal of Williams [36]: a three dimensional Bessel process starting from 0 and reversed at its
last exit time from x > 0, is identical in law to a Brownian motion killed at its first hitting time of 0.
In the second part we determine pn.

Proposition 6. (i) If L is a finite return time then under Ef the reversed process (X(L_t)_, 0<
t < L) is Markovian and has semigroup (ﬁtu, t>0).

(ii)) We have that on =n
Proof. (i) The potential of the measure E is determined by
Bhoo (| dsf () = aaa [ dsmi(in)
= a0 / Fly)y' = dy,
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with the notation of Sections 2.3 and 3. Because of the weak duality between the resolvents Vf and 17)?
with respect to the measure y(l_a)/ “dy,y > 0, the statement in (i) is a direct consequence of a result
of Nagasawa on time reversal. A general version of Nagasawa’s result can be found in Dellacherie et
al. [12]§ XVIII.46.

(ii) Assuming that the excursion of X from 0 starts and ends at 0 and using the weak duality in
Lemma 6 it follows from a result due to Mitro [26] § 4 that pn = n. To see that under our hypotheses
the excursions of the self-similar process X from 0 starts and ends at 0, it should be verified that
)?gt =0 and )A(JD;t =0 for all t a.s. with g = sup{s <t: )Z'S =0} and D; = inf{t < s: )?s = 0}, see
e.g. Getoor and Sharpe [18] § 9. In fact, since we already know that n(Xop4 > 0) = 0, it suffices to
verify that n(Xz,— > 0) = 0. The latter is a straightforward consequence of the Markov property and
that P(X7,— > 0) = 0 for all z > 0, since X is a self-similar Markov process associated to a Lévy
process that drifts to —oo, see e.g. [22] Theorem 4.1. O

6 Examples

Example 2 (Self-similar diffusions). Here we consider the case when the Lévy process is a Brow-
nian motion with negative drift. Let (& = eB; — ut,t > 0) with (B, ¢t > 0) a Brownian motion and
e, > 0. The hypotheses (H2) are satisfied with § = 2u/e? and under P the law of &% is that of
€B; + pt. Then the a—self-similar Markov process X associated to £ has continuous paths and has an
infinitesimal generator of the form

Lf(z) = (€2/2 — )z =Y f'(z) + 2 /2227 Vo f" (), x> 0.

Then for o > 0 we have that 0 < af < 1 if and only if 0 < u < £2/2a. This corresponds to the
case when the point 0 is a regular boundary point for the self-similar diffusion associated to the
infinitesimal generator L just described; in the case 1 < af, or equivalently £2/2a < p, 0 is an exit
boundary point, see e.g. Lamperti [22] Theorem 5.1 and Vuolle-Apiala [34] Theorem 3.1 for a related
discussion. If 0 < p < €2/2a holds, the process X admits a unique extension that is continuous and
is characterized by Theorem 2. Furthermore, using the fact that the law of J under Ef is that of
202 /(62 Znp), With Z,9 a random variable of law gamma of parameter af, (see e.g. Dufresne [13]), we
deduce that the entrance law in Theorem 1 has a density w.r.t. Lebesgue measure

Ilscgdy) _ Ca9872(17a0)71y2(17a9)/a71 exp(_yl/asflda o)
Y ;

y >0,

with

af

(1—ab)a g2 202
== | =—5 d deo=—.
Cad I'(1—ab)u? \ 202 o = g2

Example 3 (Reflected stable processes). Let Y be a stable process of parameter a €]0,2[ and
(P,,z > 0) its law. Assume that Y has no negative jumps and |Y| is not a subordinator. Define
p=DP(Y; >0) and
X/ — {Yt — infocecs Ve if £ > T)_oog
Y, ift < T],OQO]

with Tj_ g the first hitting time of | — 00,0] by Y. Then p €]0,1[ and 0 is a regular recurrent state
for X'. (We refer to Bertoin [1] § VIIT and Chaumont [11] for background on stable processes and
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its excursion theory.) We denote by (X, Tp) the process X' killed at Tj_ qj; this process is 1/a-self-
similar. The hypotheses on Y imply that

Em(T0<OO,XTO, :0):1, x> 0.

Let & be the Lévy process associated to (X,7Tp) via Lamperti’s transformation (see Caballero and
Chaumont [9] for a precise description of £). We claim that the hypothesis (H2) are satisfied for
0 = a(1 — p). This can be viewed either by barehand calculations using the results in [9] or by the
following arguments.

It is known that the function h(z) = z%(1=?) z > 0 is, up to a multiplicative constant, the only
invariant function for the semigroup of the process (X, Tp). Then Cramér’s condition (H2-b) for &, is
satisfied with 6 = a(1 — p). A consequence of this fact and Proposition 3.1 in[24] is that the Lévy
exponential functional I = fooo exp{a&;s}ds, has finite moments

E(I%/%) < 0o forevery 0<f<a(l—p).

The excursion measure for X’ away from 0, say n, is an excursion measure compatible with the
minimal process (X,Tp) such that its entrance law satisfies (iii) in Lemma 2 with v = 1 — p, and
n(Xot+ > 0) = 0 (see [11] and the reference therein). Thus E(I~°) < oo, by Lemma 3. Therefore, it
is easily verified by repeating the arguments in the proof of Proposition 4 that the condition (H2-c) is
satisfied.

Finally, the excursion measure n defined in Theorem 1 is equal to n and the recurrent extension in
Theorem 2 associated to n is equivalent to X’.

Example 4. Let £ be a non—arithmetic Lévy process with no positive jumps such that £ derives to
—00. We assume that £ is neither the negative of a subordinator nor a deterministic drift. The case
of the negative of a subordinator was discussed in example 1 and the case of a deterministic drift can
be treated in the same way. From the theory of Lévy processes with no positive jumps we know that
E(e*1) < o0, for all A > 0. Then the convex function 1 (\) : RY — R, defined by E(e*1) = e?™) | is
such that 1(0) = 0, and limy_,, ¥(\) = oo. Since & drifts to —oo there exists a unique 6 > 0, such
that ¢(0) = 0. It follows that ¢ satisfies the conditions (H2). Let 0 < a < 1/6, and let (X,Tp) be
the a—self-similar minimal process associated to £&. Owing to the absence of positive jumps, we have
that XT o] = 2 whenever T(, [ < Tp, with T, | = inf{t > 0 : X; > z}. The excursion measure n
compatlble with the process (X, Ty) defined in Theorem 1 has the property:

Under the probability measure on DT, n|(Tj, o < To), the processes (Xi,t < Tj; o) and
(X1, 41,t < Tp — Tj; o), are independent. The law of the former is Efo killed at T}, 0] and of
the latter is that of (X, T}) started at z.

Here n|(7}, o < To) means n(A N {71, o[ < To})/ n({T}; o0 < To}) for A € Goo. This claim is easily
verified using the fact that the measure n is a multiple of the h-transform of Efy, via the excessive func-
tion h*(x) = 7% x > 0. Moreover, the law of the Lévy exponential functional I = fooo exp{&s/atds,
associated to ¢ is self-decomposable and as a consequence the law of I has a continuous density, cf. [28]
Proposition 4. Therefore, to apply the results in Sections 4 & 5, the only hypothesis that should be
made on £ is that E(&;) > —oc.

A On dual extensions

This section is motivated by Section 5, where we proved that given two minimal process X and X
which are self-similar and that are in weak duality, there exist Markov processes X and Z extending
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(X,Tp) and ()A( ,fo) respectively, which still are in weak duality. The purpose of this section is to
give a generalization of this fact under the hypotheses of Blumenthal. The result given here is of
independent interest and to make the section self-contained, we next introduce some notation. Let
(Y;,t > 0) and (f’t,t > 0) be Markov processes having 0 as a trap. Denote by P, E, (resp. l?’,ﬁ) the
probabilities and expectation for Y, (resp. }/}) and by Ty (resp. T\O) the first hitting time of 0 for ¥
(resp. for Y), i.e. Ty = inf{t >0:Y; = 0}. Assume P, (Ty < 00) = P,(Tp) < oo) = 1 for any z > 0.
Let QY, and Wf\), (resp. Qt, W/\) denote the semigroup and A-resolvent for Y killed at 0, (resp. Y)
For A > 0, define the functions ¢y, Py : Rt — [0, 1], by

90)\(1‘) = Ex(e_)\TO); @)\ = Ex(e_)\TO)a x> 0.
The main assumptions of this section are
(H3-a) Y, l?, both satisfy the basic hypotheses in [7];

(H3-b) the resolvents WY and /W)(\) are in weak duality with respect to a o—finite measure ((dx) on
0, oo;

(H3-c) We have
/ ((dx)pr(z) < oo / C(dx)pr(z) < oo, forall X>0.
10,00( 10,00(

Theorem 3. Assume hypotheses (H3). Then there exist excursion measures m and m compatible
with the semigroups (QY,t > 0) and (QY,t > 0) respectively. The Laplace transforms of the entrance
laws (mg, s > 0) and (ms, s > 0) associated to m and m respectively, are determined by

/0 T e om fds = /]Om[cux)fu)@(x); / i, fds = /] S @est)

for A >0, and f continuous and bounded. Furthermore, associated to these excursion measures there
exist Markov processes Y* and Y* which are estensions for'Y and Y respectively and which are still
in weak duality with respect to the measure {(dx).

The proof of this theorem will be given via three lemmas. The first of them ensures the existence
of the excursion measures.

Lemma 7. The family of finite measures My f = f]o oo ()pa(x), A >0, is such that

(i) limy_oo Mal =0

(i) For p,A >0, p# A
(= NM\Wf = Myf — M,f,

for f continuous and bounded.

Proof. That My — 0, as A — oo, follows from the monotone convergence theorem. Using the weak
duality for the resolvents W/(\) and W/{) , we get

MW f = ((dx)W) f(x)Px(x)

]0,00[

- / ((dw)f(x)w,(j@)\(@")-
10,00[
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The result is then obtained from the elementary identity

- E ATy _ ,—pdo
WB@(@: =(e : )

W= A
O

From Lemma 7 and Theorem 6.9 of Getoor and Sharpe [17], there exists a unique entrance law
(my,t > 0), for the semigroup (Qy,t > 0), such that for each A > 0

M)\f = / G_Atmtfdt,
0

for f measurable and bounded, and

1
/ meldt < oo.
0

According to Blumenthal [7], for an entrance law (ms, s > 0) there exists a unique excursion measure
m, such that its entrance law is (ms, s > 0). The same method ensures the existence of an excursion
measure m and an entrance law (my,t > 0), for the semigroup (Qy,t > 0).

Using the results in [7] we obtain that associated to the excursion measure m (resp. to m) there
exists a unique Markov process Y* extending Y (resp. Y™ extends Y) and the A-resolvent of Y™* is
determined by

_ Myf
AM,y1’

W f(0) Wif(z) = W3 f(x) + oA(z)Waf(0), = >0,

for f measurable and bounded; the A—resolvent for }7*, say WA, is defined in a similar way. To establish
weak duality with respect to the o—finite measure ((dz) for the resolvents Wy and W) we will need
the following technical result.

Lemma 8. For every A > 0, we have that AM)1 = )\]/\4\)\1.

Proof. This result is a consequence of the following identity, for A, x> 0
AM1 — M, 1 = AMy1 — pM,,1;

and the fact that
lim pM,1 =0,
p—00

since m(1 —e #10) = 1M, 1, with m the excursion measure associated to the entrance law (ms, s > 0).
Thus, to end the proof we just have to prove the former identity. Indeed, this follows from the fact
that

—

Mgu= [ @) = Ty
and the following elementary identities: for A, > 0

(A= ) Myg, = AMy1 — pM, 1, and (A — )My, = AMy1 — pM,1.

Finally, the following lemma establishes weak duality for the resolvents W) and WA.
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Lemma 9. For every A > 0 and every measurable functions f, g : [0,00[— RT, we have

/ C(dy)g(y)Waf(y) = / C(dy) f (1) Trg(w)-
10,00]

10,00[

The proof of this lemma is a straightforward consequence of Lemma 8 and the construction of W)
and W); see the proof of Lemma 6.

Remarks

1. Observe that

(e 9]

lim dse mgf = /000 dsmsf = /}O’M[C(dy)f(y)-

A—0 Jo

By the weak duality relation in Lemma 9 we have that ((dy) is invariant for the semigroup of
Y* and, since 0 is a recurrent state for Y*, ((dy) is in fact the unique (up to a multiplicative
constant) excessive measure for this semigroup, see e.g. Dellacherie et al. [12] XIX.46.

2. We have not considered here the possibility of a stickiness parameter in the construction of the
processes Y* and Y*; that is constructing Y* and Y* via the subordinators

or=dt+Y To(Ay); Gr=dt+ Y Tp(As), t>0,

s<t s<t

for some d,d > 0 (see section 2.1 for the notation or Blumenthal [8] § 5 for an account). In such
a case, the A-resolvent for Y* (resp. Y*) at 0 is given by

~df(0) + Myf _df(0) + Myf
Wixf(0) = BYESYAR A\f(0) = —/\a+ )\]\/ZAl ,

for f continuous and bounded, and, if d = H, then the resolvents W) and /W?A are still in weak
duality but this time with respect to the measure (¢(dz) = déy(dz) + ¢(dx).

3. Assume moreover that for every x > 0, ﬁx(To € dt) is absolutely continuous with respect to
Lebesgue measure, having a density

~

PI(T() € dt)
t) = ——F-—"-—= t
a(z,t) p , x,t>0,
which is jointly Borel measurable. Then for A > 0,
| aserms = [ canp@f@ = [Cdse™ [ @t ),
0 10,00] 0 10,00]

for f continuous and bounded. The second equality is a consequence of Fubini’s theorem. By
inverting the Laplace transform we obtain that for s > 0,

msf = C(dx)a($78)f($)

10,00

A similar result was obtained by Getoor in [16] Proposition 10.10 in a different setting.
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